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a  b  s  t  r  a  c  t

In  the  last  years,  the  use  of  an  economic  cost  function  for model  predictive  control  (MPC)  has  been  widely
discussed  in  the  literature.  The  main  motivation  for  this  choice  is that  often  the  real  goal  of  control  is  to
maximize  the  profit  or the  efficiency  of  a certain  system,  rather  than tracking  a predefined  set-point  as
done  in  the  typical  MPC  approaches,  which  can  be  even  counter-productive.  Since the  economic  optimal
operation  of a system  resulting  from  the  application  of  an  economic  model  predictive  control  approach
drives  the  system  to  the  constraints,  the  explicit  consideration  of the  uncertainties  becomes  crucial  in
order  to  avoid  constraint  violations.  Although  robust  MPC  has  been  studied  during  the  past  years,  little
attention  has  yet  been  devoted  to  this  topic in  the  context  of  economic  nonlinear  model  predictive  control,
especially  when  analyzing  the  performance  of the  different  MPC  approaches.  In this  work,  we present
the  use  of multi-stage  scenario-based  nonlinear  model  predictive  control  as a promising  strategy  to  deal
with uncertainties  in the  context  of  economic  NMPC.  We  make  a comparison  based  on simulations  of
the  advantages  of  the proposed  approach  with  an  open-loop  NMPC  controller  in which  no feedback  is
introduced  in  the prediction  and  with  an NMPC  controller  which  optimizes  over  affine  control  policies.
The  approach  is  efficiently  implemented  using  CasADi,  which  makes  it possible  to  achieve  real-time

computations  for an  industrial  batch  polymerization  reactor  model  provided  by BASF  SE. Finally,  a novel
algorithm  inspired  by  tube-based  MPC  is  proposed  in  order to achieve  a trade-off  between  the  variability
of  the  controlled  system  and  the  economic  performance  under  uncertainty.  Simulations  results  show  that
a closed-loop  approach  for  robust  NMPC  increases  the performance  and  that  enforcing  low  variability
under  uncertainty  of the  controlled  system  might  result  in  a big  performance  loss.

©  2014  Elsevier  Ltd. All  rights  reserved.
. Introduction

Model predictive control (MPC) and its nonlinear counterpart
NMPC) have become popular control strategies both for the pro-
ess industry and for control researchers. The main reason for their
uccess is the ability of NMPC to deal with multivariable nonlinear
ystems with constraints. Usually, a model of the system is used to

redict the behavior of the system and to compute a sequence of
ptimal control inputs by minimizing a certain tracking objective
hich is mapped to a cost function. However, the ultimate goal of

∗ Corresponding author. Tel.: +49 231 755 3959.
E-mail addresses: sergio.lucia@bci.tu-dortmund.de (S. Lucia),

oel.andersson@esat.kuleuven.be (J.A.E. Andersson),
eiko.brandt@bci.tu-dortmund.de (H. Brandt), moritz.diehl@imtek.uni-freiburg.de
M.  Diehl), sebastian.engell@bci.tu-dortmund.de (S. Engell).

ttp://dx.doi.org/10.1016/j.jprocont.2014.05.008
959-1524/© 2014 Elsevier Ltd. All rights reserved.
process control is not to track as well as possible a certain set-point
that has been previously generated, but to maximize the profit (or
minimize the costs) of a process as it is discussed in [1]. For this
reason, in the last years the traditional tracking cost function of
the MPC  scheme has frequently been replaced by a more general
cost function that can represent the plant economics and different
results have been reported in e.g. [2–4], and in [5].

One of the problems of this modification is that it is not possible
to extend directly the existing tools and theory for the stability
analysis of standard tracking MPC  (see [6] for a review) and new
approaches are required, as stated in [7]. The main reason for this
is that the central argument on which most of the stability analysis
relies, that is, the optimal cost of the MPC  problem is a Lyapunov

function of the closed-loop system, does not hold for economic MPC
under the usual assumptions. Recently, several modifications of the
classical approaches have been proposed to guarantee the stability
of economic MPC  schemes. A Lyapunov function to prove stability

dx.doi.org/10.1016/j.jprocont.2014.05.008
http://www.sciencedirect.com/science/journal/09591524
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f economic NMPC based on a strong duality assumption has been
roposed in [8]. This assumption is relaxed in [9] using dissipativity
ssumptions. These methods need the use of a terminal constraint
r of a terminal set as in standard NMPC, which can be dropped by
ntroducing further assumptions as shown in [10].

Interestingly, very little attention has been paid to another
mportant implication of economic MPC: the economic operation of

 system typically drives the system to its constraints. This, together
ith the fact that models of real systems are never perfect, makes

he handling of the uncertainty in economic NMPC a crucial issue
n order to guarantee constraint satisfaction in the presence of the
ncertainty and the disturbances that act on the system.

The consideration of uncertainties in tracking model predictive
ontrol has been extensively studied in the literature under the
eading of robust MPC, but very little has been reported for the
ase of economic MPC. One of the few works in this direction is
11], where input-to-state stability of economic NMPC for uncer-
ain cyclic processes is studied. In [12], robustness with respect
o changes in the constraint set is analyzed based on dissipativity
ssumptions and [13] discusses the case of probabilistic constraints
or linear economic MPC  under uncertainty. For the case of tradi-
ional tracking MPC  approaches, there is a large amount of literature
hich often considers a min–max formulation of the problem as

riginally proposed in [14] and later in the context of MPC  in [15].
he traditional min–max MPC  approaches are usually called open-
oop min–max because they do not consider the fact that at the next
ampling time the optimization problem resulting from the MPC
cheme will be solved again. Closed-loop approaches as described
n [16] optimize over a sequence of control policies instead of over a
equence of control inputs, taking feedback into account and reduc-
ng strongly the conservativeness of the controller as illustrated
n [17]. However, the optimization over control policies results
n an infinite-dimensional optimization problem that is very dif-
cult to solve in general. In order to solve this problem, different
pproximations have been proposed such as optimizing over state
eedback policies [18] or affine policies parametrized on the uncer-
ainty [19,20]. In both cases, a certain degree of suboptimality is
ntroduced.

Another possibility for robust NMPC that has become popular
n the last years is the use of tube-based methods, that were first
roposed in the context of linear MPC  in [21]. The main idea of
ube-based MPC  is to decouple the robust control problem into
he nominal solution and a second controller (called ancillary con-
roller) that tries to steer the real system that is affected by the
ncertainty to a set near the nominal trajectory. The approach was
xtended to nonlinear systems in [22] and different modifications
ave been proposed in the last years leading to different com-
utational complexities and degrees of conservativeness (see e.g.
23–25]).

