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²5£¦¥5±�§»£�§»¯5£r²5¡ºãL£¢ªB£¢¥�§°¡¤«�­µ«�¥5²`§°¯;£�«v­¤¾ £¦½5ª°«�¡º�j³B§°«v§°£jà £¦�¦§»± ª»³¦ß4ª»£í·³»¼T£¢�d§°¡Ûà £¢­ÛÜ ß
u ∈ R

nu
¡º³c§°¯5£Øà £¦�¦§»± ªâàv«�­º¨5£¢²��¦± ¥�§°ª»±�­I´¶¨5¥5�¦§»¡¤± ¥Áßåæç¯;£¢ª»£¢«�³

p ∈ R
np

¡º³�«�à�£¢�¦§»± ª�±�´
�¢±�¥5³B§°«�¥�§]³CÜ�³B§°£¦©�¼?«�ª°«v©®£d§°£¢ªB³µ³»¨5�(¯[«�³çª»£¢«��¦§»¡¤± ¥��¢±�¥5³B§°«�¥�§°³h± ªµ©�«Â§°£¢ªB¡ä«�­L¼?«�ª»«�©®£d§°£¦ª»³¢Ù

JZ£�«v­¤³»±W«�³»³B¨5©®£c§»¯?«v§4§»¯5£�> «��¦± ½5¡ä«v¥ ∂g
∂z
(·) «�¥5²j§°¯5£n©�«v§»ª»¡¸Ý

B(·) «�ª»£n¡¤¥�à £¦ªB§°¡º½5­¤£vß;³B±W§°¯?«v§µ§»¯5£êµëc��¡º³µ±�´*¡º¥5²5£íÝ�·¹± ¥5£�«�¥;²�±�´ì³»£¦©®¡¸·S£íÝ;¼;­¤¡¤�¦¡º§,§SÜE¼T£�Ù
µR¨�¾o¤��� M� Ô ¤�àl¬l�l�� M�ª�F�3¯h¥
/$£¦§�¨;³�¡¤¥�§°ªB±E²5¨;�¢£Þ«�¾ £¦¥5£¢ª»«�­Iõx±�­¤á¬« §SÜE¼T£Þ± ½�LB£¦�¦§°¡Ûà £W´¶¨5¥;�¦§°¡º± ¥?«�­M± ¥t«�§°¡º©®£â¯5± ªB¡¤á¦± ¥

[t0, tf ]
æç¡º§»¯³B§°«�ªB§ç§»¡¤© £

t0
«v¥5²P�?¥?«�­<§»¡¤© £

tf

∫ tf

t0

L(x(t), z(t), u(t), p, t) dt + E(x(tf ), z(tf ), p, tf),

æç¯5£¦ª»£
L

¡¤³]±�´�§°£¦¥b�¬«�­º­¤£¦²�§°¯;£n/å«�¾ ª°«v¥5¾ £�§»£¢ªB©�ßL«�¥5²
E

§°¯5£ØÔ[«¬Ü £¢ªc§»£¢ªB©G±v´Q§°¯5£W±�½�LB£¢�d§°¡ºà�£�Ù�Úµ¯5¡º³± ½�LB£¦�¦§»¡ºà £�´¶¨5¥;�¦§°¡º± ¥?«�­Á²5£¡�?¥;£¢³]§»¯5£�±Jà £¢ª»«�­¤­ x �¢±�³B§°³1{�§°¯5«v§ç³»¯?«v­¤­<½T£�©®¡º¥5¡¤© ¡¤á¦£¢²<Ù
»



­£¿ ®
¤�¯h¥±°�²³���´¤¶µR·3 M�ª�´¯h¥�¸w�F�5 \�V�F¥

� ¤�¯v�¡ 0£eæ2¬l¯v�M¤��iµR¨!¾¡¤?�� q� Ô ¤���¢K�c�,²@�M¯h�VÜ$���3ËRÏ³�M�c¨U¥¦¤��~� À ën¥â¡¤© ¼L±�ªB§(«v¥O§Á³»¨5½T�¢­¤«�³»³å±�´E± ¼;§»¡¤©®«�­�¢±�¥O§»ª»± ­å¼5ªB± ½5­º£¢© ³n«�ªB£â§»ª°«��(ñO¡º¥5¾�¼5ªB± ½5­º£¢© ³h§»¯?«v§]¯?«¬à £W«v³]§°¯;£¢¡¤ªh«�¡º©.§°± ²5£¦§»£¢ªB©®¡º¥5£��¦± ¥�§°ªB± ­¤³ç§°¯?«Â§­¤£¢«�²@§»¯5£4³BÜ�³C§°£¢© ³B§°«v§°£4±�ª*© ± ª»£2¾ £¢¥;£¢ª°«v­5«�¥W±�¨;§°¼5¨E§I´¶¨5¥5�d§°¡¤±�¥
l(x(t), z(t), u(t), p, t) ∈ R

nl
x �¦­¤± ³B£ø{§°±Z³»± © £b³»¼T£¢�¦¡B�?£¦²�ª»£d´¶£¢ª»£¦¥5�¢£�± ¨E§°¼5¨;§®§°ª»«MLB£¢�d§°± ªCÜ

lr(p, t) ∈ R
nl

±�¥�§°¯5£b¡º¥�§°£¢ªCàv«�­
t ∈ [t0, tf ]

ÙÚlÜE¼;¡¤�¬«v­¤­ºÜ�ßn§°¯;£�²5¡º³B§°«�¥5�¢£�´¶ª»±�© §°¯5£tª»£d´¶£¢ª»£¦¥5�¢£t§°ª»«MLB£¢�d§°± ªCÜ�¡¤³r©®£¢«�³»¨5ªB£¢²�½OÜ�§»¯5£�¡º¥�§°£¢¾�ª°«�­�±�´W«³»îO¨?«vª»£¢²�²5¡ÛãÁ£¦ª»£¦¥5�¢£vßh§»¯?«v§j©®«¬Ü�½T£[æ,£¢¡¤¾�¯O§»£¢²�½�Ü�«Z¼T± ³B¡º§°¡Ûà £�²5£¡�?¥;¡º§°£ö©®«v§»ª»¡ÛÝ
Q
ßh³»±÷§»¯?«v§�§»¯5£¡¤¥�§»£¢¾ ª»«�­

∫ tf

t0

‖Q 1
2 · (l(x(t), z(t), u(t), p, t)− lr(t, p))‖22 dt

³»¯5«�­¤­<½T£�©®¡º¥5¡¤© ¡¤á¦£¢²<Ù }õ,ÜöªB£¢²5£ø�?¥5¡¤¥;¾
l(x(t), z(t), u(t), p, t)

ß<æ,£ �¢«�¥�«�³»³B¨5©®£Ø§»¯?«v§
Q = I

«�¥;²
lr(p, t) = 0, ∀ t ∈

[t0, tf ]
Ùôõ,Ü�«�­º³»±�¡º¥O§»ª»±�²5¨5�¦¡¤¥5¾�«�­º£¬«�³C§j³»îO¨?«�ªB£¢³�Ô[«¬Ü £¦ªr§»£¢ªB© æç¡º§»¯�«÷à £¢�d§°± ªjàv«�­º¨5£¢²�ªB£¢³»¡º²5¨?«�­´¶¨5¥5�d§°¡º± ¥

e(x(tf ), z(tf ), p, tf) ∈ R
ne
ß,§°¯5£�¾ £¦¥5£¢ª»«�­µ´¶± ª»©a±v´�«�¥�± ½�LB£¦�¦§°¡Ûà £�´¶¨5¥5�d§°¡¤±�¥?«�­µ¡¤¥`­º£¬«�³C§³»îO¨?«vª»£¢³ç´¶± ªB© ¡¤³µ¾�¡ºà £¦¥[«v³

∫ tf

t0

‖l(x(t), z(t), u(t), p, t)‖22 dt + ‖e(x(tf ), z(tf ), p, tf)‖22.

Úµ¯5¡º³Þ´¶±�ª»©a�¢«�¥ð½T£�£dÝE¼5­º± ¡º§»£¢²�´¶± ªW§°¯;£�£d�®�¦¡¤£¦¥O§ ³B± ­¤¨;§»¡¤± ¥`±�´h§°¯;£r±�¼;§°¡º©®¡ºá¬«v§»¡¤± ¥�¼5ª»± ½;­¤£¢© ³Ø½�Ü�«
�çÇ�ú�ù(ùdÿB��Æø�QÎSÀÂ¿�«v¼5¼5ª»± «��(¯r§»¯?«v§h¡¤³µ¼;ª»£¢³B£¢¥�§°£¦²[¡º¥���£¢�¦§»¡¤± ¥+Ò;ÙÄ�5Ù
Ï0¯) qÊ.¸³�5�l�¡ q�M¯h�ª�5 M�n¯h�l§ ã �F¬��l§3¯v�q�.¸³�F��§l�É M�ª�F�l�
Úµ¯5£â³B§°«v§°£�«�¥5²r�¢± ¥�§»ª»± ­<§»ª°«MLB£¦�¦§°±�ª»¡¤£¦³h«�ª»£âª»£¦î�¨;¡¤ª»£¦²r§»±®³»«v§°¡º³B´�Üj³B±��¢«�­¤­º£¢²�Ë;Ç�ÎÉ�tÌ(ÀÂ¿;ùdÎÑÈBÇ�Ä�¿?Î¶ùâ±�¥�§°¯;£¯5± ªB¡¤á¦± ¥�±�´*¡º¥�§°£¢ªB£¢³C§

h(x(t), z(t), u(t), p, t) ≥ 0, t ∈ [t0, tf ].

Úµ¯5£c© ± ³C§4�¢±�©®© ± ¥®´¶±�ª»© ±�´<§»¯5¡¤³,�¢± ¥5³C§°ª»«�¡¤¥�§x§SÜ�¼T£�«�ªB£c©®¡º¥5¡¤©@¨5© «�¥5²�©�«ÂÝE¡º©W¨5©_àv«�­¤¨;£¢³,´¶±�ª,§°¯;£�¢±�¥O§»ª»± ­º³¢ß?½5¨E§n«v­¤³»±Þ£vÙ ¾5Ù2³°«Â´¶£¦§SÜrª»£¦³B§°ªB¡¤�d§°¡¤±�¥5³µ± ¥�§°¯5£�³BÜ�³C§°£¢©�³C§(«v§»£�©®«¬Üj£¢¥�§°£¦ª]¯;£¢ª»£vÙ,ïS¥[«�²5²5¡Û§°¡º± ¥<ß§°£¦ª»© ¡¤¥?«v­Á£¢îO¨?«v­¤¡º§SÜ�± ªµ¡¤¥;£¢îO¨?«�­º¡º§SÜ��¦± ¥5³C§°ª°«v¡¤¥�§°³
re(x(tf ), z(tf ), p, tf) = 0

ri(x(tf ), z(tf ), p, tf) ≥ 0

©®«JÜ[½L£Þ¡º©®¼T± ³»£¦²<ß<£vÙ ¾5ÙW§»±�³»¼T£¢�¢¡Û´�Üb§°¯5«v§â«j³»£¢© ¡Û·¹½?«v§»�(¯ö¼5ª»±��¢£¦³»³â³»¯5± ¨;­¤²�³B§»± ¼tæç¯;£¢¥�§°¯5£Ø§(«v¥5ñ[¡º³´¶¨5­º­ÍÙåïS¥Ø³»± © £4¥5±�¥5­¤¡º¥5£¬«�ªM© ±E²5£¦­E¼;ª»£¢²;¡¤�¦§»¡ºà�£4�¢± ¥�§»ª»± ­O´¶± ª»©@¨5­ä«v§»¡¤± ¥;³¢ßé§°¯5£x§»£¢ªB©®¡º¥?«�­O�¢± ¥;³B§°ª»«�¡¤¥�§»³I¯5£¢­º¼§°±Þ¾ ¨5«�ª°«�¥�§»£¢£�¥5± © ¡¤¥?«v­Á³B§°«�½5¡º­¤¡º§SÜbÒÑ�d´:ÙF�E£¢�vÙ º ÙÄ�5Ù º ×dÙ
-c¥5£Ø�¢± ¥;³B§°ª»«�¡¤¥�§c§»¯?«v§�¼5­¤«¬ÜE³c«�¥�¡¤© ¼L± ªC§(«�¥�§]ª»± ­º£W¡¤¥b§»¯5£Ø¼5ªB£¢³»£¦¥�§°£¢²�«�­º¾ ± ª»¡Û§°¯5© ³h¡¤³n§»¯5£Ø¡¤¥5¡Û§°¡¤«�­

àv«�­¤¨;£��¢± ¥5³C§°ª»«�¡¤¥�§
x(t0) = x0.�(Á��������+�B�"�|����Â��"���B�D�	�

‖l‖22 :=
∑nl

i=1 l
2
i

¥



­ ä ­'µR·3 M���Y¯h¥f¸³�F�5 q�M�F¥IÏ��M�c¨U¥¦¤��~�n��� Æ �
Ö ­c­

J�£hæç¡º­¤­H«�­º³»±�§°ª»£¢«v§2§°¯5£_�;ÝE£¢²�¼5«�ª°«�© £¦§»£¢ªB³
p
«�¥5² §°¯5£h¡¤¥5¡Û§°¡¤«�­;§°¡º©®£

t0
«v³,¡Û´Á§°¯;£¦ÜÞæx£¦ª»£]�¢± ¥5³C§°ª»«�¡¤¥5£¦²àv«�ª»¡¤«�½5­º£¢³ob

p = p̄

t0 = t̄0

Úµ¯5£c¡º¥�§°ª»±�²5¨5�d§°¡º± ¥®±v´
t0

«�¥5²
p
«�³,§»ª»¡ÛàE¡¤«�­¤­ÛÜW�¦± ¥5³B§»ª°«�¡º¥5£¢²�± ¼;§°¡º©®¡ºá¬«v§»¡¤± ¥Wàv«�ªB¡ä«�½;­¤£¢³2³»£¦£¢© ³,§»±W½L£n«�¥¨5¥5¥;£¢�¢£¦³»³»«�ªBÜj½;­¤±Jæ4·S¨5¼�±�´$§°¯5£n¼5ª»± ½;­¤£¢©rÙIóh±Jæx£dà £¢ª¦ß5§°¯5¡º³,´¶± ªB©W¨5­¤«v§°¡º± ¥ æç¡º­¤­?§°¨;ª»¥�± ¨E§4§°±W½T£n�¦ª»¨5�¦¡ä«�­´¶± ª4§»¯5£�¼5ª»± ¼T± ³B£¢²rª»£¬«v­Û·¹§»¡¤© £c«�­º¾ ± ªB¡º§°¯;©®³¦Ù