The stability properties of the mentioned strategies are always
iscussed in the literature for the case of tracking MPC. However,
ith the exception of [26], which proposes a method to estimate

he suboptimality introduced by the choice of affine policies in the
ase of tracking MPC  of linear systems, very little attention has
een devoted to the analysis of the performance or conservative-
ess introduced by the different robust approaches, especially in
he case of economic nonlinear model predictive control. For this
eason, this paper focuses on analyzing the performance of different
ethods using robust economic NMPC for an industrially relevant

atch polymerization reactor example provided by BASF SE. The
heoretical stability analysis of the controllers is out of the scope of
his paper and is not discussed.
In particular, we use the framework of multi-stage NMPC and
e perform a comparison based on simulations with other typ-

cal robust MPC  approaches by solving a challenging benchmark
roblem of an industrial polymerization reactor under large model
ntrol 24 (2014) 1247–1259

uncertainty. Multi-stage NMPC uses ideas of closed-loop robust
MPC  [17] and is based on the representation of the uncertainty by a
scenario tree. The multi-stage formulation represents the real-time
decision problem that arises from the receding horizon strategy of
MPC  correctly because the future control inputs can depend on the
realization of the uncertainty that will have been observed at the
respective decision point, thus reducing the conservativeness of
the approach considerably. Multi-stage NMPC has demonstrated a
good potential for solving robust NMPC problems, as was demon-
strated in [27,28]. The main drawback of the approach is that the
size of the resulting optimization problem grows rapidly with the
prediction horizon and with the number of uncertainties consid-
ered. This paper extends the results presented in [29] in several
ways. The benchmark problem has been extended to consider
an important safety constraint that modifies the optimal solution
of the problem and we consider larger uncertainties. We  com-
pare the multi-stage approach with an open-loop robust NMPC
approach and with robust NMPC using affine policies. We  also
present another novel contribution: a modification of the multi-
stage NMPC approach inspired by tube-based MPC  ideas in order
to specify a trade-off between the variability of the trajectories
for the different scenarios and the average economic performance.
All optimization problems are solved in a very efficient way using
CasADi, which makes it possible to solve the resulting Nonlinear
Programming (NLP) problems with exact first and second order
derivative information with a low implementation effort, signifi-
cantly reducing the computation times reported in [28].

The remainder of the paper is structured as follows. Multi-stage
NMPC is explained in Section 2 together with the implementations
of open-loop robust NMPC and robust NMPC based on affine con-
trol policies that are applied in this work. Section 3 presents the
case study considered in this paper: an industrial batch polymer-
ization reactor provided by BASF SE. The numerical approach for
the solutions of the resulting optimization problems using CasADi
is presented in Section 3. A comparison which shows the benefits of
multi-stage NMPC over traditional methods to achieve robustness
(i.e. tracking a conservative-set point with a conservative choice of
the uncertain parameters) is presented in Section 4. A comparison
of multi-stage NMPC with other robust NMPC approaches is made
in Section 5 and the modification of the multi-stage approach to
reduce the variability of the system for the different values of the
uncertainty is presented in Section 6. The main conclusions of the
paper and future directions of work are stated in Section 7.

2. Robust economic nonlinear model predictive control

In this section, we describe several approaches to deal with
uncertainty in model predictive control and we formulate all of
them within the framework of multi-stage NMPC to enable a fair
comparison for the proposed case study. First, we revisit the multi-
stage NMPC approach and then the framework is extended to
incorporate an open-loop approach in which a sequence of control
inputs is calculated to satisfy the constraints for all the scenarios
in the tree. Finally, the use of affine feedback control policies as a
way to introduce feedback in the predictions of the NMPC scheme
as described e.g. in [20] is shortly presented in the context of multi-
stage NMPC.

2.1. Multi-stage nonlinear model predictive control

Multi-stage NMPC is a robust NMPC approach that is based on

describing the evolution of the uncertainty by a scenario tree as
depicted in Fig. 1. The tree structure visualizes that future control
inputs can depend on the previous values of the uncertainty if full
state measurement or perfect estimation is assumed, and thus can
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ig. 1. Scenario tree representation of the uncertainty evolution for multi-stage
MPC.

ct as recourse variables that counteract – to the extent possible
 the effect of the future uncertainties. Thus, multi-stage NMPC is

 closed-loop robust NMPC approach that exhibits a lower degree
f conservativeness compared to other approaches, such as open-
oop min–max NMPC, multi-model or multi-scenario approaches

ithout recourse, as the one presented in [30] where in contrast to
ur formulation, no feedback is introduced in the predictions. The
asic idea of the use of a scenario tree for MPC  was suggested in
17] and some results for linear MPC  have been reported in [31].
he same approach has been applied in planning and scheduling,
ee e.g. [32,33].

Note that the tree structure does not necessarily represent time-
arying uncertainties or disturbances, but it reflects the fact that if
he uncertainty is not known at one sampling time, it will remain
nknown at the next sampling time when a new tree (shifted in
ime) will have to be considered. By using disturbance estimation
unknown input observers) or parameter estimation, some of this
ncertainty can be reduced and this leads to a better performance,
ee e.g. [28].

It is clear that meeting the constraints is guaranteed for all the
alues of the uncertainty that are considered in the scenario tree,
ut for general nonlinear systems, robust constraint satisfaction
annot be guaranteed for values that are not represented explicitly
n the tree. However, the values of the parameters that produce the

orst-case scenario are often on the boundaries of the considered
arameter interval as discussed in [34] and therefore a suitable sce-
ario tree should include the combinations of the extreme values of
he parameters, which produces good results in practice as shown
n [28,35]. For this reason, in the remainder of the paper we say that
n NMPC scheme is robust if it satisfies the constraints for a given
properly chosen) scenario tree. Since a suitable scenario is often
enerated by the combination of the different possible extreme val-
es of the uncertainties, the main drawback of the approach is the
xponential growth of the scenario tree with the prediction hori-
on and also with the number of uncertainties taken into account.

 simple strategy to deal with the growth of the tree with the
rediction horizon is to consider that the uncertainty remains con-
tant after a certain point in time (called the robust horizon). The
ain idea of this simplification is that due to the receding horizon

ature of NMPC, modeling the far future very accurately is not crit-
cal because all the control inputs will be recomputed at the next
ampling time anyway. An example scenario tree illustrating this
implification can be seen in Fig. 2.
The control inputs cannot anticipate the values of the uncer-
ainty that are realized after the corresponding decision point, and
his is enforced by the non-anticipativity constraints that require
ll the control inputs that branch at the same node to be equal
Fig. 2. Scenario tree representation of the uncertainty evolution for multi-stage
NMPC with robust horizon.