ÖW¥ª���´���3¯) M�¦�F�~�F¢,Ï0¯v�M¯h�Y¤� \¤���¯h�l§�²w�ª�´¤ Æ ¤�·�¤���§3¤�����¤
�?± ªQ¥5±�§°«v§°¡º± ¥?«�­;³»¡¤© ¼5­º¡¤�¢¡Û§SÜ�æx£çæç¡¤­º­;¡¤¥Þ§°¯;£hªB£¢©®«�¡¤¥;²5£¢ªQ±�´T§°¯;¡¤³Q§°¯5£¦³»¡º³2²;ª»± ¼Þ§°¯5£h²5£¦¼L£¦¥5²5£¢¥;�¢£n±v´Á§°¯;£¼5ªB± ½5­¤£¦©ô´¶¨5¥5�d§°¡º± ¥5³l± ¥Þ§°¯5£ç³BÜ�³C§°£¢© ¼?«vª°«�© £¦§»£¢ª»³

p
«�¥5²Þ§°¯;£ç§»¡¤© £

t
ÙIÚµ¯5¡º³2¡º³l¥5±�­¤± ³B³2±v´<¾ £¦¥5£¢ª»«�­¤¡Û§SÜ5b½�Üj¡¤¥�§»ª»±�²5¨5�¢¡º¥5¾ «�¥r«�¨5¾ © £¢¥�§»£¢²r³B§(«Â§°£�à £¦�¦§°±�ª

x̃ :=





x
p
t̃





«�¥5²r¡¤¥5¡Û§°¡¤«�­H�¢± ¥5²;¡º§°¡º± ¥
x̃0 :=





x0
p̄
t̄0



 ,

«�¥5²r¡¤¥�§»ª»±�²5¨5�¢¡º¥5¾W§°¯;£�«v¨5¾ © £¢¥�§°£¦²�²5¡ÛãÁ£¦ª»£¦¥O§»¡ä«�­L£¢îO¨?«v§»¡¤± ¥
B̃(·) ˙̃x = f̃(·) æç¡º§»¯

B̃(·) :=





B(·) 0 0
0 Inp 0
0 0 1



 ,
«�¥5²

f̃(·) :=





f(·)
0
1



 ,

§°¯;£W± ª»¡º¾ ¡¤¥5«�­<´¶± ª»©@¨5­ä«v§»¡¤± ¥�±�´Q§»¯5£W¡º¥5¡º§»¡ä«�­<àv«�­º¨5£@¼5ªB± ½5­º£¢©è´¶± ª»©@¨5­ä«v§»¡¤± ¥��¢«�¥ö½L£@ª»£¢�¢«�¼;§»¨5ª»£¦²ö¡º´Q§°¯;£
x �¦­¤±��(ñ�{càv«�ª»¡¤«�½5­º£

t̃(t)
¡º³µ¡¤¥5³B£¢ªC§°£¢²�æç¯5£¦ª»£¦à�£¢ªn«Þ²;¡¤ª»£¦�¦§h²5£¦¼L£¦¥5²5£¢¥;�¢£@±v´ì§»¯5£�§°¡¤© £

t
æ4«v³]¼5ªB£¢³B£¢¥�§¬Ù

Ó]±�§»£�ß2¯5±Jæx£dà £¦ª¢ß,§»¯?«v§Ø§»¯5£�§°ªB¡ºà�¡ä«�­,«�²5²;¡º§°¡º± ¥?«�­2²5¡ÛãÁ£¦ª»£¢¥�§»¡ä«�­2£¢îO¨?«v§»¡¤± ¥;³Þ«�ª»£�§»ª»£¬«Â§°£¢²`¡º¥5²5£¢¼T£¢¥�·²5£¦¥O§»­ºÜ®´¶ª»± © §°¯5£�±v§°¯5£¦ª»³µ¡¤¥�§»¯5£�¥O¨5© £¢ª»¡º�¬«�­L³»± ­º¨;§°¡º± ¥�¼5ªB±E�¦£¢²5¨;ª»£¢³¦ß5´¶± ª4ªB£¬«�³B± ¥5³µ±�´M£¦� �¦¡¤£¢¥;�¦Ü ÙI�?¨5ªC·§°¯;£¢ª»© ± ªB£�ßå± ¥5­ÛÜb§°¯5±�³»£ ¼?«�ª°«v©®£d§°£¢ªB³
p
§»¯?«v§â©®«JÜ[¯?«¬à £®²5¡ºãL£¢ªB£¢¥�§�à�«v­¤¨5£¦³�«Â§�¼;ª°«��d§°¡¤�¢«�­¤­ÛÜ[ªB£¢­º£¦àv«�¥�§¼5ªB±E�¦£¢³»³,�¢± ¥;²5¡º§»¡¤± ¥5³Q³B¯5± ¨5­º²�½T£]ñv£¢¼;§x¡¤¥Ø§°¯;¡¤³læ4«¬Ü ßOæç¯5£¦ª»£¬«v³4«�­º­?²5£¡�?¥;¡º§°£¦­ºÜØñO¥5±Jæç¥�¼5«�ª°«�© £¦§»£¢ªB³,�¢«�¥½T£�§°«�ñ�£¦¥[«v³h�¦± ¥5³C§(«�¥�§°³ç§°¯5«v§h«�ª»£ x ¯5¡¤²5²;£¢¥?{n¡¤¥j§°¯;£â¼;ª»± ½5­º£¢© ´¶¨5¥5�¦§»¡¤± ¥;³¢Ù

ën³I§»¯5£µ± ¼;§»¡¤© ¡¤á¬«Â§°¡¤±�¥�¼5ªB± ½5­º£¢©	¯?«�³Q½T£¢�¢±�©®£x§»¡¤© £x¡º¥5²5£¢¼T£¢¥;²5£¢¥�§¬ß�§»¯5£4§°¡º©®£,¯5± ª»¡ºá¢± ¥Ø±v´H¡¤¥�§°£¦ª»£¢³C§©®«JÜ�³B§°«�ªB§]«v§
t0 = 0

Ù�/$£d§]¨;³h²;£¡�?¥5£
T

§»±Þ½L£�§°¯;£â¯;± ª»¡ºá¢± ¥�­¤£¦¥5¾�§»¯<Ù
ï¹´$§°¯5£��?¥?«�­H§°¡º©®£

tf
³»¯5±�¨5­¤²®½L£i�EÝ;£¦²<ßE§»¯5¡¤³,�¬«�¥�¥5±Jæ�½T£c«v�(¯5¡¤£dà £¢²j½�Ü ´¶± ª»©@¨5­ä«v§»¡¤¥5¾â«�§°£¢ªB©®¡º¥?«�­£¢îO¨?«v­¤¡º§SÜ��¢± ¥;³B§°ª»«�¡¤¥�§

re(x̃(T )) := t̃(T )− tf = 0.

Ó]±v§°£W§°¯5«v§�¡¤¥b§»¯5¡¤³��¢«�³»£Ø§°¯;£Ø²5¨5ª°«Â§°¡¤±�¥
T

²5£¦¼L£¦¥5²5³�¡¤© ¼5­¤¡º�¢¡Û§°­ºÜ�± ¥ö§°¯5£Ø¡º¥5¡º§»¡ä«�­$àv«�­¤¨;£
x̃0

ß$½L£¦�¬«�¨5³B£«v§h«W´¶£¬«v³»¡¤½;­¤£�³»±�­¤¨;§»¡¤± ¥
tf = t̃(T ) = t̃(0) + T = t̄0 + T

ß5³»±Þ§°¯5«v§
T = tf − t̄0

Ù



­ Å ®
¤�¯h¥±°�²³���´¤¶µR·3 M�ª�´¯h¥�¸w�F�5 \�V�F¥

Ã|Ä1Ã|Ä�Ã Å � & � 81!3< Æ,& � <ÈÇi8 �I�ÊÉ & 7
J�£â�¢«�¥r¥5±Jæ�´¶± ªB©W¨5­ä«Â§°£�«�¥�± ¼E§°¡¤©®«�­L�¢± ¥�§°ªB± ­$¼5ªB± ½5­¤£¦©

Poc(x0) : min
u(·), x(·),
z(·), (T )

∫ T

0

L(x(t), z(t), u(t)) dt + E(x(T ), z(T ))
Ò º Ù º «�×

³»¨;½�LB£¢�d§]§»±
B(x(t), z(t), u(t)) · ẋ(t)− f(x(t), z(t), u(t)) = 0, t ∈ [0, T ],

Ò º Ù º ½H×
g(x(t), z(t), u(t)) = 0, t ∈ [0, T ],

Ò º Ù º �¬×
x(0)− x0 = 0,

Ò º Ù º ²H×
re(x(T ), z(T )) = 0,

Ò º Ù º £J×
ri(x(T ), z(T )) ≥ 0,

Ò º Ù º ´°×
h(x(t), z(t), u(t)) ≥ 0, t ∈ [0, T ].

Ò º Ù º ¾�×
Úµ¯5£ ­¤£¦¥5¾�§°¯

T
©®«¬Üö£¢¡Û§°¯5£¦ªâ½T£R�;ÝE£¢²<ßì± ªâ«�¼5¼T£¬«�ªâ«�³â«�²5£¢¾ ªB£¢£®±�´,´¶ªB£¢£¦²5± ©^¡¤¥�§°¯;£®± ¼E§°¡¤© ¡¤á¢«v§°¡º± ¥¼5ªB± ½5­¤£¦©�Ù

�E± ­ÛàE¡º¥5¾�§»¯5£n±�¼;§°¡º©�«�­?�¦± ¥�§°ªB± ­L¼;ª»± ½5­º£¢©GÒ º Ù º ×l´¶± ª,«�¥�¡º¥5¡º§»¡ä«�­;àv«�­º¨5£
x0

æx£n± ½;§(«v¡¤¥�±�¼;§°¡º©�«�­5§»ª°«Â·
LB£¢�d§°± ªB¡¤£¦³

x∗(t; x0)
«�¥5²

z∗(t; x0)
«�¥5²Þ«v¥W± ¼T£¢¥E·¹­¤±�± ¼�±�¼;§°¡º©�«�­��¦± ¥�§°ªB± ­

u∗(t; x0)
ßÂ´¶± ª

t ∈ [0, T (x0)]
Ù

ïS¥�±�ª»²5£¦ª2§»±�ñv£¢£¢¼®§°¯5£h²5£¢¼T£¢¥;²5£¢¥5�dÜ�±v´Á§°¯;£]± ¼E§°¡¤©®«�­;§»ª°«MLB£¦�¦§»± ª»¡º£¢³2± ¥ §»¯5£h¡¤¥5¡Û§°¡ä«v­Eàv«�­¤¨;£
x0

¡¤¥ ©®¡º¥5²<ßæ,£�¯?«¬à�£�§°«�ñ�£¦¥�§»¯5£¢©è«v³]«v²5²5¡º§»¡¤± ¥5«�­Á«vª»¾ ¨5© £¢¥�§»³ç§»±Ø§°¯5£�³»±�­¤¨;§»¡¤± ¥�´¶¨5¥;�¦§°¡º± ¥5³¦Ù
JZ£µ³B¯?«�­º­;¥5±Jæð¡¤¥�§°ªB±E²5¨;�¢£µ«�³l«c¾�¨5¡¤²5¡º¥5¾c£íÝ5«v©®¼5­º£µ«�¥Ø± ¼E§°¡¤©®«�­O�¢±�¥O§»ª»± ­;¼5ª»± ½;­¤£¢©!´¶ª»±�© �(¯5£¦©®¡º�¬«�­£¢¥;¾ ¡¤¥5£¦£¢ªB¡¤¥5¾5ßEæç¯5¡¤�(¯�æç¡¤­º­Á½T£â�¦¡º§»£¢²�³»£dà £¢ª»«�­$§°¡º©®£¦³µ¡¤¥j§°¯5¡º³4§°¯5£¦³»¡º³ç´¶±�ªµ¡¤­¤­º¨5³B§»ª°«v§»¡ºà�£n¼5¨5ªB¼L±�³»£¢³¦Ù

¶:·8Ë ^ ÌÎÍQ�¡þ��	�QP KgLNS�Y [��øÿaÏÐ� ýa�F
����mÍPýaÍ�OÑy�
����r��ÿ_þ VÒS��QÓ R¼ÿhU
S:��
3ýT�

/$£¦§�¨5³��¦± ¥5³»¡º²5£¢ª�«��¦± ¥�§°¡º¥�¨;± ¨5³�³B§»¡¤ª»ªB£¢²ö§(«v¥5ñ[ªB£¬«��d§°± ª ÒÏÖf�EÚ_4n×n© ±�²5£¢­*§»¯?«v§cæx«�³�¡¤¥�§»ª»±�²5¨5�¢£¦²�½OÜÖx¯5£¦¥ £d§l«�­ÏÙn� Ö���ë0» ¿ �;«�³Q«c½T£¢¥;�(¯5©�«vª»ñâ£dÝ;«�© ¼5­¤£x´¶±�ªIÓ]±�¥5­¤¡º¥5£¬«�ª*Ô�±�²5£¢­;ÕQª»£¢²;¡¤�¦§»¡ºà�£çÖx± ¥�§°ªB± ­ÍÙìÚµ¯5£ª»£¢«��¦§»± ªW¡º³W²5£¢³B¡¤¾ ¥;£¢²�§°±ö¼5ªB±E²;¨5�¢£j�dÜE�¦­¤± ¼T£¢¥�§»£¢¥5± ­,´¶ª»± © �¦Ü��¢­º± ¼T£¢¥�§(«�²;¡¤£¢¥;£j½OÜ�«�¥`«��¢¡º²E·S�¢«v§(«v­ºÜ�á¢£¦²£¢­º£¢�d§°ª»±�¼5¯5¡¤­º¡¤��¯OÜ�²5ª»«v§°¡º± ¥ö¡¤¥t«�îO¨5£¦± ¨5³�³»±�­¤¨;§»¡¤± ¥<ßÁ«�¥�£dÝE±�§»¯5£¢ªB©�«�­*ª»£¬«v�¦§°¡º± ¥b§°¯5«v§�©�«vñ�£¢³â«��¦±E± ­º¡¤¥5¾
L»«��(ñv£¦§b¥;£¢�¢£¦³»³»«�ªBÜ�ÙèÚµ¯5£��¦± ¥5³B¡¤²5£¦ª»£¢² -�êc�.©®±�²5£¦­cæ4«�³�± ª»¡º¾ ¡¤¥5«�­¤­ÛÜ`¡¤¥�§°ªB±E²5¨;�¢£¢²�½�Ü.��­¤«v§»§r«v¥5²�Q¥5¾ £¦­¤­��Ä���m»�À��ÍÙ
Ã|ÄAÔjÄ�Ã Õ # 7n� < É:�IÖ & ( !e8�&|× �ÊØ !°Ù�Ú�ÛÝÜ
ë!³»�(¯5£¦©�«Â§°¡¤��²;¡ä«�¾ ª»«�© ±�´ì§»¯5£�ª»£¢«��¦§»± ª�Ò¶§(«vñ�£¢¥�´¶ª»±�©Þ� Ö���ëi» ¿ �ä×4¡¤³µ³»¯;±éæç¥�¡¤¥��*¡º¾5Ù º Ù º ÙQÚµ¯5£�ªB£¬«��í·§°¡º± ¥r«�¥5²�¯5£¬«v§h§°ª»«�¥5³C´¶£¢ªh³»�(¯5£¦©®£â²5£¦à�£¢­º± ¼L£¦²b½�Ü���­ä«v§B§h«�¥5²b�Q¥5¾�£¢­¤­|�Ä����»�À��å¡¤³ç½?«v³»£¢²[± ¥�¼;¯OÜ�³B¡¤�¬«v­© ±E²5£¦­¤­º¡¤¥5¾ilO¡Û§ç­¤£¬«v²5³4§°± «�¥�-�êc��© ±E²5£¦­Áæç¡º§»¯j´¶± ¨5ªµ³B§°«v§°£¦³h«�¥5²�§Sæx± �¢± ¥�§»ª»± ­º³¢Ù



­ äBÅ �©ß�¬l��§l���3Ë´Ö��e¯h�´·�¥ª¤WÀw¸³�F�5 M�ª�$¬3�5¬l�Ý£2 q�ª�M�M¤�§T²@¯h�3Ü ®
¤�¯h�� q�c� ­ Í

�*¡¤¾�¨5ª»£ º Ù º bm�E�(¯;£¢©®«v§°¡º��²5¡ä«�¾�ª°«�© ±�´*§»¯5£âÖf�EÚ_4 ÒÏ«v³µ³»¯5±Jæç¥[¡º¥p� Ö���ë0» ¿ ��×

Úµ¯5£Ø´¶£¢£¦²t¡º¥)�?±Jæ ¯?«�³n§»£¢© ¼L£¦ª°«v§»¨5ª»£
ϑ0

«�¥5²��¢± ¥�§°«�¡¤¥5³�±�¥5­ºÜ��¦Ü��¢­º± ¼T£¢¥�§(«�²;¡¤£¢¥;£rÒÑ³»¨;½5³B§°«�¥5�¢£Þëc×æç¡º§»¯j�¢± ¥;�¢£¢¥�§»ª°«v§»¡¤± ¥
cA0

ÙQï¹§»³@�?±Jæ�ª°«v§»£
V̇

�¬«v¥j½L£c�¦± ¥�§°ªB± ­¤­º£¢²<ÙIïS¥j±�ª»²5£¦ªx§°±Øñv£¢£¢¼j§»¯5£�­¤¡ºî�¨;¡¤²®§°«�¥5ñà ±�­¤¨5© £µ�¢± ¥;³B§(«v¥O§¢ß�§°¯5£ç± ¨;§`�?±Jæ�¡º³Qñ�£¢¼E§4«v§Q§»¯5£ç³°«�© £µª°«Â§°£h«�³Q§°¯5£ç¡º¥)�?±Jæ�Ù*Úµ¯5£h± ¨;§`�?±Jæ��¦± ¥�§(«�¡º¥5³l«ª»£¦©�«v¡¤¥5²5£¦ªI±�´T�¦Ü��¦­¤± ¼T£¢¥�§(«v²5¡¤£¦¥5£�ß�§°¯;£µ¼5ª»±�²5¨5�d§l�¦Ü��¢­º± ¼L£¦¥�§°£¢¥;± ­åÒÑ³B¨5½5³C§(«�¥5�¦£nõ4×dß�«�¥;²Þ§Sæ,±�¨5¥�æ4«v¥O§»£¢²½�Ü�·S¼5ªB±E²5¨;�¦§°³¦ß,�dÜ��¢­¤±�¼L£¦¥O§°«�¥5£¦²5¡¤± ­cÒÑ³B¨5½5³B§°«�¥5�¦£[Öµ×�«�¥5²`²5¡¤�dÜ��¢­¤±�¼L£¦¥O§°«�²5¡º£¢¥5£�Ò¶³»¨5½;³B§(«v¥5�¢£rê�×íßìæç¡º§»¯�¢±�¥5�¢£¦¥O§»ª°«v§»¡¤± ¥;³
cA

ß
cB

ß
cC

ß?«v¥5²
cD

ÙQÚµ¯;£â³B�(¯5£¢© £�´¶± ª4§°¯;¡¤³µ³»±Â·S�¬«v­¤­¤£¦²bÐÂÇ�¿�Ê�ÆdÈ��;ú�ù(ùJÆ�È°Æ»Ç�ÌdÎÏÄÍÀÂ¿Þ¡º³¾ ¡Ûà £¢¥�«�³

A
k1−→ B

k2−→ C

2A
k3−→ D.

Úµ¯5£�ª»£¢«��¦§»¡¤± ¥�ª»«v§°£¦³
ki

²5£¦¼L£¦¥5²�±�¥r§»¯5£�ª»£¬«v�¦§°±�ª4§°£¢© ¼T£¢ª°«Â§°¨5ªB£
ϑ
à�¡¤«Ø«�¥�ë]ª»ªB¯5£¢¥5¡º¨5³ç­ä«¬æ

ki(ϑ) = ki0 · exp
(

Ei

ϑ/oC + 273.15

)

, i = 1, 2, 3.

Úµ¯5£r§°£¢© ¼T£¢ª°«Â§°¨5ªB£
ϑK

¡º¥�§»¯5£��¦±E±�­¤¡¤¥;¾
L»«v�(ñ�£¦§�¡¤³ ¯5£¢­º²ð²;±éæç¥�½OÜð«�¥ð£dÝ�§°£¦ª»¥?«v­]¯5£¢«v§®£dÝE�(¯?«�¥5¾�£¢ªæç¯5± ³B£�¯5£¬«v§hªB£¢© ±éàv«�­Lª°«v§»£
Q̇K

�¢«�¥�½L£��¢±�¥O§»ª»± ­º­¤£¦²<ÙIën³µ§»¯5£�³»¨5½;³B§(«v¥5�¢£¦³
C

«�¥;²
D

«�ªB£�¨5¥�æ4«v¥O§»£¢²«�¥5²r²5±Þ¥5±�§çªB£¬«��d§ç´¶¨5ªB§»¯5£¢ª¦ß?¡º§ç¡¤³µ¥;±�§ç¥5£¢�¦£¢³B³°«�ªCÜr§»±Þñ�£¢£¦¼�§»ª°«��(ñj±�´M§°¯;£¢¡¤ªµ�¦± ¥5�¦£¢¥�§°ª»«v§°¡º± ¥5³¢Ù



­ × ®
¤�¯h¥±°�²³���´¤¶µR·3 M�ª�´¯h¥�¸w�F�5 \�V�F¥

Úµ¯5£c¥5±�¥5­¤¡º¥5£¬«�ª@-�êc�`©®±�²5£¢­H�¢«�¥�½T£c²5£¢ªB¡ºà�£¢²�´¶ª»±�© �¢± © ¼L±�¥5£¢¥�§4½5«�­ä«�¥;�¢£¢³,´¶± ª2§»¯5£c³B¨5½5³B§°«�¥5�¦£¢³ë_«v¥5²bõ�¡º¥�§»¯5£W«�îO¨5£¦± ¨5³c³B± ­¤¨E§°¡¤±�¥<ßT«�¥5²�´¶ªB± ©�£¢¥�§°¯5«�­¤¼�Ür½?«�­¤«�¥5�¢£¦³]´¶± ªç§°¯;£@ª»£¢«��¦§»± ªc«v¥5²[�¦±E± ­º¡¤¥5¾
L»«��(ñv£¦§\b

˙cA =
V̇

VR
(cA0 − cA) −k1(ϑ)cA −k3(ϑ)c2A

˙cB = − V̇

VR
cB +k1(ϑ)cA −k2(ϑ)cB

ϑ̇ =
V̇

VR
(ϑ0 − ϑ) +

kwAR

ρCpVR
(ϑK − ϑ)

− 1

ρCp

(

k1(ϑ)cAH1 + k2(ϑ)cBH2 + k3(ϑ)c
2
AH3

)

˙ϑK =
1

mKCPK

(

Q̇K + kwAR(ϑ− ϑK)
)

.

Ò º Ù¾
 ×

ó]£¦ª»£vß
CPK

«v¥5²
Cp

²5£¢¥;±�§°£�§°¯;£�¯5£¢«v§h�¬«�¼5«��¢¡Û§°¡¤£¦³µ±�´ì�¢±�± ­ä«�¥�§h«�¥;²[«�îO¨5£¦± ¨5³h³»± ­º¨;§°¡º± ¥<ß
ρ
§°¯;£â³B± ­¤¨�·§°¡º± ¥$t ³]²;£¢¥5³B¡º§SÜ ß

H1
ß
H2

ßÁ«�¥5²
H3

§»¯5£@ªB£¬«��d§°¡¤±�¥[£¢¥�§»¯?«�­¤¼;¡¤£¢³¦Ù�*2«�­º¨5£¢³h±�´Q§»¯5£¢³B£W¼?«�ª»«�©®£d§°£¦ª»³c«v³]æ,£¢­¤­«�³2´¶± ª,§»¯5£cënªBª»¯5£¦¥5¡¤¨;³x�¢±�£¦� �¦¡¤£¢¥�§»³
ki0

«�¥5²
Ei

´¶± ª
i = 1, 2, 3

«�¥5²�§»¯5£c£¢© ¼5­º±éÜ�£¢²�ªB£¬«��d§°± ª,³»¼T£¢�¦¡B�?�îO¨?«�¥�§°¡Û§°¡º£¢³@Ò¶à ±�­¤¨5© £
VR

ßT³»¨;ªB´Ñ«��¦£
AR

«�¥5²b¯;£¬«v§]§°ª°«v¥5³B´¶£¦ªn�¢±�£¦� �¦¡¤£¢¥�§
kW

´¶±�ª]�¦±E± ­º¡¤¥5¾iL»«��(ñv£¦§�«v¥5²�¢±�± ­¤«�¥�§®©®«�³B³
mK

× «�ª»£r­¤¡º³B§»£¢²�¡º¥�Úì«�½5­º£ º Ù º Ù�õ,Ü�¡¤¥�§»ª»±�²5¨5�¢¡º¥5¾�§°¯5£�³BÜ�³B§»£¢© ³B§(«Â§°£
x

«v¥5²�§°¯;£�¢±�¥O§»ª»± ­<à�£¢�d§°± ª
u
«v³

x =









cA
cB
ϑ
ϑK









«�¥5²
u =

(

V̇
VR

Q̇K

)

æ,£��¢«�¥�³»¨5© ©�«vª»¡¤á¦£��Qî�³¦ÙMÒ º Ù½
 ×4«�³
ẋ = f(x, u).Úµ¯5£®ª»£¢³B¨5­º§�±�´ç«�³B§»£¬«�²EÜZ³C§(«v§»£®± ¼E§°¡¤© ¡¤á¢«v§°¡º± ¥ö±�´,§°¯5£ ÜE¡º£¢­º²

=
cB |S
cA0

æç¡º§»¯�ªB£¢³B¼L£¦�¦§W§»±r§»¯5£�²5£¦³»¡º¾ ¥¼?«�ª»«�© £¦§°£¦ª
ϑ0

Ò¶´¶£¢£¦²�§°£¦©®¼T£¢ª»«v§°¨5ªB£J×2«�¥5²�§°¯;£n§Sæx±Þ�¦± ¥�§°ª»±�­¤³,Ü�¡º£¢­¤²;³,§°¯;£�³B§°£¢«�²;Ü®³B§°«v§°£�«v¥5²j�¢± ¥�§»ª»± ­º³

xS =









2.1402 mol
l

1.0903 mol
l

114.19 ◦C
112.91 ◦C









«�¥5²
uS =

(

14.19 h−1

−1113.5 kJ
h

)

.

J�£âæç¡º­¤­<§(«vñ�£�§°¯5¡º³]³C§°£¬«v²;Ür³B§(«Â§°£�«�³n«Þ²5£¦³»¡¤ªB£¢²bªB£¦´¶£¦ª»£¢¥;�¢£�àv«�­º¨5£�¡¤¥�§°¯5£â± ¼;§»¡¤©®«�­<�¦± ¥�§°ª»±�­M¼;ª»± ½5­º£¢©§°¯5«v§x´¶± ­º­¤±Jæç³+{Þ¼5­º£¬«�³B£c¥5±�§»£]§°¯5«v§4¡Û§x¡º³,±�´å¥;±W¡¤© ¼L±�ªB§(«v¥5�¢£ç¡¤¥®§°¯5£h´¶± ­¤­º±éæç¡º¥5¾�§°¯?«Â§
xS, uS

æ4«v³4¡º§»³»£¢­Û´§°¯;£@ª»£¦³»¨5­Û§n±v´Q«�¥�± ¼;§°¡º©®¡ºá¬«v§»¡¤± ¥�l;§°¯5£â± ¥5­ÛÜ�¼5ª»±�¼L£¦ªB§SÜ�§°¯?«Â§n¡º³h¡º©®¼T± ªC§(«�¥�§µ´¶± ªç§°¯5£�± ¼;§»¡¤©®«�­<�¢±�¥O§»ª»± ­¼5ªB± ½5­¤£¦© ¡º³4§°¯?«v§
f(xS, uS) = 0

ÙÓ]±�§»£n§°¯5«v§4æ,£c²5±Ø¥5±�§x¡¤¥�§°ªB±E²;¨5�¢£n§»¯5£c�¦± ¥5³B§°«�¥�§ç³BÜ�³B§»£¢© ¼?«�ª°«v©®£d§°£¢ªB³µ«�³µ«v²5²5¡º§»¡¤± ¥5«�­5àv«�ª»¡¤«�½5­¤£¦³¢ß½T£¢�¬«v¨5³»£�æx£â«�³B³»¨5© £�§°¯?«Â§h§»¯5£¦Ü�æç¡¤­¤­L¥5£¦à�£¢ªh½L£�³B¨5½�LB£¢�d§]§»±®�(¯5«�¥5¾ £¦³¢Ù



­ äBÅ �©ß�¬l��§l���3Ë´Ö��e¯h�´·�¥ª¤WÀw¸³�F�5 M�ª�$¬3�5¬l�Ý£2 q�ª�M�M¤�§T²@¯h�3Ü ®
¤�¯h�� q�c� ­ Ñ