(for example in Fig. 1, u1
0 = u2

0 = u3
0, u1

1 = u2
1 = u3

1, . . .). The scenario
tree setting assumes a discrete-time formulation of an uncertain
nonlinear system that can be written as:

xj
k+1 = f (xp(j)

k
, uj

k
, dr(j)

k
), (1)

where each state xj
k+1 is a function of the previous state xp(j)

k
, the

control input uj
k

and the realization r of the uncertainty at stage

k, dr(j)
k

(for example in Fig. 1, x7
2 = f (x3

1, u7
1, d1

1)). For simplicity, in
the presentation we  consider that the tree has the same number of
branches at all nodes, given by dr(j)

k
∈ {d1

k
, d2

k
, . . .,  ds

k
} at stage k for s

different possible values of the uncertainty. Also, in order to clarify
the notation, the index set of all occurring indices (j, k) is denoted
by I. Each path from the root node x0 to a leaf node xi

K is called a
scenario Si such that

Si = {xi
K , xp(i)

K−1, xp(p(i))
K−2 , . . .,  x0}, ∀i = 1, . . .,  N,

where N is the number of scenarios (or leaf nodes) and K is the
prediction horizon. The optimization problem resulting from the
multi-stage formulation in a scenario-based setting can be written
as:

min
xj

k
,uj

k
∀(j,k)∈I

(
N∑

i=1

(ωiJi(x
j
k+1, uj

k
))

˛

)1/˛

(2a)

subject to:

xj
k+1 = f (xp(j)

k
, uj

k
, dr(j)

k
), ∀(j, k + 1) ∈ I, (2b)

g(xj
k
, uj

k
) ≤ 0, ∀ (j, k) ∈ I, (2c)

uj
k
= ul

k if xp(j)
k
= xp(l)

k
∀(j, k), (l, k) ∈ I, (2d)

where g(xj
k
, uj

k
) represents general and possibly nonlinear con-

straints on the states and the inputs at each node of the tree. The
cost of each scenario Si with weight ωi is denoted by Ji(x

j
k+1, uj

k
)

defined as:
Ji(x
j
k+1, uj

k
) =

K−1∑
k=0

L(xj
k+1, uj

k
), ∀ xj

k+1, uj
k
∈ Si, (3)
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here L(xj
k+1, uj

k
) is the stage cost, which represents a general – pos-

ibly economic – cost function. The non-anticipativity constraints
n (2d) enforce that the decisions uj

k
with the same parent node xp(j)

k
ust be the same. Using the formulation parametrized on ˛, it is

ossible to represent the multi-stage NMPC approach if  ̨ = 1 is cho-
en, whereas if  ̨ =∞ is chosen, a closed-loop min–max approach
s obtained, in which feedback is taken explicitly into account. A
omparison of both approaches was presented in [28]. If the num-
er of scenarios is N = 1, the problem is reduced to standard NMPC.
he weights ωi can be adapted according to parameter estimation
r stochastic information if it is available (see [28]) or chosen to be
dentical if no information is available. We  do not consider terminal
ost or terminal constraints in any of the schemes presented in this
aper.

.2. Open-loop robust nonlinear economic model predictive
ontrol

The formulation of multi-stage NMPC presented in (2) can be
odified to represent the open-loop case in which no feedback

s incorporated in the prediction of the NMPC controller. For this
urpose the non-anticipativity constraints are modified such that
hey force all the control inputs to be equal at each stage. Thus a
equence of control inputs that satisfy the constraints for all the
ases of the uncertainty in the scenario tree has to be computed.
he optimization problem that has to be solved at each sampling
ime in this case is:

min
j
k
,uj

k
∀(j,k)∈I

(
N∑

i=1

(ωiJi(x
j
k+1, uj

k
))

˛

)1/˛

(4a)

ubject to:

j
k+1 = f (xp(j)

k
, uj

k
, dr(j)

k
), ∀(j, k + 1) ∈ I, (4b)

(xj
k
, uj

k
) ≤ 0, ∀(j, k) ∈ I, (4c)

j
k
= ul

k , ∀ (j, k), (l, k) ∈ I, (4d)

here the only difference with respect to the multi-stage formu-
ation is the modification of the non-anticipativity constraints in
4d).

.3. Robust economic model predictive control with affine policies

It is well known that the computation of open-loop control poli-
ies can lead to very conservative solutions or even to infeasible
ptimization problems as has been illustrated by a simple example
n [17]. A traditional way to introduce feedback in the predictions
o achieve a closed-loop approach is to include a feedback matrix
hich depends on the future predicted state as an additional degree

f freedom in the optimization problem. This was introduced in the
ontext of MPC  in [18]. In this case, the control input that is cal-
ulated at each sampling time in the prediction is uj

k
= vj

k
+ Kxp(j)

k
here K is the new optimization variable. Other parametrizations,

ncluding time varying affine (state feedback) policies or affine poli-
ies parametrized on the uncertainty instead of on the states, have
lso been proposed in the literature (see e.g. [19] or [20]).

The constraints have to be satisfied for all the values of the
ncertainty and in order to have a direct comparison with the other

resented approaches we enforce this by applying the constraints
or all the nodes of the tree. Following [20], we consider in the
ost function only the nominal scenario (but this could easily be
xtended to the average value). The optimization problem that is
ntrol 24 (2014) 1247–1259

solved at each sampling time in the case of constant affine policies
is:

min
xj

k
,vj

k
,K ∀(j,k)∈I

(
1∑

i=1

(ωiJi(x
j
k+1, vj

k
+ Kxp(j)

k
))

˛

)1/˛

(5a)

subject to:

xj
k+1 = f (xp(j)

k
, vj

k
+ Kxp(j)

k
, dr(j)

k
), ∀ (j, k + 1) ∈ I, (5b)

g(xj
k
, vj

k
+ Kxp(j)

k
) ≤ 0, ∀(j, k) ∈ I, (5c)

vj
k
+ Kxp(j)

k
= vl

k + Kxp(l)
k

, ∀(j, k), (l, k) ∈ I. (5d)

For the case with time varying state feedback policies (Kk) the
optimization problem is formulated as:

min
xj

k
,vj

k
,Kk ∀(j,k)∈I

(
1∑

i=1

(ωiJi(x
j
k+1, vj

k
+ Kkxp(j)

k
))

˛

)1/˛

(6a)

subject to:

xj
k+1 = f (xp(j)

k
, vj

k
+ Kkxp(j)

k
, dr(j)

k
), ∀ (j, k + 1) ∈ I, (6b)

g(xj
k
, vj

k
+ Kkxp(j)

k
) ≤ 0, ∀(j, k) ∈ I, (6c)

vj
k
+ Kkxp(j)

k
= vl

k + Kkxp(l)
k

, ∀(j, k), (l, k) ∈ I, (6d)

Several possible parametrizations have been presented in the
literature and we do not attempt to compare all the different
approaches. The main goal of this work is to provide some insight
into the possible conservativeness introduced by these approaches
when solving an industrially relevant economic NMPC problem.

We briefly summarize here the four different designs for robust
NMPC that have been presented in this section and which will be
used in the remainder of the paper. Multi-stage NMPC is described
in (2), which also includes standard NMPC if the number of scenar-
ios is N = 1. An open-loop robust NMPC implementation in which a
sequence of control inputs has to satisfy the constraints for all the
cases of the uncertainty can be found in (4). Robust NMPC with
affine constant policies is defined in (5) and robust NMPC with
affine time-varying policies is described in (6). We  will use these
names for referring to the different approaches in the following
sections of the paper.