��Ü�©W½T± ­ *2«�­¤¨;£ ��Ü�©W½T± ­ *2«�­¤¨5£
k10

º Ù½
 Ã�Â ·1012h−1 ρ
�;ÙÁ»�À���
 kg

l

k20
º Ù½
 Ã�Â ·1012h−1 Cp

À;Ù½� º kJ
kg·K

k30
»;ÙÁ����À ·109h−1 kw

����À�
 kJ
h·m2·K

E1

·1» Â�¿�Ã ÙÁÀ
AR

�;Ù¾
 ºM¿
m2

E2

·1» Â�¿�Ã ÙÁÀ
VR

º �
l

E3

· Ã�¿ Ò��
mK

¿
kg

H1
�5Ù½
 kJ

mol
CPK


EÙ½� kJ
kg·K

H2

· º�º Ù½� kJ
mol

cA0
¿ Ù º mol

l

H3

·Ú� º Ù Ã�¿ kJ
mol

θ0
º ���5ÙÁ» ◦C

Úì«�½5­º£ º Ù º b2Öx±�¥5³B§°«�¥�§]³CÜ�³B§°£¦©�¼?«�ª°«v©®£d§°£¢ªB³¢Ù
Ã|ÄAÔjÄBÔ Û Ø !°à�á �nÉ < � 8#Ù'& 7,��� &�8 Å � & � 81!3<
ò�¡ºà £¦¥�«�¥j¡¤¥;¡º§°¡¤«�­?³B§°«v§°£

x0
ß�§°¯5£�±�¼;§°¡º©�«�­H�¦± ¥�§°ª»±�­Á¼5ªB± ½5­¤£¦©

Poc(x0)
¡¤³x§»±W³B§»£¢£¦ª4§°¯5£�³CÜE³C§°£¦©.³°«v´¶£¦­ºÜ«�¥5²jîO¨5¡º�(ñO­ºÜ®¡¤¥�§°±@§»¯5£�³B§»£¬«�²EÜ�³B§°«v§°£

xS
ÙQJ�£n§°«�ñ�£c§»¯5£n´¶± ªB©W¨5­ä«Â§°¡¤±�¥®�(¯5±�³»£¢¥�½�Ü�Öx¯;£¢¥�¡¤¥q� Öx¯5£o» Â �Íß§°¯5«v§4«v¡¤© ³,«Â§,© ¡¤¥;¡¤© ¡¤á¢¡º¥5¾n§»¯5£]¡º¥�§°£¢¾�ª°«v§»£¢²®æ,£¢¡º¾ ¯�§°£¦²�îO¨?«�²5ª»«v§°¡º�]²5£dà�¡ä«v§»± ¥®±v´<§°¯5£h§°ª»«MLB£¢�d§°± ªCÜØ´¶ª»± ©

§°¯;£â±�¼;§°¡º©�«�­L³B§»£¬«�²;Ü�³B§(«Â§°£�àv«�­¤¨5£¦³¢Ù�J�£�²5£¡�?¥;£@«R/å«�¾ ª»«�¥5¾ £c§»£¢ª»©
L(x, u) := (x− xS)

TQ(x− xS) + (u− uS)
TR(u− uS)

æç¡º§»¯�²5¡ä«�¾�± ¥?«�­L©�«v§»ª»¡º�¢£¢³

Q :=









0.2 mol−2 l2 0 0 0
0 1.0 mol−2 l2 0 0
0 0 0.5 ◦C−2 0
0 0 0 0.2 ◦C−2









«�¥5²

R :=

(

0.5h2 0
0 5.0 · 10−7 kJ−2 h2

)

.

Öx± ¥�§°ªB± ­$½T± ¨5¥5²5³
uLB ≤ u(t) ≤ uUB

«�ªB£â¾�¡ºà £¦¥�½OÜ

uLB :=

(

3.0 h−1

−9000 kJ
h

) «�¥5²
uUB :=

(

35.0 h−1

0 kJ
h

)

,

³»±Þ§°¯5«v§µæx£â²5£ø�?¥5£�§°¯5£�¼?«Â§°¯r¡¤¥5£¦î�¨5«�­¤¡Û§SÜ��¦± ¥5³B§»ª°«�¡º¥�§h´¶¨;¥5�¦§»¡¤± ¥j§°±Þ½T£�b

h(x(t), u(t)) :=

(

u(t)− uLB
uUB − u(t)

)

≥ 0.

J�£c´¶± ªB©W¨5­ä«Â§°£n§»¯5£�´¶± ­¤­º±éæç¡º¥5¾W± ¼E§°¡¤©®«�­L�¢± ¥�§°ªB± ­<¼5ªB± ½5­º£¢©
Poc(x0)

b
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u 2

time [s]

�*¡º¾ ¨5ª»£ º Ù½
?b*�*Ý;«�© ¼5­¤£,³»± ­º¨;§°¡º± ¥@±v´T§»¯5£4± ¼E§°¡¤© ¡¤á¢«v§°¡º± ¥�¼5ª»±�½5­¤£¦©.Ò º Ù½À ×dÙ*Úµ¯;£��?ª»³C§I´¶± ¨5ªI¾�ª°«�¼5¯;³I³»¯5±Jæ§°¯;£j± ¼;§°¡º©�«v­,³C§(«v§»£�§°ª°«qLB£¢�¦§»± ª»¡º£¢³
x∗(t; x0)

«�¥5²�§»¯5£j­ä«�³C§W§Sæ,±t§»¯5£j± ¼;§»¡¤©®«�­,�¦± ¥�§°ªB± ­x§°ª»«MLB£¢�d§°± ªB¡¤£¦³
u∗(t; x0)

Ù



­ äBÍ µR·3 M���Y¯h¥Iàe¤�¤�§l¨l¯h�MÜ�¸³�F�5 q�M�F¥ ­ Ì

min
u(·),x(·)

∫ T

0

L (x(t), u(t)) dt
Ò º ÙÁÀ�×

³»¨;½�LB£¢�d§]§»±
ẋ(t) = f (x(t), u(t)) , ∀ t ∈ [0, T ],

x(t0) = x0,

h(x(t), u(t)) ≥ 0, ∀ t ∈ [0, T ].

ïS¥b�¦± ¥�§°ª°«v³B§c§»±�§°¯5£â´¶± ª»©@¨5­ä«v§»¡¤± ¥��(¯5±�³»£¢¥�¡º¥â� Öx¯5£\» Â �Mæ,£W�(¯5±�± ³»£Ø«®�¢± ¥5³B¡¤²5£¦ª°«�½;­ºÜr­¤± ¥;¾ £¢ªh¯5± ªB¡¤á¢±�¥­¤£¦¥5¾�§»¯�±�´
T = 2000

³»£¢�¦± ¥5²5³¦ß*æç¯5¡º�(¯Z¡¤³�³B¨;� �¢¡º£¢¥�§°­ÛÜ�­ä«�ªB¾ £W§°±�«�­¤­º±Jæ §»¯5£�«v³»³»¨;©®¼;§»¡¤± ¥ö§»¯?«v§â± ¨5ª¼5ªB± ½5­¤£¦© ´¶± ªB©W¨5­¤«v§°¡º± ¥�¡¤³ç«Ø¾ ±�±�²�«v¼5¼5ª»±¬ÝE¡¤©®«v§»¡¤± ¥�´¶±�ª
T = ∞ Ù

Úµ¯5£c± ¼E§°¡¤©®«�­;§»ª°«MLB£¦�¦§»± ª»¡º£¢³
x∗(t; x0)

«�¥5²
u∗(t; x0)

±v´å«�¥�£íÝ5«v©®¼5­º£]³B± ­¤¨E§°¡¤±�¥®±�´Á§°¯5¡º³,± ¼E§°¡¤© ¡¤á¢«Â·§°¡º± ¥j¼5ªB± ½5­¤£¦© ´¶± ª4§»¯5£�¡¤¥5¡Û§°¡ä«v­Hàv«�­º¨5£

x0 :=









1.0 mol
l

0.5 mol
l

100 ◦C
100 ◦C









Ò º ÙÁ�O×

«�ªB£â³B¯5±Jæç¥�¡º¥��*¡¤¾ ¨;ª»£ º Ù½
EÙ

¶:·1ã Z\[Q
��	Y S:��äÝÿfÿ_þQ¸`S:�+Ó � ý��F
��Uý:�
/$£¦§�¨5³�´¶± ª�«�© ± ©®£¦¥�§j«�³B³»¨5© £�§»¯?«v§�æ,£b�¢«�¥�¼5ª»£¦�¢± © ¼5¨;§»£�ß4´¶± ª�«�­¤­

x0 ∈ R
nx

´¶± ª®æç¯;¡¤�(¯�§°¯;£± ¼;§»¡¤© ¡¤á¢«v§°¡º± ¥[¼5ªB± ½5­º£¢©
Poc(x0)

¯?«�³â«j³»± ­º¨;§°¡º± ¥<ß<§°¯;£ ±�¼;§°¡º©�«�­M�¢±�¥O§»ª»± ­I§»ª°«MLB£¦�¦§»± ª»¡º£¢³
u∗(t; x0)

«v³æ,£¢­¤­c«�³�§°¯5£��¦± ª»ªB£¢³»¼T± ¥5²;¡¤¥5¾�± ¼E§°¡¤©®«�­h³B§°«v§°£ö§°ª»«MLB£¢�d§°± ªB¡¤£¦³
x∗(t; x0)

«v¥5²
z∗(t; x0)

±�¥�§»¯5£b§°¡º©®£¯5± ªB¡¤á¦± ¥
t ∈ [0, T (x0)]

ÙIJ�£�æç¡¤­¤­<«�³»³B¨5©®£�§»¯?«v§
T

¡¤³ç¥5±v§,�EÝ;£¦²<ßT½5¨;§]± ¼L£¦¥r§»±®±�¼;§°¡º©®¡ºá¬«v§»¡¤± ¥<Ù*Úµ¯5£­¤£¦¥5¾�§»¯
T

©®«¬Ü ß;¯;±éæ,£¦à�£¢ª¦ßT½T£�²5£d§°£¢ªB©®¡º¥5£¢²j½�Ü®§°¯5£0�?¥5«�­<³B§°«v§°£��¦± ¥5³C§°ª°«v¡¤¥�§âÒ º Ù º £¬×dßE£�Ù ¾5Ùl¡¤¥�§»¯5£��¬«�³B£±�´,«Ý�;ÝE£¢²t£¢¥;²�§»¡¤© £
tf
Ù@Ó]±�§»£@§°¯?«Â§�¡¤¥b§»¯5¡¤³c�¢«�³»£W§»¯5£ x �¦­¤±��(ñ�{@àv«�ªB¡ä«�½5­º£

t̃
¡¤³n¼?«�ªB§c±�´l§°¯5£Ø³CÜE³C§°£¦©³B§°«v§°£

x
Ù

/$£¦§c¨;³n¼5¡º�(ñ�«��;ÝE£¢²bàv«�­º¨5£â±�´
x0

«�¥;²[�¢±�¥5³»¡º²5£¢ªh§°¯5£â± ¼;§»¡¤©®«�­$³»± ­º¨;§°¡º± ¥�§°ª°«qLB£¢�¦§»± ª»¡º£¢³
x∗(·; x0)

ß
z∗(·; x0)

ßO«�¥5²
u∗(·; x0)

±�´
Poc(x0)

ÙQ/$£¦§Q¨;³Q«�­¤³B±c¼5¡º�(ñ@«n§»¡¤© £
t1 ∈ [0, T (x0)]

«�¥5²�§°¯5£µ�¦± ª»ªB£¢³»¼T± ¥5²�·¡¤¥;¾b³B§°«v§°£
x1 := x∗(t1; x0)

± ¥÷§»¯5£�± ¼;§»¡¤©®«�­l²5¡ºãL£¢ªB£¢¥�§°¡¤«�­2³B§(«Â§°£�§»ª°«MLB£¦�¦§°±�ªBÜ
x∗(·; x0)

Ù�Öx± ¥5³B¡¤²5£¦ª¥5±Jæ_§»¯5£®ªB£¢­¤«v§°£¦²�± ¼E§°¡¤© ¡¤á¢«v§°¡º± ¥b¼5ªB± ½5­º£¢©
Poc(x1)

Ù�óh±Jæ «�ª»£ ¡º§»³�± ¼;§°¡º©�«v­*³»±�­¤¨;§»¡¤± ¥ö§°ª»«MLB£¢�d§°± ªB¡¤£¦³
x∗(·; x1)

ß
z∗(·; x1)

ß «�¥5²
u∗(·; x1)

±�¥
[0, T (x1)]

ª»£¦­ä«v§»£¢²W§°±c§»¯5± ³B£4±�´
Poc(x0) å �?ª»±�©	§»¯5£,ËTÈíÄ�¿ÁÌdÄ ËTÃ¤ÆÀ:ûÞÀ(ËTÎÏÄ�É Ç�ÃÅÄ�ÎÑþHßÁ«�­º³»±®ñ�¥;±éæç¥�«v³]§°¯;£rÀ(ËTÎÑÄ�É Ç�ÃÅÄ�ÎÏþ�À:û�ùdú)�(Ç�È°Ì(ù�ßÁ¡Û§ç´¶± ­¤­º±éæç³ç§°¯5«v§

T (x1) = T (x0)− t1«�¥5²â§°¯?«Â§ì§»¯5£,³B± ­¤¨E§°¡¤±�¥�§»ª°«MLB£¦�¦§»± ª»¡º£¢³M±�´
Poc(x1)

�¢±�¡¤¥5�¦¡¤²5£Qæç¡º§»¯â§»¯5£xªB£¢©®«�¡¤¥;¡¤¥5¾µ¼?«vªB§ì±�´;§»¯5£x³B± ­¤¨;§»¡¤± ¥§°ª»«MLB£¢�d§°± ªB¡¤£¦³h±v´
Poc(x0)

«Â´�§°£¢ª
t1
ß?¡ÍÙ £�ÙÛß

x∗(t; x1) = x∗(t1 + t; x0)
z∗(t; x1) = z∗(t1 + t; x0)
u∗(t; x1) = u∗(t1 + t; x0)







∀ t ∈ [0, T (x1)].
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õ,Ü �(¯5± ³B¡¤¥5¾
t = 0

«�¥5²�´¶± ªB©W¨5­¤«v§°¡º¥5¾c§°¯5£n­ä«�³C§x¡º²5£¢¥�§°¡Û§SÜÞ´¶± ªx«v­¤­
t1 ∈ [0, T (x0)]

ßEæ,£c�¬«v¥��¢± ¥�à�£¢ª»³B£¢­ÛÜÜ�¡¤£¦­¤²j§°¯5£�± ¼E§°¡¤©®«�­T�¢± ¥�§»ª»± ­<§»ª°«MLB£¦�¦§°±�ªBÜ
u(·; x0)

½�Ü
u(t1; x0) = u∗(0; x∗(t1; x0)), ∀ t1 ∈ [0, T (x0)].

ó]£¦¥5�¢£vßQ§°¯5£�ªB£¢³B¨5­º§Ø±v´µ§°¯5£�¼;ª»£¢�¦± © ¼5¨;§(«Â§°¡¤±�¥Z�¬«v¥�½L£��¢«�¼;§»¨5ª»£¦²�¡¤¥�«�¥�À(ËTÎÑÄ�É Ç�Ã?û¬Æ(Æ»Ê��(Ç�Ì���Ì(ÀÂ¿?ÎÏÈ°ÀÂÃÒÑ�d´:Ù�� õxóiÒ�»"��×x´¶¨5¥5�d§°¡º± ¥
uf

§°¯?«Â§ç¡¤³µ²5£ø�?¥5£¢²[«�³
uf(x0) := u∗(0; x0).

Ò º Ù ¿ ×
Úµ¯5¡º³,´¶¨5¥5�d§°¡º± ¥�©®«¬ÜÞ½L£]¨5³»£¦²�«�³4«�´¶£¢£¢²;½?«��(ñ��¦± ¥�§°ªB± ­T§»¯?«v§,­¤£¢«�²5³,§»±�§»¯5£ ÌdÃ¤ÀJùJÆ»Ê�ÿSÃ¤ÀJÀ(Ërêµën��³CÜE³C§°£¦©

B(·) · ẋcl(t) = f(xcl(t), zcl(t), u
f(xcl(t)))

0 = g(xcl(t), zcl(t), u
f(xcl(t))).

-c¥5£µ�¢±�©®¼5¨E§(«v§»¡¤± ¥?«v­¤­ºÜc£dÝE¼L£¦¥5³»¡Ûà £h«�¥5²Ø³C§°± ª»«�¾ £4�¦± ¥5³B¨5©®¡º¥5¾�¼T± ³»³B¡¤½5¡º­¤¡º§SÜ�æ,± ¨5­º²Ø½L£4§»±�¼5ª»£¦�¬«�­º�¢¨5­¤«v§°£
³»¨;�(¯�« ´¶£¢£¢²;½?«��(ñr�¢± ¥�§°ªB± ­*­¤«¬æ!±�ãT·¹­¤¡º¥5£�± ¥ö«�³B¨;� �¢¡¤£¦¥�§°­ºÜ��?¥;£W¾ ª»¡º²<ÙhÚµ¯5£W§°£¦�(¯5¥5¡¤îO¨5£@±�´l�(¯5± ¡º�¢£�§»±�¢±�©®¼5¨E§°£�§°¯;¡¤³W´¶£¢£¦²5½?«��(ñ��¦± ¥�§°ªB± ­xæ,± ¨5­¤²�½T£j²;Ü�¥?«�© ¡¤�j¼5ªB± ¾ ª°«v©®© ¡¤¥5¾Ò� õ,£¢­ ¿�Â �Ïß,± ªW«�¥�«v¼5¼5ª»± «��(¯¨5³B¡¤¥5¾Z§»¯5£bó]«�© ¡¤­º§»± ¥E·1> «��¢± ½;¡Û·:õ,£¢­¤­º© «�¥�ÒÑó0> õµ×Þ£¢îO¨?«v§»¡¤± ¥È�Ä/MÔ�Ò Ã ß��E±�¥h»����ÏÙ�óh±éæ,£¦à�£¢ª¦ß]£dà £¢¥�´¶± ª© ±E²5£¦ª°«v§»£x³C§(«v§»£µ²5¡¤© £¢¥5³B¡¤± ¥;³

nx
§»¯5¡¤³*æ,± ¨5­º²Øª»£¦î�¨;¡¤ª»£4«c¼5ª»± ¯;¡¤½5¡Û§°¡ºà�£¢­ÛÜ�­ä«�ªB¾ £4�¢±�©®¼5¨E§(«v§»¡¤± ¥?«v­�£dãÁ±�ªB§¬ÙïS¥��¦± ¥�§°ª»«�³B§�§°±j§»¯5¡¤³�± ¨;ªcæx± ªBñö¡¤³��¦± ¥5�¢£¦ª»¥5£¦²�æç¡Û§°¯�£¦� �¢¡º£¢¥�§�æ4«¬Ü�³�§°±��¬«�­º�¢¨5­¤«v§°£�§°¯5£Þ± ¼;§»¡¤©®«�­´¶£¢£¦²5½?«��(ñj�¦± ¥�§°ªB± ­

uf(x0)
Ä�¿bÈ°Æ»Ç�ÃÅÿSÎÏÄ�É�Æ�æç¯;¡¤­¤£]§°¯5£�ª»£¢«�­$¼5ªB±E�¦£¢³»³çªB¨5¥5³¢Ù

Ã|Ä�æ�Ä�Ã ç É17 ! �Q�iÉ�è ! (¼é ! É1;|Øx� & �nÉ17i; Æ,!e! (]�c�l�)6 Ù'& 7,��� &�8
-c¥5£@¼T± ³B³»¡¤½;¡¤­¤¡Û§SÜ�§°±�«�¼5¼5ªB±JÝE¡º©�«v§»£â§»¯5£@±�¼;§°¡º©�«�­<´¶£¦£¢²5½5«��(ñ[�¦± ¥�§°ª»±�­ì­¤«Jæ

uf(xcl(t))
¡¤¥�§°¯5£âàE¡º�¢¡º¥5¡º§SÜ±�´*«Øª»£¦´¶£¦ª»£¦¥5�¢£�§°ª»«MLB£¢�d§°± ªCÜj¡¤³µ¼5ªB±JàE¡º²5£¢²r½�ÜöÃÅÄ�¿ÁÆ»Ç�ÈíÄzCÂÆ»Ê®¿ÁÆdÄz�V�)�dÀÂÈíÄ�¿��çû¬Æ(Æ»Ê��(Ç�Ì��®Ì(ÀÂ¿?ÎÏÈ°ÀÂÃµÒÑ«�­¤³B±Ø�¬«�­º­¤£¦²

Ë?ÆdÈíÎÏú�È¡�(Ç�ÎÏÄÍÀÂ¿�û¬Æ(Æ»Ê��(Ç�Ì��ÞÌ(ÀÂ¿?ÎÑÈ(ÀÂÃ+� õ4ó�Ò�»��ä×dÙQï¹§,ª»£¦îO¨5¡¤ªB£¢³,«®¿ÁÀÂÉØÄ�¿TÇ�ÃÁ±�ªhÈ°Æ¶û¬ÆdÈ°Æd¿ÁÌ(ÆçùJÀÂÃÅúEÎÑÄÍÀÂ¿
x∗(·; x0)

ß
z∗(·; x0)

ß*«v¥5²
u∗(·; x0)

±v´µ«�¥5± © ¡¤¥?«�­ì¼5ª»±�½5­¤£¦©
Poc(x0)

ßM«�¥;²�¡º³�«�¾ ±�±E²t«�¼;¼5ª»±¬ÝE¡¤©®«v§°¡º± ¥ö¡º´2§°¯;£²5¡º³B§(«v¥5�¢£ ‖x(t) − x∗(t; x0)‖
±�´,§°¯5£ ª»£¢«�­Q§°ª»«MLB£¢�d§°± ªCÜ

x(t)
§°±r§°¯5£ ª»£d´¶£¢ª»£¦¥5�¢£ §°ª»«MLB£¢�d§°± ªCÜ�ª»£¢©®«�¡º¥5³³»©®«�­º­ÍÙ*Úµ¯;£�¡º²5£¬«W¡º³ç§»± «�¼5¼5ªB±JÝE¡º©�«v§»£

uf(xcl(t)) = u∗(0; xcl(t)), ∀t ∈ [0, T (x0)],

½�Ü�§°¯;£â­º¡¤¥5£¢«�ª»¡ºá¬«v§»¡¤± ¥
ulnfc(xcl(t)) := u∗(t; x0) +K(t)(xcl(t)− x∗(t; x0)),

æç¯5£¦ª»£

K(t) :=
∂uf

∂x
(x∗(t; x0))

§°¯5«v§�¡º³Þ²5£¡�?¥;£¢²�´¶± ª «�­º­
t ∈ [0, T (x0)]

Ù�Óh±�§°£�§°¯?«Â§®§»¯5£��¦± ¥5³C§(«�¥�§�§»£¢ªB©
u∗(t; x0)

¡¤³ £¢îO¨?«v­ç§»±
uf(x∗(t; x0)) = u∗(0; x∗(t; x0))

²5¨5£ §°±[§»¯5£�¼5ªB¡¤¥5�¦¡¤¼5­º£ ±v´ç± ¼;§°¡º©�«v­¤¡º§SÜ�Ù�Úµ¯5£�²;£¢ª»¡Ûàv«v§°¡Ûà £�±�ªn��Ç�Ä�¿É Ç�ÎÑÈdÄå[
K
ßx¡º´]¡º§W£dÝE¡¤³C§°³¢ß,�¬«�¥�£¦� �¦¡¤£¢¥�§»­ºÜ`½T£r�¢«�­¤�¦¨5­ä«Â§°£¢²�½�Ü`¨5³B¡¤¥5¾¶�?ªB³B§�«�¥5²`³»£¦�¢± ¥;²�²5£¢ªB¡ºàv«v§»¡ºà £



­ äBÍ µR·3 M���Y¯h¥Iàe¤�¤�§l¨l¯h�MÜ�¸³�F�5 q�M�F¥ ­�¹

¡¤¥E´¶± ª»©®«v§°¡º± ¥®«�­¤± ¥;¾�§°¯;£cª»£d´¶£¢ª»£¦¥5�¢£�§»ª°«MLB£¦�¦§°±�ªBÜ
x∗(·; x0)

ß
z∗(·; x0)

ß;«�¥5²
u∗(·; x0)

ß;³»£¦£�£�Ù ¾5ÙlõxªCÜE³B± ¥«�¥5²�ó]±`� õ4óiÒ�»��ÍÙÚµ¯5£h©®£d§°¯5±�²Ø�¬«�¥ ½T£h£íÝ�§°£¢¥;²5£¢² §°±�§°¯5£ç�¢«�³»£µ§°¯5«v§Q§°¯5£ç²5£¦ª»¡Ûà�«Â§°¡ºà�£
K

²5±�£¢³l¥5±v§l£dÝE¡¤³C§,¡º¥Þ«�³B§°ªB¡¤�d§³»£¦¥5³»£vß*£vÙ ¾5Ù ¡¤¥ö§»¯5£Þ�¬«�³B£®±�´,½?«�¥;¾v·S½?«v¥5¾��¢± ¥�§°ªB± ­¤³¦ßå½5¨;§�æç¯5£¢ªB£®¡Û§�¡¤³�³C§°¡¤­º­I¼T± ³»³B¡¤½5­º£W§°±�¨5³»£ ²5£¦ª»¡ºàv«Â·§°¡Ûà £�¡¤¥E´¶± ª»©®«v§°¡º± ¥j«�­º± ¥5¾Þ«Þª»£d´¶£¢ª»£¦¥5�¢£�§°ª»«MLB£¢�d§°± ªCÜ Ù,Ó]¨5© £¢ªB¡¤�¢«�­Á§°£¦�(¯5¥5¡ºî�¨;£¢³]§»±®�¦± © ¼5¨;§°£�­º¡¤¥5£¢«�ª»¡ºá¢£¢²¥5£¦¡¤¾ ¯O½T± ª»¡º¥5¾ ´¶£¦£¢²5½5«��(ñ��¦± ¥�§°ªB± ­¤³h¯?«¬à £�½L£¦£¢¥b²5£dà £¦­¤± ¼T£¢²<ßL£�Ù ¾5ÙÛßL½�Ü�Õì£¦³»�(¯ê� ÕM£¢³ Â�Ã �Íß5��ª g�© £¢ª:·:�Q¡¤³ç£d§«�­ÏÙ+�Ä�â� Ã�¿ ße���2õ Ã�Â �Ïßì«v¥5²'��¨;¾ £¢­º©�«�¥;¥�«�¥5²tÕì£¦³»�(¯g�Ä��Õm»�� «Eß3��Õ�»���½s�ÍÙR/$¡¤¥;£¬«�ªB¡¤á¢£¦²�¥5£¢¡º¾ ¯O½L± ªB¡¤¥5¾§°£¦�(¯5¥5¡ºî�¨;£¢³�¯?«¬à £@½L£¦£¢¥ö«�¼;¼5­¤¡º£¢²�´¶±�ª]± ¥�·S­¤¡º¥5£��¢± ¥�§»ª»± ­M±�´l½?«v§»�(¯bª»£¢«��¦§»± ª»³¦ßÁ£vÙ ¾5ÙÛßÁ½�ÜrÚM£¢ªBæç¡º£¢³B�(¯�«v¥5²ën¾ «�ªBæx«�­|� Úìëi»�� �ÏÙ
Ó]±�§»£]§»¯?«v§2§°¯5£]«�¼5¼5ªB±¬Ý;¡º©�«Â§°¡¤±�¥5³l¼5ª»±Jà�¡¤²5£¦²�½�ÜÞ§°¯5£¦³»£]§»£¢�(¯5¥;¡¤îO¨5£¢³4«�ª»£]± ¥5­ºÜ@à�«v­¤¡¤² ¡¤¥Þ§°¯;£n¥5£¦¡¤¾ ¯E·½T± ª»¯5±�±�²Ø±�´L«�ªB£¦´¶£¦ª»£¢¥;�¢£µ§°ª»«MLB£¢�d§°± ªCÜ ÙIï¹´T§°¯5£çªB£¬«�­¸·S³BÜ�³C§°£¢© ¯?«�³Q© ±Jà £¢²Þ´Ñ«�ªQ«¬æx«¬ÜW´¶ª»± ©	§°¯5£µªB£¦´¶£¦ª»£¢¥;�¢£§°ª»«MLB£¢�d§°± ªCÜ�²;¨5ª»¡º¥5¾W¼5ªB±E�¦£¢³»³x²5£¦à�£¢­¤±�¼5©®£¦¥�§¬ß;§»¯5£�«�¼5¼;ª»±¬ÝE¡¤©®«v§°¡º± ¥®±v´$§°¯5£c±�¼;§°¡º©�«�­?´¶£¦£¢²5½?«v�(ñ��¢±�¥O§»ª»± ­©®«JÜ�½L£¦�¢± © £cà £¦ªBÜr¼L±�± ªç«�¥;²�©®«¬Ü�²5ªB¡ºà £�§°¯;£â³CÜ�³B§°£¦©�£¦à £¦¥[¡º¥O§»±Þ²5¡¤ªB£¢�¦§»¡¤± ¥;³µ± ¼5¼T± ³»¡Û§°£�§°±Øæç¯?«v§h¡º³²5£¦³»¡¤ªB£¢²<Ù,Ö,´:ÙI�E£¦��Ùh�5ÙÁÀ;Ù½
Þ«v¥5²[�*Ý;«�© ¼5­¤£W�;ÙÁ�5Ù