3. Case study: an industrial batch polymerization reactor

3.1. Description of the model

The results of this paper are obtained for a realistic industrial
batch polymerization reactor model provided by BASF SE as case
study in the context of the EU-funded project EMBOCON [36]. A
scheme of the system under consideration can be seen in Fig. 3.
The system consists of a reactor into which monomer is fed. The

monomer turns into a polymer via a very exothermic chemical reac-
tion. The reactor is equipped with a jacket and with an External Heat
Exchanger (EHE) that can both be used to control the temperature
inside the reactor.
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Fig. 3. Industrial batch polymerizatio

The process is modeled by a set of 8 ordinary differential equa-
ions:

ṁW = ṁFωW,F

ṁA = ṁFωA,F − kR1mA,R − kR2mAWTmA/mges,

ṁP = kR1mA,R + p1kR2mAWTmA/mges,

ṪR =
1

cp,Rmges
[ṁFcp,F (TF − TR)+ �HRkR1mA,R − kKA (TR − TS)

− ṁAWTcp,R (TR − TEK)],

ṪS =
1

cp,SmS
[kKA (TR − TS)− kKA (TS − TM)],

ṪM =
1

cp,WmM,KW
[ṁM,KWcp,W

(
T IN

M − TM
)
+ kKA (TS − TM)],

ṪEK =
1

cp,RmAWT
[ṁAWTcp,W (TR − TEK)− ˛ (TEK − TAWT)

+ kR2mAmAWT�HR/mges],

ṪAWT = [ṁAWT,KWcp,W(T IN
AWT − TAWT)

− ˛ (TAWT − TEK)]/(cp,WmAWT,KW),

(7)

here

U = mP

mA + mP
,

mges = mW + mA + mP,

kR1 = k0e

−Ea

R(TR + 273.15) (kU1(1 − U) + kU2U),

kR2 = k0e

−Ea

R(TEK + 273.15) (kU1(1 − U) + kU2U),

kK = (mWkWS + mAkAS + mPkPS)/mges,

mA,R = mA − mAmAWT/mges.

The model includes mass balances for the water, monomer

nd product hold-ups (mW, mA, mP) and energy balances for
he reactor (TR), the vessel (TS), the jacket (TM), the mixture
n the external heat exchanger (TEK) and the coolant leaving
he external heat exchanger (TAWT). The variable U denotes the
tor with an external heat exchanger.

polymer-monomer ratio in the reactor, mges represents the total
mass, kR1 is the reaction rate inside the reactor and kR2 is the
reaction rate in the external heat exchanger. The total heat trans-
fer coefficient of the mixture inside the reactor is denoted as kK
and mA,R represents the current amount of monomer inside the
reactor.

The available control inputs are the feed flow ṁF, the coolant
temperature at the inlet of the jacket T IN

M and the coolant temper-
ature at the inlet of the external heat exchanger T IN

AWT.
The complete set of parameters of the model used in this work

as provided by BASF SE, together with a short description of each
parameter, are presented in Table 1.

3.2. Description of the control problem

The control task under consideration is the production of one
batch of polymer in the minimum possible time while satisfying
safety constraints and constraints on the quality of the resulting
product by manipulating the control inputs ṁF, T IN

M and T IN
AWT.

The temperature at which the polymerization reaction takes
place strongly influences the properties of the resulting poly-
mer. For this reason, the temperature of the reactor should be
maintained in a range of ±2.0 ◦C around the desired reaction tem-
perature Tset = 90 ◦C in order to ensure that the produced polymer
has the required properties.

Real processes are also subject to important safety constraints
that are incorporated to account for possible failures of the equip-
ment. In this case, the maximum temperature that the reactor
would reach in the case of a cooling failure is constrained to be
below 109 ◦C. The temperature that the reactor would achieve in
the case of a complete cooling failure can be calculated as:

Tadiab =
�HR

cp,R

mA

mges
+ TR. (8)

To model the safety constraint, we extend the model in (7) by
an additional differential state (Tadiab), the differential equation of
which is obtained by differentiating (8) with respect to time:

Ṫadiab =
�HR

mgescp,R
ṁA − (ṁW + ṁA + ṁP)

(
mA�HR

m2
gescp,R

)
+ ṪR. (9)

The new state is constrained to be below the safe temperature

(Tadiab ≤ 109 ◦C).

The maximum amount of material that can be fed into the
reactor is

∫
ṁFdt = 30,  000 kg. After all the material has been fed

into the reactor (feeding phase) the reaction continues with the
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Table 1
Parameters of the industrial polymerization reactor model.

Parameter Description Value Units

R Gas constant 8.314 kJ kmol−1 K−1

cp,W Specific heat capacity of the coolant 4.2 kJ kg−1 K−1

cp,S Specific heat capacity of the steel 0.47 kJ kg−1 K−1

cp,F Specific heat capacity of the feed 3 kJ kg−1 K−1

cp,R Specific heat capacity of the reactor contents 5.0 kJ kg−1 K−1

kWS Heat transfer coeff. water-steel 4800 W m−2 K−1

TF Feed temperature 25 ◦C
A  Heat exchange surface of the jacket 65 m2

mM,KW Mass of coolant in the jacket 5000 kg
mS Mass of reactor steel 39,000 kg
mAWT Mass of the product in the EHE 200 kg
mAWT,KW Mass of the coolant in the EHE 1000 kg
ṁM,KW Coolant flow of the jacket 300,000 kg h−1

ṁAWT,KW Coolant flow of the EHE 100,000 kg h−1

ṁAWT Product flow to the EHE 20,000 kg h−1

Ea Activation energy 8500 kJ kmol−1

�HR Specific reaction enthalpy 950 kJ kg−1

k0 Specific reaction rate 7 –
kU2 Reaction parameter 1 32 –
kU1 Reaction parameter 2 4 –
wW,F Mass fraction of water in the feed 0.333 –
wA,F Mass fraction of A in the feed 0.667 –

r
t
d
d
t
t
a
3
a

m
I
o
n
e
u
n

T
I

T
B

kAS Heat transfer coeff. monomer-steel 

kPS Heat transfer coeff. product-steel 

 ̨ Experimental coefficient

emaining monomer (holding phase) and the batch is considered
o be finished when the desired amount of polymer is pro-
uced (mend

P = 20,  680 kg). In order to avoid the switching between
ifferent optimization problems as in [28] for the feeding and
he holding phase, we add an additional state that accounts for
he accumulated material that has been fed, that is, ṁacc

A = ṁF
nd another constraint is included such that 0 < macc

F < mmax
F =

0 000 kg. The constraints on the states and control inputs, as well
s the initial conditions can be seen in Tables 2 and 3.

In a real system, usually the model parameters cannot be deter-
ined exactly, what represents an important source of uncertainty.

n this work, we consider that two of the most critical parameters
f the model are not precisely known and vary with respect to their
ominal value. In particular, we assume that the specific reaction
nthalpy �HR and the specific reaction rate k0 are constant but
ncertain, having values that can vary ±30% with respect to their

ominal values reported in Table 1.

able 2
nitial conditions and state constraints.