Öi�e¯v�´·U¥¦¤Y­ ä ­�ë�µR·l q���´¯v¥m¯h�l§ � ���3¤�¯v�V��ì�¤�§yÕ�¤?�¦ËFÊ2¨��c�V���3Ë´àe¤�¤�§l¨l¯h�MÜrí
pnù]Ç�¿�Æ`[OÇ�ÉnËTÃ¤Æ<û¬ÀÂÈhÇâÎ¹Ç��¢ú�ÃÛÇ�ÎÏÄÍÀÂ¿rÀ:ûµÎ¦�?ÆnÀ(ËTÎÏÄ�É Ç�Ã¢û¬Æ(Æ»Ê��(Ç�Ì���Ì(ÀÂ¿?ÎÏÈ°ÀÂÃ ù

uf(x)
a*Ç�¿TÊ2û¬ÀÂÈµÎÉ�?ÆçÃÅÄ�¿ÁÆ»Ç�ÈíÄzCÂÆ»Ê¿ÁÆdÄz�V�)�dÀÂÈíÄ�¿��nû¬Æ(Æ»Ê��(Ç�Ì���ÇdË�ËTÈ°À¡[ Ä�É Ç�ÎÑÄÍÀÂ¿

ulnfc(x)
�xÆ�ù��?ÀV��Ä�¿©|lÄz��ú�È(Æ�î�ïñð[ÇbÀÂ¿ÁÆÞÊ�Ä�É�Æd¿;ùdÄÍÀÂ¿TÇ�ÃQÌdú�ÎÎÉ��È(ÀÂú��V�rÎÉ�?Ælû¬ÀÂúEÈ�Ê�Ä�É�Æd¿;ùdÄÍÀÂ¿TÇ�Ã?ùdÎ¹Ç�ÎSÆ�ùSË;Ç�Ì(ÆWÀ:û�ÎÉ�?Æzò*ý�N$� À:û�ý<Æ(ÌdÎÏÄÍÀÂ¿Ýî�ïôó�a5û¬ÀÂÈâÄ�¿?Ä�ÎÑÄÑÇ�Ã<ÐÂÇ�ÃÅú?Æ(ù

xε := xS + ε(x0 − xS),ÎÉ�;Ç�Î,Ä�¿?ÎSÆdÈ¹Ë?ÀÂÃÛÇ�Î:Æw�dÆdÎª�xÆ(Æd¿bÎÉ�?ÆcùdÎ:Æ»Ç�Ê�þØùdÎÍÇ�Î:Æ
xS

Ç�¿TÊ�ÎÉ�?Æ@Ê�Ä¤ùdÎÏú�È¡�dÆ»Ê®Ä�¿?Ä�ÎÏÄÑÇ�ÃÁÐÂÇ�ÃÅúHÆ
x0

ûíÈ°ÀÂÉ�Ò º ÙÄ�O×	ï
N$�?Æ���ÈBÇdËh��ù]û¬ÀÂÈ

uf(xε) := u∗(0; xε)
�;Ç�Ð�ÆP�dÆ(Æd¿�À��¢Î¹Ç�Ä�¿ÁÆ»Ê'�¢þtÇt¿?ú�É�ÆdÈíÄÍÌ»Ç�ÃlùJÀÂÃÅú�ÎÏÄÍÀÂ¿�À:û�ÎÉ�?ÆÀ(ËTÎÑÄ�É Ç�ÃçÌ(ÀÂ¿?ÎÑÈ°ÀÂÃMËTÈ°À��¢Ã¤ÆdÉ Ò º Ù½À�×qõK�U��ÄÍÌ��´�xÆ�ÎÍÇV��ÆrÇÂù�Ç�¿�ÇdË�ËTÈ°À¡[ Ä�É Ç�ÎÑÄÍÀÂ¿�û¬ÀÂÈ

T = ∞ ö û¬ÀÂÈ�î�÷�îÄ�¿?Ä�ÎÑÄÑÇ�Ã;ÐÂÇ�ÃÅú?Æ(ù
xε
a
ε ∈ {−0.20,−0.19, . . . , 1.19, 1.20} ae�U�?ÆdÈ°Æ»ÇÂù ulnfc(xε) := uS+K(0)(xε−xS)Ä¤ùw�(ÇÂùJÆ»ÊrÀÂ¿tÇ�ÃÅÄ�¿ÁÆ»Ç�ÈíÄzCJÇ�ÎÏÄÍÀÂ¿�À:û

uf(·) Ç�Î,Î¦�?Æ�ùdÎSÆ»Ç�Ê�þ ùdÎÍÇ�ÎSÆ
xS

ïi|ìÀÂÈ�ÇrÌdÃ¤ÀJùJÆ»Ê�ÿSÃ¤ÀJÀ(Ë�ÎÑÈBÇ1ø¬Æ(ÌdÎ:ÀÂÈíþjÊ�ú?ÆÎSÀ�Ç�ÃÅÄ�¿ÁÆ»Ç�ÈdÄzCÂÆ»ÊÞ¿ÁÆdÄz�V�)�dÀÂÈíÄ�¿��çû¬Æ(Æ»Ê��(Ç�Ì��ÞÎSÆ(Ì���¿?Ä�c¢úHÆ�axÌ¶û	ï_OU[OÇ�ÉnËTÃ¤Æ�÷�ï�÷�ï
ïS¥®±�¨5ªI�¢±�¥5³»¡º²5£¢ª»«v§°¡º± ¥5³l«�½T± ¨;§Q±�¼;§°¡º©�«�­O´¶£¢£¦²5½?«��(ñØ�¦± ¥�§°ªB± ­;æ,£h¯5«Jà�£h«�³»³B¨5©®£¦² §»¯?«v§I§»¯5£ç¯5± ªB¡¤á¢±�¥­¤£¦¥5¾�§»¯

T
±v´ì§»¯5£�±�¼;§°¡º©®¡ºá¬«v§»¡¤± ¥�¼;ª»± ½5­º£¢© Ò º Ù º ×x¡¤³h«Øà�«vª»¡ä«v½5­¤£c¡º¥r§»¯5£â± ¼;§°¡º©®¡ºá¬«v§»¡¤± ¥®¼5ª»±�½5­¤£¦© §°¯?«Â§¡¤³2£¢¡Û§°¯5£¦ª,²;£¦§°£¦ª»© ¡¤¥5£¦²�½�Ü ³»± © £h�¢± ¥5³C§°ª»«�¡¤¥�§°³,± ª,«�ª»£¢«�­H²5£¢¾�ª»£¢£]±�´<´¶ªB£¢£¢²;± ©�Ù*ïS¥�§°¯5¡º³,�¢«�³»£hæx£]³»¼T£¬«�ñ±�´ x ³B¯5ª»¡º¥5ñO¡¤¥5¾®¯5± ªB¡¤á¢±�¥b¼5ª»±�½5­¤£¦©®³1{(ßT½L£¦�¬«�¨5³B£W§°¯5£�§°¡¤© £â¯5± ª»¡ºá¢± ¥

T
¡º³n³B¯5ª»¡º¥5ñO¡¤¥5¾�²;¨5ª»¡º¥5¾�± ¼;§»¡¤©®«�­¼5ªB±E�¦£¢³»³ì²5£¦à�£¢­º± ¼5© £¢¥�§¬ß�«�³Mæ,£2¯?«¬à £x³B£¢£¦¥W½�Üâ§»¯5£2¼5ª»¡º¥5�¢¡º¼5­¤£Q±�´;± ¼;§»¡¤©®«�­¤¡Û§SÜh´¶±�ªì³B¨5½?«�ªB�¢³¢ÙìïS¥@�(¯5£¦©®¡º�¬«�­

£¢¥;¾ ¡¤¥5£¦£¢ªB¡¤¥5¾c§»¯5¡¤³I¼;ª»± ½5­º£¢©!§SÜ�¼L£ç«�ªB¡¤³B£¢³I§SÜ�¼5¡¤�¢«�­¤­ÛÜ�´¶± ªI½?«v§»�(¯Þ± ªI³»£¦©®¡¸·S½?«Â§°�(¯W¼5ªB±E�¦£¢³B³»£¢³¦ßE¡º¥Øª»± ½T±�§»¡¤�¢³£�Ù ¾5ÙQ´¶± ª4§»¡¤© £c± ¼;§»¡¤©®«�­L©®«�¥5£¦¨;à £¦ª»³¦Ù
Ã|Ä�æ�ÄBÔ ù 7eúi7oÉ¹� !Èû & �iÉ�è & 7 Å � & � 8:!3< �
-c¥�§°¯;£[±�§»¯5£¢ª ¯?«�¥5²Áßç«�©®«MLB± ª®«�¼5¼5­º¡¤�¬«Â§°¡¤±�¥`´¶±�ª ´¶£¦£¢²5½?«v�(ñð�¦± ¥�§°ª»±�­]³CÜE³C§°£¦©®³j«vª»£r³BÜ�³B§»£¢© ³�§°¯?«Â§ª»¨;¥b¡¤¥)�5¥5¡º§»£¢­ºÜ�­¤± ¥5¾;ßT³B±�§°¯5«v§]§»¯5£@�(¯;± ¡¤�¦£

T = ∞ æx± ¨;­¤²[½T£W«v¼5¼5ª»±�¼5ª»¡¤«v§°£vÙhï¹§]¡¤³]³B§»ª°«�¡º¾ ¯�§»´¶± ªCæ4«�ªB²§°¯5«v§µ§°¯5£�¼;ª»¡¤¥;�¢¡¤¼;­¤£n±v´*± ¼E§°¡¤©®«�­º¡º§SÜØ¯5±�­¤²5³ç«�­º³»±W´¶± ª,§°¯5£�³B± ­¤¨;§»¡¤± ¥�§»ª°«MLB£¦�¦§»± ª»¡º£¢³
x∗∞(·; x0)

ß
z∗∞(·; x0)

ß«�¥5²
u∗∞(·; x0)

ßL«�¥5²ræx£â©®«JÜr«v�¢�¢±�ª»²5¡º¥5¾ ­ºÜ�²5£¡�?¥;£W«�¥�± ¼;§°¡º©�«v­Á´¶£¢£¦²5½?«��(ñ��¢±�¥O§»ª»± ­å­¤«Jæ�´¶± ªç¡¤¥)�?¥;¡º§°£¯5± ªB¡¤á¦± ¥�¼5ª»± ½;­¤£¢© ³
uf∞(x0) := u∗∞(0; x0).
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�*¡º¾ ¨5ª»£ º Ù½À?bm-�¼E§°¡¤©®«�­*ÒÑ³B± ­¤¡º²H×x«�¥5²�­º¡¤¥5£¢«�ª»¡ºá¢£¢²j¥;£¢¡¤¾�¯�½T± ªB¡¤¥5¾W´¶£¦£¢²5½?«v�(ñj�¢± ¥�§°ªB± ­¤³âÒ¶²?«�³B¯5£¢²H×íß5´¶± ª4§°¯;£¡¤¥;¡º§°¡¤«�­Eàv«�­º¨5£¢³
xε := xS + ε(x0−xS)

±�´$�*Ý;«�© ¼5­¤£ º Ù º ÙIÚµ¯;£]²5±v§°³2¡¤¥5²5¡º�¬«v§»£µ§°¯5£h± ¼;§»¡¤©®«�­E´¶£¦£¢²5½?«v�(ñ�¢±�¥O§»ª»± ­º³n´¶± ªn§»¯5£Ø³B§»£¬«�²EÜö³B§°«v§°£
xS

Ò
ε = 0)

«�¥5²ö§»¯5£Ø²5¡¤³C§°¨5ªB½L£¦²öà�«v­¤¨5£
x0

Ò
ε = 1

×ØÒÑ�d´:Ùw�*¡º¾5Ù º Ù¾
�ß
t = 0

×

Õ+�F�~�ª�3¯h¥f£5 q¯v¨��ª¥��É ��
�?± ªx³C§°£¢«�²;Ü�³C§(«v§»£n§°ª»«��(ñO¡¤¥5¾@¼5ª»± ½;­¤£¢© ³,æç¡Û§°¯j«v¥j± ½�LB£¢�d§°¡Ûà £ ∫∞

0
L(x(t), z(t), u(t)) dt

§°¯5«v§4³»«v§°¡º³`�?£¦³
L(x, z, u) > 0

´¶± ª]«�­¤­
(x, z, u) 6= (xS, zS, uS)

«�¥;²
L(xS , zS, uS) = 0

«v§h§°¯5£�³B§»£¬«�²;Ü�³B§°«v§°£vßL§»¯5£¼5ªB¡¤¥5�¦¡¤¼5­º£â±v´Q± ¼;§»¡¤©®«�­¤¡Û§SÜ�£¢¥;³»¨5ªB£¢³c¥5±�©®¡º¥?«�­$³B§°«�½5¡º­¤¡º§SÜ�±�´I§°¯;£@�¢±�ª»ª»£¦³»¼T± ¥5²5¡º¥5¾��¦­¤± ³B£¢²E·¹­¤±�± ¼r³BÜ�³B§»£¢©rß«�³µ§°¯;£jÀ(ËTÎÑÄ�É Ç�ÃìÌ(ÀJùdÎHûíúE¿ÁÌdÎÑÄÍÀÂ¿

V∞(x0) :=

∫ ∞

0

L(x∗∞(t; x0), z
∗
∞(t; x0), u

∗
∞(t; x0)) dt,

¡º´c¡º§�ªB£¢©®«�¡¤¥;³��?¥;¡º§°£vßµ³»£¦ªBà £¦³r«�³j«ê�ìþ�ÇdËTúE¿ÁÀÂÐØûíú�¿ÁÌdÎÏÄÍÀÂ¿_ÒÏ«�³®²5£¡�?¥;£¢²�£�Ù ¾5Ù�¡º¥È�½��± ¥h»��"��× ´¶±�ª®§°¯;£�¢­º± ³»£¦²E·S­º±E±�¼j³BÜ�³B§»£¢©rÙ
Úì±�³Bñ�£¦§»�(¯�§»¯5£Ø¡¤²5£¢«�±�´2§°¯5£Ø¥5±�©®¡º¥?«�­M³B§(«v½5¡¤­º¡º§SÜr¼5ª»±�±�´:ß<­º£¦§�¨;³�«�³»³B¨5©®£W§»¯?«v§

V∞(·) ∈ C1 «v¥5²§°¯5«v§
u∗∞(·; x0) ∈ C0∀ x0

ßH«�¥;²�´¶¨;ªB§°¯;£¢ª»© ± ªB£�§»¯?«v§µ§»¯5£�­¤£¦à�£¢­$³B£¦§°³h±�´
V∞(·) «�ª»£��¢±�©®¼?«v�¦§ç¡¤¥

R
nx
Ù

�*¡¤ªB³B§ç¥5±v§°£�§°¯?«Â§
V∞(xS) = 0

«�¥5²
V∞(x0) > 0, x0 6= xS

Ùlï¹§µæç¡¤­¤­L¥5±Jæ�½T£�³»¯5±Jæç¥�§»¯?«v§
d

dt
V∞(xcl(t)) < 0, ∀ xcl(t) 6= xS,

Ò º Ù½Ò�×
³»±Ø§»¯?«v§4§»¯5£�± ¥5­ÛÜ�«��¦�¢¨5©@¨5­ä«v§»¡¤± ¥�¼L± ¡º¥�§µ±�´å§°¯5£��¦­¤± ³B£¢²E·¹­¤±�± ¼�§»ª°«MLB£¦�¦§°±�ªBÜ

xcl(t)
ß
t ∈ [0,∞)

ß;�¬«v¥r½T£
xS

Ù�ën³n§»¯5£W­¤£dà £¦­I³»£d§°³�«�ªB£W�¢± © ¼?«��d§¬ßÁ«�¥�«��¢�¦¨5©W¨5­¤«v§°¡º± ¥[¼T± ¡º¥O§n©W¨5³C§�£dÝE¡¤³C§¬ß<³B±�§°¯?«Â§�«�³BÜ�© ¼;§°±v§°¡¤�



­ äå× Õ+�F�l¥��ª�l¤�¯v�}ÇÐ�e§3¤?¥IÏ³�M¤�§��ª�� M� Ô ¤¶¸³�F�5 q�M�F¥ Å ­

³B§°«�½5¡º­¤¡º§SÜ�´¶± ­¤­º±Jæç³¢Ù*ÚM±â³»¯5±Jæ�§°¯;£]²5£¦³»�¦£¢¥�§µ¼5ªB± ¼L£¦ªB§SÜ[Ò º Ù½Ò�×íß��?ª»³C§x¥5±v§°£ç§°¯?«v§l§»¯5£]�¦­¤± ³B£¢²E·¹­¤±�± ¼Ø§°ª»«MLB£¢�í·§°±�ªBÜ
xcl(·)

´¶± ª*§°¯;£µ¡¤¥5¡Û§°¡ä«v­ à�«v­¤¨5£
x0

�¢± ¡º¥5�¢¡º²5£¢³ìæç¡º§°¯W§»¯5£µ± ¼;§»¡¤©®«�­�§°ª»«MLB£¢�d§°± ªCÜ
x∗∞(·; x0)

ÙìÚµ¯5£¢ªB£¦´¶± ªB£¡º§ç¥;£¢£¢²;³]± ¥;­ºÜ�§»±Þ½L£�³»¯;±éæç¥�§°¯5«v§
d

dt
V∞(x∗∞(t; x0)) < 0, ∀ x∗∞(t; x0) 6= xS .