State Init. cond. Min. Max. Unit

mW 10,000 0 inf. kg
mA 853 0 inf. kg
mP 26.5 0 inf. kg
TR 90.0 Tset − 2.0 Tset + 2.0 ◦C
TS 90.0 0 100 ◦C
TM 90.0 0 100 ◦C
TEK 35.0 0 100 ◦C
TAWT 35.0 0 100 ◦C
Tadiab 104.897 0 109 ◦C
macc

F 0 0 30,000 kg

able 3
ounds on the manipulated variables.

Control Min. Max. Unit

ṁF 0 30,000 kg h=−1

T IN
M 60 100 ◦C

T IN
AWT 60 100 ◦C
1000 W m−2 K−1

100 W m−2 K−1

3,600,000 1 s−1

3.3. Mathematical formulation

We  formulate the control task as the following optimization
problem:

min
xj

k
,uj

k
∀(j,k)∈I

Jbatch(xj
k+1, uj

k
) (10a)

subject to:

xj
k+1 = f (xp(j)

k
, uj

k
, dr(j)

k
), (10b)

Tset − 2.0 ≤ Tj
R,k
≤ Tset + 2.0, (10c)

0 ≤ Tj
S,k
≤ 100, (10d)

0 ≤ Tj
M,k
≤ 100, (10e)

0 ≤ Tj
EK,k
≤ 100, (10f)

0 ≤ Tj
AWT,k

≤ 100, (10g)

0 ≤ Tj
adiab,k

≤ 109, (10h)

0 ≤ macc,j
A,k
≤ mmax

A , (10i)

0 ≤ ṁj
F,k
≤ 30000,  (10j)

60 ≤ T IN,j
M,k
≤ 100, (10k)

60 ≤ T IN,j
AWT,k

≤ 100, (10l)

uj
k
= ul

k if xp(j)
k
= xp(l)

k
∀ (j, k), (l, k) ∈ I, (10m)

where the constraints are applied to all the states and all control
inputs along each scenario with

xj
k
= [mj

W,k
, mj

A,k
, mj

P,k
, Tj

R,k
, Tj

S,k
, Tj

M,k
, Tj

EK,k
, Tj

AWT,k
,

× Tj
adiab,k

, macc,j
A,k

]
T
,

uj
k
= [ṁj

F,k
, T IN,j

M,k
, T IN,j

AWT,k
]
T
.
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The discretized dynamics of the system are included as con-
traints in (10b), (10c)–(10i) denote the constraints on the states,
10j)–(10l) represent the constraints on the input variables, and the
on-ancitipativity constraints are included in (10m).

We  propose two possible cost functions Jbatch(xj
k+1, uj

k
). The first

ne, (11), represents the maximization of the mass of polymer
ogether with a set-point tracking term for the reactor tempera-
ure. In addition, small regularization terms are added in order to
enalize the control movements so that a smooth control input

s achieved as a result of the optimization problem. The mixed
racking cost function results as:

track(xj
k+1, uj

k
) =

N∑
i=1

ωi

K−1∑
k=0

− mj
P,k+1 + q(Tj

R,k+1 − Tset)
2

+ r1(�ṁj
F,k

)
2 + r2(�T IN,j

M,k
)
2 + r3(�T IN,j

AWT,k
)
2
,

∀mj
P,k+1, Tj

R,k+1, ṁj
F,k

, T IN,j
M,k

, T IN,j
AWT,k

∈ Si, (11)

here q, r1, r2 and r3 are tuning parameters. A different possibility is
o avoid the use of a tracking term and to use only an economically

otivated cost function:

eco(xj
k+1, uj

k
) =

N∑
i=1

ωi

K−1∑
k=0

− mj
P,k+1 + r1(�ṁj

F,k
)
2

+r2(�T IN,j
M,k

)
2 + r3(�T IN,j

AWT,k
)
2
,

∀mj
P,k+1, ṁj

F,k
, T IN,j

M,k
, T IN,j

AWT,k
∈ Si. (12)

For both cases the cost is calculated as the sum over all the N sce-
arios Si along the prediction horizon K. Here we implicitly assume
hat the batch time is minimized by maximizing the amount of
olymer produced within the prediction horizon. For the multi-
tage NMPC implementation we consider a scenario tree with 9
cenarios that result from the combination of the maximum, the
inimum and the nominal values of the uncertain parameters. The

ree is branched only in the first stage (robust horizon = 1) because
 higher robust horizon results in a very similar performance as it
as also illustrated in [28] but with a higher computation cost. For

ll the results shown in the remainder of the paper the sampling
ime of the NMPC controller is Ts = 50 s with a prediction horizon
f K = 20 steps. The tuning parameters chosen for the cost functions
resented in (11) and (12) are r1 = 0.1, r2 = 0.02, r3 = 0.01 and q = 10,
00.

All the algorithms presented in this paper have been imple-
ented using the optimization tool CasADi [37], which makes it

ossible to greatly improve the computational speed reported in
28] with very little implementation effort. CasADi is an open-
ource framework for C++and Python for numerical optimization
nd optimal control. The main feature of CasADi is that it provides
he users with a flexible framework to implement a wide range
f optimal control algorithms in an easy and efficient way, rather
han providing the user with a black-box Optimal Control Prob-
em (OCP) solver. The generation of the Jacobian of the nonlinear
onstraints and of the Hessian of the Lagrangian function is done
utomatically via a state-of-the-art implementation of algorithmic
ifferentiation as presented in [38]. If ODE or DAE integrators are
art of the symbolic expressions, forward and adjoint sensitivity

nalysis is invoked automatically, see [39] for more details. The
esults presented in [37] suggest that CasADi is faster than other
tate-of-the-art software such as the AMPL Solver Library (ASL)
hen solving standard benchmark problems.
Fig. 4. Reactor temperature, safety temperature (with constraints indicated),
monomer feed and jacket temperature for mixed and for economic NMPC using
collocation and multiple shooting for a perfect model (no uncertainty).

In this work all the resulting nonlinear programming optimiza-
tion problems were solved using IPOPT [40] which uses first and
second order exact derivative information provided automatically
by CasADi. As described before, CasADi makes it possible to solve
the optimal control problem using direct multiple-shooting or
direct collocation for the discretization of the ODEs. For the colloca-
tion approach we  used Radau collocation points, with interpolating
polynomials of order 2. For the multiple shooting approach we used
the integrators from the SUNDIALS toolbox [41]. The real plant is
simulated with the calculated control input using also the integ-
rators from the SUNDIALS toolbox with a high accuracy. All the
optimization problems were solved on a standard laptop with an
Intel i-5 processor at 2.30GHz running Ubuntu on a virtual machine
with one core and 2 GB of RAM.

4. Tracking NMPC vs. multi-stage economic NMPC of a
polymerization reactor under uncertainty

This section presents first a comparison of tracking and eco-
nomic NMPC without uncertainty and afterwards a comparison of
standard tracking NMPC (with typical modifications to account for
uncertainty) and multi-stage NMPC under uncertainty.