Ò º Ù Â ×
ên¡ÛãÁ£¦ª»£¢¥�§»¡ä«v§»¡¤± ¥j±�´M§°¯;£â¡º²5£¢¥�§»¡º§SÜ

V∞(x∗∞(t; x0)) = V∞(x0)−
∫ t

0

L(x∗∞(τ ; x0), z
∗
∞(τ ; x0), u

∗
∞(τ ; x0)) dτ,

Ò¶æç¯;¡¤�(¯r¡¤³ç«Ø²5¡¤ªB£¢�d§]�¦± ¥5³B£¢îO¨5£¢¥;�¢£@±v´ì§»¯5£�¼5ª»¡º¥5�¢¡º¼5­¤£c±v´*± ¼E§°¡¤©®«�­º¡º§SÜ;×Qæç¡Û§°¯rª»£¦³»¼T£¢�¦§ç§»±
t
Ü�¡¤£¢­º²5³

d

dt
V∞(x∗∞(t; x0)) = −L(x∗∞(t; x0), z

∗
∞(t; x0), u

∗
∞(t; x0)) < 0, ∀ x∗∞(t; x0) 6= xS.

¶:·(ü ý ý��Q�	�	�Pÿ�ST� ü ý�þPÿ������Uÿ_þQ�	��
���
�ÿ � ý���
���ý��
	]¥E´¶± ªB§»¨5¥?«v§»£¢­ºÜ�ß ¡¤¥?�?¥5¡º§»£,¯;± ª»¡ºá¢± ¥W¼;ª»± ½5­º£¢© ³I«�ªB£x¡º¥W¾ £¢¥;£¢ª°«v­Eà £¦ªBÜ@²5¡º� �¢¨;­º§*§»±c¯?«�¥;²5­¤£2´¶± ª*¥5±�¥5­¤¡º¥5£¬«�ª«�¥5²ö�¦± ¥5³C§°ª°«v¡¤¥5£¦²t³CÜ�³B§°£¦©®³¦Ù@Úµ¯5£¦ª»£d´¶± ª»£vßå«�³»±j�¬«v­¤­¤£¦² x © ±JàE¡º¥5¾�¯;± ª»¡ºá¢± ¥?{@«�¼;¼5ª»±�«v�(¯t¡º³c±�´�§»£¢¥ö¨5³B£¢²¡¤¥;³B§°£¢«�²<ß<æç¯5£¦ª»£ «��¢±�¥5³B§°«�¥�§�Ì(ÀÂ¿?ÎÑÈ°ÀÂÃl�?ÀÂÈíÄzCÂÀÂ¿Z±v´x­º£¢¥5¾�§»¯

T
¡º³c�(¯5± ³B£¢¥�¡¤¥�«�­º­ì± ¼E§°¡¤© ¡¤á¢«v§°¡º± ¥r¼5ª»± ½�·­¤£¦©®³¦Ù®ï¹´,§°¯5£ �¢±�¥5³B§°«�¥�§

T
¡º³�³»¨;� �¢¡º£¢¥�§°­ÛÜ�­ä«�ªB¾ £�ß$§»¯5£®�¦± © ¼5¨;§°£¦²Z± ¼E§°¡¤©®«�­M§°ª°«qLB£¢�¦§»± ª»¡º£¢³

x∗T (·; x0)
ßß

z∗T (·; x0)
ßI«v¥5²

u∗T (·; x0)
«�ª»£ £dÝE¼T£¢�d§°£¢²÷§»±[½T£®³B¡¤© ¡¤­¤«�ªn§°±r§°¯5£®�¢± ªBª»£¦³»¼T± ¥5²5¡º¥5¾[¡º¥)�?¥5¡Û§°£Þ¯5± ªB¡¤á¢±�¥àv«�­¤¨;£¢³

x∗∞(·; x0)
ß
z∗∞(·; x0)

ß;«�¥5²
u∗∞(·; x0)

± ¥
[0, T ]

³B±@§°¯?«Â§,§»¯5£c²5£ø�?¥5¡º§»¡¤± ¥Þ´¶± ª2©®±Jà�¡¤¥;¾@¯5± ªB¡¤á¦± ¥¼5ªB± ½5­¤£¦©®³¦ß
ufT (x0) := u∗T (0; x0)¡¤³]«�¾ ±�±�²[«�¼;¼5ª»±¬ÝE¡¤©®«v§°¡º± ¥�´¶± ªh§»¯5£@¡º¥)�?¥5¡Û§°£â¯5± ªB¡¤á¢±�¥[± ¼;§»¡¤©®«�­<´¶£¢£¦²5½?«��(ñr�¢±�¥O§»ª»± ­

uf∞(x)
Ù�J�£@�¢«�­¤­

§°¯;£@ª»£¦³»¨5­Û§°¡º¥5¾®´¶£¦£¢²5½?«v�(ñ�­¤«Jæ
ufT (x)

x ± ¼;§»¡¤©®«�­$©®±Jà�¡¤¥;¾®¯5±�ª»¡¤á¦± ¥�´¶£¦£¢²5½5«��(ñ[�¦± ¥�§°ª»±�­z{z� õ4õ4õ + � º �*±�ªx Óh± ¥5­º¡¤¥5£¢«�ªÞÔ�±�²5£¢­çÕQªB£¢²5¡º�¦§°¡Ûà £�Öx± ¥�§°ªB± ­z{öÒÏÓnÔ[Õ2Öµ×dÙI-n´�§°£¦¥�«�­º³»±ö§°¯;£�§»£¢ªB© x 4ç£¢�¦£¢²5¡º¥5¾tó]± ªB¡¤á¢±�¥Öx± ¥�§°ªB± ­z{ÞÒ�4hócÖµ×þ� ÔbÔ�»�� �å¡º³µ¨5³»£¦²�§»± ²;£¢¥5±�§»£�§°¯5¡º³h© ±Jà�¡¤¥5¾Ø¯5±�ª»¡¤á¦± ¥�³»�(¯5£¦©®£vÙ,Úµ¯;£��¦± ©®¼;¨;§(«v§»¡¤± ¥±�´2§°¯5£Ø±�¼;§°¡º©�«�­M© ±éà�¡º¥5¾j¯5± ªB¡¤á¢±�¥t�¦± ¥�§°ªB± ­I­ä«¬æ
ufT (x0)

¡º¥tªB£¬«�­¸·¹§»¡¤© £�¡º³c§°¯5£Ø©®«�¡¤¥�«v¼5¼5­¤¡º�¬«v§»¡¤± ¥�±�´± ¨5ªç«v­¤¾ ± ªB¡º§»¯5©®³¦Ù
Ã|Ä�ÿEÄ�Ã Ú �iØ !3<=! �Z� &�� 7]� Ç � ! é &I< É17]� 8#Ú �E�l�oÉ 8 É¹� #
Ó]±v§°£�§»¯?«v§W§»¯5£j¼5ª»¡º¥5�¢¡º¼5­¤£ ±�´h± ¼;§»¡¤©®«�­¤¡Û§SÜö²5±�£¢³Ø¥5±ö­º± ¥5¾ £¦ª@¯5±�­¤²÷´¶± ª�©®±Jà�¡¤¥5¾[¯5± ª»¡ºá¢± ¥�¼;ª»± ½5­º£¢© ³�l¯5±Jæ,£¦à £¦ª¢ß�«hàv«�ªB¡¤£d§SÜ�±v´?³»�(¯5£¦©®£¦³I§°±]£¢¥5³B¨5ª»£µ¥5±�©®¡º¥?«�­�³B§°«�½5¡º­¤¡º§SÜn´¶± ªì³C§°£¢«�²;Ü�³B§(«Â§°£,§»ª°«��(ñO¡º¥5¾c¼5ªB± ½5­¤£¦©®³¯?«�³j½T£¢£¦¥�²5£¦à�¡¤³B£¢²<Ù Úµ¯5£¢³B£�³»�(¯5£¦©®£¦³r©®«�ñv£ö³B§°ªB± ¥5¾�¨5³B£ö±�´�«�ªB§»¡B�?�¦¡ä«�­º­ºÜ�¡º¥�§°ª»±�²5¨5�¦£¢²�£¢¥;²�¼T± ¡º¥O§�¢±�¥5³B§»ª°«�¡º¥O§»³c«�³]´¶± ª»©W¨;­ä«v§»£¢²r¡¤¥ö�QîO³¢ÙIÒ º Ù º £J×h«�¥5²`Ò º Ù º ´Ï×dßL«�¥5²ö±�´*§°¯5£ÞÔ�«JÜ�£¢ªn§»£¢ªB©

E(x(T ), z(T ))¡¤¥�§°¯5£[± ½�LB£¢�d§°¡Ûà £[´¶¨5¥;�¦§°¡º± ¥?«�­@Ò º Ù º « ×íÙ�Úµ¯;£b¼5ª»¡º¥5�¢¡º¼?«�­ç¡¤²;£¬«Z¡º³ §»±Z´¶± ª»©@¨5­ä«v§»£r§»¯5£b± ¼E§°¡¤© ¡¤á¢«v§°¡º± ¥¼5ªB± ½5­¤£¦©®³µ¡º¥�³»¨5�(¯�«Þæx«¬Üj§°¯?«Â§µ§°¯5£�± ¼;§»¡¤©®«�­T�¢± ³C§h´¶¨;¥5�¦§»¡¤± ¥

VT (x0) :=

∫ T

0

L(x∗T (t; x0), z
∗
T (t; x0), u

∗
T (t; x0)) dt+ E(x∗T (T ; x0))



ÅcÅ ®
¤�¯h¥±°�²³���´¤¶µR·3 M�ª�´¯h¥�¸w�F�5 \�V�F¥

�¬«v¥@³»£¦ªBà�£µ«�³M«i/<Ü�«v¼5¨5¥5±Jà�´¶¨5¥5�d§°¡¤±�¥�±�´E§°¯5£,�¢­º± ³»£¦²E·S­º±E± ¼�³CÜ�³B§°£¦©�ß «�³M´¶±�ªM¡º¥)�?¥5¡Û§°£l¯5± ªB¡¤á¦± ¥�¼;ª»± ½5­º£¢© ³¢Ù
�?± ªµ«�¥�±Jà £¦ªBà�¡¤£dæ�±�´M³B¨5�(¯�³B�(¯5£¢© £¢³¦ß?æx£�ªB£¦´¶£¢ª4§»±Ø§°¯5£�«�ªC§°¡º�¢­¤£¦³4½�Ü�Ô[«¬Ü�¥5£m� Ô[«¬Ü)»�Ò5ßHÔ[«¬Ü?�����$± ª4ên£Ó]¡º�¢± ­¤«�±5ß,Ô[«�¾�¥5¡Íß,«�¥5²T�E�¬«Â§»§°±�­¤¡¤¥;¡þ� ê�Ô��)��� �ÏÙðó]£¢ªB£�ß2æx£�æç¡¤­º­4½5ª»¡º£¡�5Ü÷¡¤¥�§°ªB±E²5¨;�¢£j§°¯5ªB£¢£r±�´n§»¯5£¢³B£³»�(¯;£¢© £¢³¢Ù�ë]­¤­4§»¯5ª»£¦£[¯?«¬à £�¡¤¥��¢± © © ± ¥�§°¯?«v§Þ§»¯5£�³B±Z�¢«�­¤­º£¢²�É�ÀÂ¿ÁÀÂÎ:ÀÂ¿?ÄÍÌdÄ�ÎÑþjËTÈ(À(Ë?ÆdÈíÎÑþg� ê�Ô��)��� �¯5± ­º²5³µ¡¤¥r«Ø¥5£¦¡¤¾ ¯O½T± ª»¯5±�±�²

ΩT

±�´M§°¯5£�³B§»£¬«�²EÜj³B§°«v§°£
xS
b

VT (x) ≤ VT−δ(x), ∀ δ ≥ 0, δ ≤ T, x ∈ ΩT .
Ò º Ù Ã ×

Ó]±�©®¡º¥?«�­�³B§(«v½5¡¤­º¡º§SÜ�´¶± ­º­¤±Jæç³ì§»± ¾ £¦§»¯5£¢ªìæç¡º§°¯W§»¯5£µ¼5ªB¡¤¥5�¦¡¤¼5­º£x±�´T± ¼;§»¡¤©®«�­¤¡Û§SÜc´¶± ªì³»¨5½?«vª»�¢³¦ß�æç¯5¡¤�(¯Þ³B§°«v§°£¦³§°¯5«v§
VT (x0) =

∫ δ

0

L(x∗T (t; x0), z
∗
T (t; x0), u

∗
T (t; x0)) dt+ VT−δ(x

∗
T (δ; x0))

³»±Þ§°¯5«v§�ÒÑ¨5³B¡¤¥5¾
x0 = x∗T (0; x0)

×
VT (x

∗
T (δ; x0))− VT (x

∗
T (0; x0)) ≤ VT−δ(x

∗
T (δ; x0))− VT (x

∗
T (0; x0))

= −
∫ δ

0
L(x∗T (t; x0), z

∗
T (t; x0), u

∗
T (t; x0)) dt.ên¡ÛãÁ£¦ª»£¢¥�§»¡ä«v§»¡¤¥5¾W§»¯5¡¤³µ¡º¥5£¢îO¨?«�­º¡º§SÜ®½�Ü

δ
æx£â�¬«v¥�²5£¦²5¨5�¦£â§»¯?«v§

d
dt
VT (x

∗
T (0; x0)) = ∂VT

∂x
(x∗T (0; x0)) ẋ

∗
T (0; x0)

≤ −L(x∗T (0; x0), z∗T (0; x0), u∗T (0; x0)) < 0, ∀ x0 6= xS./$£¦§x¨5³4¥5±Jæ��(¯5±�± ³»£
x0 := xcl(t)