First assume that the model is perfect, i.e. there is no plant-
model mismatch. Then the described control problem can be
solved by standard NMPC, using either the economic cost function
Jeco(xj

k+1, uj
k
) or the mixed cost function Jtrack(xj

k+1, uj
k
) in which the

center of the allowed temperature range is tracked. As expected,
the use of economic NMPC improves the performance of the con-
troller as can be seen in Fig. 4. The batch time is reduced by
around 7.5%. We  also show in Fig. 4 a comparison between the
solution obtained using collocation and multiple shooting. Since
both results are very similar, only the results with the collocation
approach are shown in the remainder of the paper. The current
multiple-shooting implementation has not been optimized for the
performance and therefore the computation times are much higher
than the ones obtained by the collocation approach (73.23 s vs.
0.072 s per optimization problem for standard NMPC with a mixed

tracking objective).

As can be seen in Fig. 4 and in general when using an eco-
nomic cost function, the process is typically operated at one
of its constraints, which might vary along the operation. Since
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ig. 5. Reactor temperature, safety temperature (with constraints indicated), mono
ias  term (right) with a mixed tracking cost function.

odels for industrial applications are imperfect, constraints viola-
ions will be unavoidable, unless additional measures are taken. A
ypical approach used in practice is to track a conservative set-point
nd to expect that the tracking controller is able to maintain the sys-
em near the set-point despite the several uncertainties affecting
t. This is however not enough to deal with significant uncertain-
ies. Fig. 5 (left) shows the results of standard NMPC for different
alues of the uncertain parameters �HR and k0. Note that each
ine in the plot (and for the rest of the plots in this paper) rep-
esents the state and control trajectories with different values of
he uncertain parameter for each batch (varying between ±30%
ith respect to their nominal values) using the same controller.

he parameters are kept constant along each batch. It is clear that
he standard NMPC controller with tracking of the mean value of
he allowed temperature range fails to satisfy the constraints for
everal scenarios.

In order to increase the amount of feedback used in the standard
MPC scheme, a simple modification which introduces a bias-term

or the set-point can be used. By doing this, the set-point that is used
n the optimizer at each sampling time (Topt

set ) is updated using a pro-
ortional rule, i.e. Topt

set ← Topt
set + K(Tset − TR), with K = 0.015 where

set is the real setpoint and TR is the state of the real plant. The
erformance of the controller is improved (see Fig. 5 (right)) but
here still are important violations of the safety constraints and for

he reactor temperature that could lead to a deficient quality of the
roduct and are not tolerable for safety reasons.

If the results are carefully analyzed, the violations occur only
or certain values of the uncertain parameters, normally when

able 4
erformance comparison between standard NMPC, standard NMPC with bias term, standa
sed  in the optimizer and multi-stage NMPC.

Unc. in �HR Unc. in k0 Batch time in hours

Standard NMPC Standard NM

+30% +30% Infeasible Infeasible 

+30% +0% Infeasible Infeasible 

+30% −30% Infeasible Infeasible 

+0%  +30% 1.60 1.64 

+0%  +0% 1.81 1.81 

+0%  −30% 2.69 2.67 

−30%  +30% 1.50 1.50 

−30%  +0% 1.99 1.97 

−30%  −30% 2.88 2.80 

Av.  batch time (h) Infeasible Infeasible 
eed and jacket temperature for standard NMPC (left) and for standard NMPC with

the real �HR and k0 values are higher than expected, because
then more heat than expected is generated, leading to constraint
violations. A possible way to deal with this problem with the
standard NMPC scheme with a tracking cost function is to
consider the worst-case value of the uncertain parameters, i.e.
�HR = 1.30 · �HR and k0 = 1.30 · k0 in the prediction model. With
this conservative choice of the uncertain parameters, standard
NMPC with a mixed tracking cost function and a bias-term is able
to satisfy the constraints for all cases of the uncertainty as can be
seen in Fig. 6 (left). However, the obtained batch times are signifi-
cantly higher than the ones obtained with the proposed multi-stage
NMPC with economic cost function (Fig. 6 (right))

A summary of the results obtained with the different controllers
for all the scenarios is shown in Table 4. It is clear that the use of
multi-stage NMPC with a simple scenario tree can improve the per-
formance of the controller significantly compared to a conservative
choice of the uncertain parameters. Even in the case of the nom-
inal value of the parameters, multi-stage NMPC achieves a very
similar performance compared to the standard NMPC approach,
while being robust for all the possible values of the uncertainty.
This is due to the fact that an economic cost function is used in
the multi-stage case and that the uncertainty is taken into account
by using a scenario tree, whereas a tracking term of a conserva-
tive set-point is used in standard NMPC. Note that in this case, the

improvement in the batch time averaged over all the scenarios is
approximately 60%, which clearly shows the economic potential
of the multi-stage approach compared to a conservative choice of
parameters.

rd NMPC with bias term using the worst-case value of the parameters in the model

PC + bias Std. worst-case NMPC + bias Multi-stage NMPC

2.15 2.03
2.72 2.24
4.05 2.69
2.22 1.60
3.00 1.84
4.57 2.50
2.72 1.43
3.57 1.86
5.11 2.68

3.35 2.10
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NMPC and a conservative choice of the uncertain parameters. It
is important to note that the open-loop approach leads to signifi-
cantly higher batch times (25% with respect to multi-stage NMPC)
because recourse is not introduced in the predictions of the NMPC
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ig. 6. Reactor temperature, safety temperature (with constraints indicated), mono
alue  of the parameters in the model with mixed tracking cost function (left) and fo

This improvement is achieved by considering the uncertainty
xplicitly using a robust NMPC closed-loop approach by means
f a scenario tree, which increases the computational complex-
ty of the approach. However, if efficient tools are used – as the
nes described in this paper – it is possible to solve the resulting
ptimization problems consistently faster than the sampling time
f the system (Ts = 50 s) which enables an implementation of the
roposed scheme for this industrial case study. The average and
aximum computation times per optimization problem obtained

or each controller are reported in Table 5.

. Comparison of robust economic NMPC formulations for
 polymerization reactor under uncertainty

In this section we present a comparison of different robust NMPC
pproaches that have been presented in the literature over the last
ears and that were described in Section 2, i.e. multi-stage NMPC,
pen-loop robust NMPC, robust NMPC with affine constant policies
nd robust NMPC with affine time-varying policies. Our goal is to
erform a comparison of the performance of each controller and
e do not discuss the theoretical stability properties of the differ-

nt methods, which are out of the scope of this paper. No stability
r recursive feasibility problems were encountered for any of the
imulations presented here.

The robustness of the controllers is achieved in all cases by
nforcing the constraints on each node of a scenario tree which
s obtained by combining the maximum, minimum and nominal
alues of the uncertain parameters as in the previous section. The
ame tree and the same economic cost function (12) are used for
ll the controllers.

Fig. 7 shows the results obtained when solving the optimization
roblem (3.3) in the form of a robust open-loop NMPC approach as

ormulated in (4). Since the constraints are checked for all the nodes
n the scenario tree, no constraint violations occur for any of the
cenarios. However, in the open-loop robust approach, the fact that
t the next sampling time a newly computed control input will be

able 5
verage and maximum computation times per optimization problem (in s) of
tandard NMPC, standard NMPC with bias term, standard NMPC with bias term
sing the worst-case value of the parameters in the model used in the optimizer
nd  multi-stage NMPC.

Standard Standard Std. worst-case Multi-stage
NMPC NMPC + bias NMPC + bias NMPC

Average (s) 0.072 0.071 0.059 1.134
Maximum (s) 0.230 0.190 0.179 1.550
eed and jacket temperature for standard NMPC with bias term and the worst case
ti-stage NMPC with an economic cost function (right).

able to counteract the effect of the realized uncertainty is ignored.
This leads to a higher degree of conservativeness and therefore to
longer batch times.

This can be partially compensated if a certain amount of feed-
back is introduced in the prediction by including a feedback gain
as an additional optimization variable. If a robust NMPC controller
with affine constant feedback policies is used by formulating the
optimization problem as in (5) with the nominal case in the cost
function, shorter batch times are obtained, as can be seen in Fig. 8
(left). If the degrees of freedom are increased by optimizing over
time-varying state feedback policies (as in (6)) the performance
can be increased even more, while preserving the robustness of
the solution for all the different scenarios at the cost of a higher
computation cost. The results for robust NMPC with time-varying
feedback policies can be seen in Fig. 8 (right).

A summary of the performance of each controller for all the sce-
narios is given in Table 6. It can be seen that the use of any of the
approaches presented in this section leads to a significant reduction
of the batch times with respect to the ones obtained with standard
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Fig. 7. Reactor temperature, safety temperature (with constraints indicated),
monomer feed and jacket temperature for open-loop robust NMPC with an economic
cost function.
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ig. 8. Reactor temperature, safety temperature (with constraints indicated), mono
right)  affine control policies with an economic cost function.

ontroller. The performance can be enhanced by using constant
ffine or time-varying affine feedback policies but the best perfor-
ance is still achieved by multi-stage NMPC. Note that even for the

ominal case of the uncertainty, which is the only one entering the
ost function of the affine controllers, multi-stage NMPC achieves a
etter performance. This is due to the conservativeness introduced

n the system by the fixed structure of the feedback. The computa-
ion times needed for the solution of each controller are reported in
able 7. The computation time needed by the open-loop approach
s very similar to the one needed by the multi-stage even though
t has less degrees of freedoms (free control inputs) but the same
onstraints are needed in order to enforce robustness. The introduc-
ion of the state feedback matrix K as optimization variable includes

ew degrees of freedom (see Table 8 for a comparison) and many
on-zero entries in the Jacobian of the constraints and in the Hes-
ian of the Lagrangian due to the feedback structure, which leads
o computation times per iteration that are much higher than the

able 6
erformance comparison between open-loop robust NMPC, robust NMPC with affine cons

Unc. in �HR Unc. in k0 Batch time in hours

Open-loop robust NMPC Constant

+30% +30% 2.22 2.14 

+30%  +0% 2.58 2.38 

+30%  −30% 3.38 2.93 

+0%  +30% 1.97 1.85 

+0%  +0% 2.42 2.13 

+0%  −30% 3.38 2.83 

−30%  +30% 1.93 1.78 

−30%  +0% 2.43 2.18 

−30%  −30% 3.39 2.92 

Av.  batch time (h) 2.63 2.34 

able 7
verage and maximum computation times per optimization problem (in s) of open-loop

ime-varying policies and multi-stage NMPC.

Open-loop robust NMPC Constant affine pol

Average (s) 1.113 13.87 

Maximum (s) 2.540 128.2 

able 8
egrees of freedom (free control input variables) available for open-loop robust NMPC, 

olicies and multi-stage NMPC.

Open-loop robust NMPC Constant affine policies

D.o.F. 60 90 
eed and jacket temperature for robust NMPC with constant (left) and time varying

ones obtained for multi-stage NMPC, especially in the case of time-
varying feedback policies. Following [20], we use only the nominal
case in the cost function for the cases of affine policies. If all the
scenarios are included in the cost, the average performance for the
robust NMPC with affine policies (both constant and time-varying)
is slightly improved, but it is still worse than the multi-stage case
for all the scenarios and it leads to larger computation times.

6. Multi-stage economic NMPC with reduced variability

From a practical point of view, operating a system that behaves
consistently in the same manner despite the presence of changes in
the plant dynamics or of disturbances that act on the plant can be

beneficial. For this reason, some control approaches try to achieve
a similar control performance of an uncertain system for all the
possible cases of the uncertainty. In some of the formulations of
tube based-MPC, as the one presented in [23], the variability of

tant policies, robust NMPC with affine time-varying policies and multi-stage NMPC.

 affine policies Time-varying affine policies Multi-stage NMPC

2.09 2.03
2.31 2.24
2.81 2.69
1.74 1.60
2.01 1.84
2.74 2.50
1.74 1.43
2.18 1.86
3.00 2.68

2.29 2.10

 robust NMPC, robust NMPC with affine constant policies, robust NMPC with affine

icies Time-varying affine policies Multi-stage NMPC

45.43 1.134
182.6 1.550

robust NMPC with affine constant policies, robust NMPC with affine time-varying

 Time-varying affine policies Multi-stage NMPC

660 540
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Using this definition it is possible to perform an analysis of the
system by comparing the variability obtained by the controller
with the resulting batch times for different values of kvar. This
analysis is shown in Fig. 10. As it can be seen, trying to reduce the
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ig. 9. Reactor temperature, safety temperature (with constraints indicated), mon
var = 0.1 (left) and kvar = 1 (right) in the economic cost function (13a).

he different trajectories can be influenced by tuning a parameter
hat controls how strong the influence of the ancillary controller
s. Using a high value of this parameter leads to less variability, but
lso to a reduction of the average performance.

In this work, we follow the same idea to introduce a novel for-
ulation of the multi-stage NMPC approach described before. The

ost function is modified by introducing an additional term which
enalizes the deviations between the scenarios. The new optimiza-
ion problem can be written as:

min
j

k
,uj

k
∀(j,k)∈I

(
N∑

i=1

(ωiJi(x
j
k+1

, uj
k
))

˛

)1/˛

+ kvar

(
K∑

k=1

Tk−1∑
j=1

(xj
k
− xj+1

k
)
2

)
(13a)

subject to:

j
k+1 = f (xp(j)

k
, uj

k
, dr(j)

k
), ∀ (j, k + 1) ∈ I, (13b)

(xj
k
, uj

k
) ≤ 0, ∀(j, k) ∈ I, (13c)

j
k
= ul

k if xp(j)
k
= xp(l)

k
∀(j, k), (l, k) ∈ I, (13d)

here kvar is a tuning parameter that controls the trade-off between
obust economic performance and variability of the different sce-
arios. The number of nodes in the scenario tree at stage k is
enoted by Tk. The new term introduced in (13a) penalizes (with

 quadratic term) the deviations between two neighboring scenar-
os along the prediction horizon K for all the scenarios. Note that
he presented approach is not a tube-based approach, although it
as inspired by tube-based ideas. There are three main differences

f the presented approach compared to the usual tube-based MPC
pproaches. Firstly, tube-based approaches guarantee that the real
ystem remains in a robust positively invariant set around some tra-
ectory, which is not guaranteed in the proposed method. Secondly,
he use of the typical structure consisting of a nominal MPC  and an
ncillary controller is substituted by a single optimizing controller
ith a multi-objective cost function (13a). Thirdly, the trajectories

f the system are not forced to track the nominal trajectory, but
hey are free to stay close around any trajectory which is optimal
n average for the different scenarios in the tree. This formulation
s comparable to minimizing an approximation of the sensitivities
f the states with respect to the uncertain parameters. It is impor-
ant to note that in the multi-stage approach the sensitivities are
ndirectly computed when predicting over all the scenarios and
herefore it is not necessary to compute the sensitivities explicitly,

hich might be expensive. In this way it is possible to use the sce-
arios for a twofold purpose. First, to guarantee robust constraint
atisfaction, and second to reduce the variability of the system in
he presence of uncertainties.
 feed and jacket temperature for multi-stage NMPC with reduced variability with

The results obtained with the approach proposed in (13) are
shown in Fig. 9 for different values of kvar. The results show that
by increasing kvar the state trajectories are closer for the different
values of the uncertainties, obtaining also smoother control inputs,
but the batch times are much higher.

We define the variability obtained by the controller as the differ-
ence of each trajectory to the average trajectory summed up over
the batch time

Variability =
N∑

i=1

1

K f
i

K f
i∑

k=1

|xk(i) − xav
k
|

xav
k

, (14)

where xk(i) represents the real state of the plant at sampling time k
for the scenario (realization of the uncertainty) i and all the opera-
tors are applied element-wise. The number of sampling times that
are necessary to end the batch for each scenario are denoted as K f

i
and xav

k
is the average state of the real system at sampling time k

over all the scenarios, that is:

xav
k =

1
N

N∑
i=1

xk(i). (15)
2 2.5 3 3.5 4 4.5 5
Average batch time [h]

Fig. 10. Average batch time and variability over the different scenarios for different
values of kvar.
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ariability (increasing kvar) of the system causes a significant loss
f the economic performance of the process.

Reducing the variability of the system with respect to a certain
rajectory might be a good idea if the cost function is a classical
racking term, since both goals go in the same direction, that is, if the
ominal trajectory tracks the set-point well and if the uncertain tra-

ectories are near the nominal one, then the average performance
ill be good. However, if an economic cost function is used, very

ften the objective of a reduced variability and of an optimal eco-
omic performance are contradictory. This can be clearly illustrated
ith a simple example used often in the MPC  literature. If a driver
ants to track the center of a road and the driver wants to minimize

he variability of his trajectory despite the uncertain conditions of
he road, the solution of this problem is to drive very slowly such
hat the center of the road can be tracked well for all the conditions
f the road. This result will be good if the ultimate goal is just to
rack the center of the road. However, this solution will provide
ery poor results if the real goal is to drive a certain distance in the
inimum time possible fulfilling the constraints for all the cases

f the uncertainty. The same happens in the presented case-study,
here the result with a big value of kvar (Fig. 9 (right)) leads to slow

eeding of the monomer ṁF in order to achieve low variability but
eading to very long batch times.

Note that it is also possible to choose kvar such that only the vari-
bility of certain states (or other algebraic variables) is penalized. It
s also possible to choose kvar < 0 in order to excite the system. This
an be useful in the context of Optimal Experiment Design (OED)
o increase the identifiability of certain parameters with respect to
he available measurements. OED can be also used to reduce the
ncertainty range of the uncertainty and to generate a new sce-
ario tree accordingly that leads to improved performance as it has
een shown in [42].

Our goal in this section is not to compare different tube-based
pproaches. We  try to illustrate with simulation results the fact
hat, in the same way as the concepts and tools that are needed for
tability guaranteeing formulations of economic MPC  are different
o those of classical tracking MPC  [7], some typical approaches used
n robust tracking MPC  that try to minimize the variability of the
ystem may  not be suitable in the case of economic MPC  because
hey might lead to significant losses of performance.

The powerful tools of set theory used in some tube-based meth-
ds for establishing stability and constraint guarantees could be
ombined with the multi-stage approach in order to make use of
he advantages of both approaches by considering, for example, slim
ubes centered along the different scenarios of the scenario tree.

. Conclusions and future work

The stability properties of different economic MPC  settings have
een studied recently in the literature. However, the fact that
ncertainty plays a crucial role in economic MPC  because real mod-
ls are imperfect and the economic operation of a plant typically
perates the system at one of its constraints has received little
ttention yet. This paper presents a comprehensive comparison of
he performance of different robust NMPC methods for the solution
f an economic NMPC problem of an industrial batch polymeriza-
ion reactor provided by BASF SE.

We  use multi-stage NMPC in order to deal with uncertainties
n the context of economic MPC. Multi-stage NMPC is based on
he representation of the uncertainty evolution as a scenario tree,
hich makes it possible to introduce feedback explicitly in the

rediction of the controller, thus improving its performance. Sim-
lation results show that multi-stage NMPC with an economic cost

s able to satisfy tight temperature constraints and safety-related
onstraints for all the scenarios under consideration that represent

[

[
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variations of ±30% in critical parameters, while standard NMPC and
standard NMPC with bias term violate the constraints. Choosing
a standard NMPC scheme with tracking term and with a conser-
vative choice of the uncertain parameters results in no constraint
violations but increases the obtained batch times significantly com-
pared to multi-stage NMPC. We  also compare multi-stage NMPC
with other robust approaches proposed in the literature. Although
the results have been obtained only for an industrial polymeriza-
tion reactor, we  believe that the main conclusions are useful for
the design of robust economic NMPC controllers of many nonlinear
systems with tight constraints. It has been shown that the use of a
robust open-loop approach can lead to an important decrease of the
performance compared to approaches with feedback or recourse.
The introduction of feedback using state feedback policies (con-
stant or time-varying) improves the performance, but for nonlinear
systems it can be far from the performance obtained from multi-
stage NMPC as in this case. Finally, we  presented a novel extension
of multi-stage NMPC that was inspired by tube-based MPC  ideas
that makes it possible to have a trade-off between system variabil-
ity under uncertainty and robust economic performance. We  show
that trying to reduce the variability of the trajectories obtained for
the different values of the uncertainty – as done for some robust
NMPC schemes – might lead to a significant loss of performance,
especially for economic robust NMPC.

Future work includes the extension of the approach to account
for estimation and measurement noise and the implementation of
the approach at a real reactor.
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