§°±W½T£c± ¥5£]³B§°«v§°£c±v´$§°¯5£c�¦­¤± ³B£¢²E·¹­¤±�± ¼Þ§°ª°«qLB£¢�¦§»± ªBÜ�ß5«v§,§°¡º©®£
t
ÙQÚµ¯5£§°¡º©®£@²5£¦à�£¢­¤±�¼5©®£¦¥�§�±�´,§»¯5£Þ¥5± © ¡¤¥?«v­ì�¦­¤± ³B£¢²E·¹­¤±�± ¼b³BÜ�³C§°£¢©^±�½L£dÜE³�§»¯5£Þ³°«�© £Þêµëc��«�³c§»¯5£Þ©®±�²5£¦­Bl½T£¢�¬«v¨5³»£�«v§�§°¡¤© £

t
§»¯5£ ²5¡ºãL£¢ªB£¢¥�§°¡¤«�­I³BÜ�³C§°£¢© ³C§(«v§»£®¡º³

xcl(t) = x0 = x∗T (0; x0)
«v¥5²�§»¯5£Þ�¢­¤±�³»£¢²�·­¤±�± ¼j�¦± ¥�§°ª»±�­$¡¤³ç�(¯5± ³B£¢¥�§»±®½T£

ufT (xcl(t)) := u∗T (0; x0)
ß5§°¯5£â«�­º¾ £¢½5ª»«�¡¤��³C§(«v§»£â«�­¤³B± �¦± ¡¤¥;�¢¡¤²;£¢³4æç¡º§»¯§°¯;£r³C§(«�ªC§Þ±�´h§°¯5£�± ¼;§»¡¤©®«�­,§»ª°«MLB£¦�¦§»± ªBÜFb

zcl(t) = z∗T (0; x0)
Ò¶²5¨5£j§°±ö§°¯;£�«v­¤¾ £¦½5ª°«�¡º���¦± ¥5³»¡º³B§»£¢¥5�dÜ�¢±�¥5²5¡º§»¡¤± ¥?×)lE§»¯5£¢ªB£¦´¶± ªB£�ß5§»¯5£�§°¡¤© £c²5£¦ª»¡Ûà�«Â§°¡ºà�£¢³ç�¢±�¡¤¥5�¦¡¤²5£�b

ẋcl(t) = ẋ∗T (0; x0).Úµ¯5¡º³]«v­¤­¤±Jæç³x§»±Þ�¢± ¥5�¦­¤¨5²;£�§»¯?«v§
d

dt
VT (xcl(t)) =

∂VT
∂x

(xcl(t)) ẋcl(t) < 0, ∀xcl(t) 6= xS.

� ¤��M�Ø²@¤��V�~�ª�l¯v¥f¸³�F���ø q�M¯h���F 
Úµ¯5£â¡¤²5£¢«Ø±�´*§»¯5£�á¢£¢ªB±®§»£¢ª»© ¡¤¥5«�­Á�¦± ¥5³B§»ª°«�¡º¥�§WÒ�kÁÚhÖµ×4³»�(¯5£¦©®£â¡¤³µ§°±Þ´¶± ªB©W¨5­ä«Â§°£n§»¯5£�§°£¢ªB©®¡º¥?«�­<¼T± ¡º¥O§�¢±�¥5³B§»ª°«�¡º¥O§

re(x(T )) := x(T )− xS,æç¯5£¦ª»£
xS

¡º³2§»¯5£h²5¡ºãL£¢ªB£¢¥�§°¡¤«�­?¼?«�ªC§x±�´L§°¯5£]²5£¢³B¡¤ªB£¢²�³C§°£¢«�²;Ü ³B§°«v§°£vß;«�¥;²®§°±�£¢© ¼5­¤±JÜØ¥;±³�?¥?«v­T¼T£¢¥5«�­º§SÜ
E(x(T ))

Ù�Ó]± © ¡¤¥5«�­ì³C§(«�½;¡¤­¤¡Û§SÜ�´¶± ªc¥5± ¥;­¤¡¤¥;£¬«�ª]�¢± ¥�§°¡º¥O¨5± ¨5³c§»¡¤© £W³BÜ�³B§»£¢© ³�æ4«�³�¼;ª»±Jà £¦¥�½�ÜtÔ[«¬Ü�¥5£«�¥5²�Ô�¡¤�(¯?«v­¤³»ñÂ« � ÔbÔ+»����ÏÙ�Úµ¯5£�©®± ¥;±�§°± ¥;¡¤�¢¡Û§SÜö¼5ªB± ¼L£¦ªB§SÜ�Ò º Ù Ã ×�´¶± ­¤­º±éæç³�´¶ªB± © §°¯5£®´Ñ«��¦§â§°¯?«Â§@§°¯;£± ¼;§»¡¤©®«�­<³B± ­¤¨;§»¡¤± ¥
x∗T−δ(t; x0)

ß
z∗T−δ(t; x0)

ßH«�¥5²
u∗T−δ(t; x0)

±�´I«®¼5ªB± ½5­º£¢©
Poc,T−δ(x0)

± ¥[« ³B¯5± ªC§¯5± ªB¡¤á¦± ¥
[0, T−δ] �¢«�¥Ø½T£4¼5ª»±�­¤± ¥5¾�£¢²@§»±�«]´¶£¬«v³»¡¤½;­¤£,§»ª°«MLB£¦�¦§»± ªBÜ�±�´?§°¯;£4¼5ª»±�½5­¤£¦©

Poc,T (x0)
±�¥Þ«n­¤± ¥;¾¯5± ªB¡¤á¦± ¥

[0, T ]
ßÁ½OÜb«�²5²5¡º¥5¾�´¶± ª

t ∈ [T−δ, T ] §»¯5£��?¥?«�­ì¼?«�ªC§°³ x∗T (t; x0) := xS
ß
z∗T (t; x0) := zS

ß«�¥5²
u∗T (t; x0) := uS

ß5§»¯?«v§ç¯?«¬à £â¥5±®«�²5²5¡Û§°¡º± ¥?«�­T�¢± ³C§°³¦ßT�d´:Ù��*¡¤¾;Ù º ÙÄ�5Ù



­ äå× Õ+�F�l¥��ª�l¤�¯v�}ÇÐ�e§3¤?¥IÏ³�M¤�§��ª�� M� Ô ¤¶¸³�F�5 q�M�F¥ ÅcÍ

� 9	,"0;7 <8,/.o,�� Poc,T−δ(x0) -

� 9	,"0;7 <8,/.o,�� Poc,T (x0) -

x0 t
x∗T−δ(t)

u∗T−δ(t)

-qxS , uS t
T−δ

t
T

�*¡º¾ ¨5ª»£ º ÙÁ�vb�Ô�±�¥5±�§°±�¥5¡¤�¦¡º§SÜ�¼5ªB± ¼T£¢ªB§SÜ�´¶±�ªW§°¯5£rá¢£¦ª»±�§°£¢ªB©®¡º¥?«�­4�¦± ¥5³C§°ª°«v¡¤¥�§[Ò�kÁÚhÖµ×Ø³»�(¯5£¦©®£�b�§°¯;£³»±�­¤¨;§»¡¤± ¥�§°ª»«MLB£¢�d§°± ªB¡¤£¦³®±�´c¼5ª»± ½;­¤£¢©
Poc,T−δ(x0)

�¢«�¥�½T£r¼5ª»± ­º± ¥5¾ £¦²�§»±�´¶£¢«�³»¡º½5­¤£j§°ª»«MLB£¢�d§°± ªB¡¤£¦³ ´¶± ª¼5ªB± ½5­¤£¦©
Poc,T (x0)

æç¡Û§°¯5± ¨E§ç¡¤¥5�¦ª»£¬«v³»¡¤¥;¾W§°¯5£�± ½�LB£¦�¦§»¡ºà £vÙ

Î�¬3¯h�\�±° « ���Q�l�¦ \¤��+�c�V�?ì��5�SÕ�ÇÐÏn¸
Úµ¯5£ îO¨?«�³»¡¸·S¡º¥)�?¥5¡Û§°£W¯5±�ª»¡¤á¦± ¥ðÒ�Ócï:óc×c³B�(¯5£¢© £®£¦©®¼;­¤±JÜ�³�«�¼T± ³»¡Û§°¡ºà�£Ø²5£¡�5¥5¡º§»£ ¼T£¢¥5«�­º§SÜö©®«v§»ª»¡ÛÝ

P ∈
R

nx×nx
§°¯?«v§h«v­¤­¤±Jæç³4§»±Þ´¶±�ª»©W¨5­¤«v§°£c«Ø§»£¢ªB©®¡º¥?«�­Á¼T£¢¥5«�­º§SÜ�§»£¢ªB©

E(x(T )) := ‖x(T )− xS‖2P := ‖P 1
2 (x(T )− xS)‖22«�¥5²�«W§°£¦ª»© ¡¤¥?«�­L�¢± ¥;³B§°ª»«�¡¤¥�§

ri(x(T )) := α− ‖x(T )− xS‖2P ≥ 0,Ò¶æç¡Û§°¯
α > 0

×<§°¯?«Â§*�¦± ¥5³B§»ª°«�¡º¥5³
x(T )

§°±n½T£x¡º¥@«v¥W£¢­º­¤¡¤¼E§°¡¤�*ª»£¢¾�¡¤± ¥
Ω := {x ∈ R

nx|‖x−xS‖2P ≤ α} ÙÖx¯5£¦¥b«�¥5²�ën­º­¤¾�A�æ,£¢ªT� Öxë0» Ã ßTÖx¯5£\» Â �å¯?«¬à £@³B¯5±Jæç¥[¯5±Jæ�§»¯5£â©�«v§»ª»¡¸Ý
P

«�¥5²�§°¯;£��¦± ¥5³B§°«�¥�§
α

�¢«�¥½T£��¢± © ¼5¨;§»£¢²�³B±b§°¯?«v§@§°¯5£�© ± ¥5±v§°± ¥5¡º�¢¡Û§SÜ�¼5ª»± ¼T£¢ªC§SÜ�Ò º Ù Ã ×�¡¤³�³°«v§»¡¤³`�5£¢²<Ù�Úµ¯5£¦¡¤ªØ«�¼;¼5ª»±�«v�(¯<ßI§°¯?«Â§æx«�³�± ªB¡¤¾ ¡º¥?«�­º­ºÜö´¶± ªB©W¨5­ä«Â§°£¢²`´¶± ª}-�êc�_³BÜ�³C§°£¢© ³¢ß4æx«�³®¾ £¢¥5£¦ª°«�­º¡¤á¦£¢²`§°±�êçën� ³BÜ�³B§»£¢© ³�±�´n¡¤¥5²5£íÝO·± ¥5£�½�Ü��*¡º¥5²5£¦¡¤³»£¦¥b«�¥;²bën­º­¤¾�A�æ,£¢ª��Ä�Eë0�����ÏÙ0	]³B¡¤¥5¾ §°¯5£@³BÜ�³B§»£¢©G­¤¡¤¥;£¬«�ªB¡¤á¬«Â§°¡¤±�¥�«vª»± ¨5¥;²[§°¯5£�³B§»£¬«�²;Ü³B§°«v§°£�«�¥5²�«r­¤¡º¥5£¬«�ª��¦­¤± ³B£¢²E·¹­¤±�± ¼�­¤«¬æ
u(x) = uS + K · (x − xS)

ß*§»¯5£�©®«v§»ª»¡ÛÝ
P

¡º³��¦± © ¼5¨;§°£¦²«�³ §°¯5£r³»± ­º¨;§°¡º± ¥�±�´�«´/<Ü «�¼5¨5¥5±Jàð£¢îO¨?«v§»¡¤± ¥Áßµ«�¥5²�§°¯5£��¢± ¥5³C§(«�¥�§
α

¡º³®²5£d§°£¦ª»© ¡¤¥5£¦²�³»±t§°¯?«Â§�§°¯;££¢­º­¤¡º¼;§°¡º�âªB£¢¾ ¡º± ¥
Ω

¡º³n¼T± ³»¡Û§°¡ºà�£¢­ÛÜ�¡¤¥�àv«�ª»¡¤«�¥�§]´¶± ªh§°¯5£@­¤¡¤¥;£¬«�ªB­ºÜj�¦± ¥�§°ª»±�­¤­¤£¦²[�¦­¤± ³B£¢²E·¹­¤±�± ¼[³CÜE³C§°£¦©�ß$«v¥5²³»±t§°¯?«Â§ §»¯5£[¼5«v§°¯��¢± ¥;³B§°ª»«�¡¤¥�§»³
h(x, z, uS + K · (x − xS)) ≤ 0

«�ªB£�¥5±�§ àE¡º± ­ä«Â§°£¢²`¡º¥�§»¯5£�³B£¦§
{(x, z) ∈ R

nx × R
nz |x ∈ Ω, g(x, z, uS +K · (x− xS)) = 0} Ù

« �	�U���É q¤�°
�+�c�V��ì��F��¸w¥¦�F�o¤�§e° � �2�F· ¸³�F�¡ M�ª�3Ë
Úµ¯5£�¡¤²;£¬«b±�´h§°¯5£j¡º¥)�?¥5¡Û§°£í·S¯5± ªB¡¤á¦± ¥÷�¢­º± ³»£¦²E·S­º±E±�¼÷�¢± ³C§°¡º¥5¾�«�¼5¼5ªB±�«��(¯<ßl§°¯5«v§Øæ4«v³ ¼;ª»± ¼T± ³»£¦²`½OÜ�ên£Ó]¡º�¢± ­¤«�±5ßMÔ[«v¾ ¥5¡ÍßM«�¥;²~�E�¢«v§»§»± ­¤¡º¥5¡j� ê�Ô��?»�Ò �ÍßM¡¤³�§»±r¡º¥�§°ª»±�²5¨5�¦£�«j§°£¦ª»© ¡¤¥?«v­*¼T£¢¥?«�­Û§SÜö§°¯?«Â§�¡º³�¡º§»³»£¢­Û´§°¯;£â¡º¥)�?¥5¡Û§°£c¡º¥�§°£¢¾�ª°«�­<±v´ì§»¯5£�/M«v¾ ª°«�¥;¾ £�± ½�LB£¦�¦§°¡Ûà £

E(x(T )) :=

∫ ∞

T

L(x̂(t; x(T )), ẑ(t; x(T )), û(t; x(T ))) dt



Åv× ®
¤�¯h¥±°�²³���´¤¶µR·3 M�ª�´¯h¥�¸w�F�5 \�V�F¥

æç¯5£¦ª»£
x̂(t; x(T ))

«�¥5²
ẑ(t; x(T ))

«�ª»£�§°¯;£â§»ª°«MLB£¦�¦§°±�ª»¡¤£¦³]�¦± ª»ªB£¢³B¼L± ¥;²5¡¤¥5¾ §°±Þ§°¯5£�´¶± ­º­¤±Jæç¡¤¥5¾Ø�¦­¤± ³B£¢²E·­¤±�± ¼j¡º¥5¡º§»¡ä«�­Hàv«�­¤¨5£�¼;ª»± ½5­º£¢© ± ¥j§°¯5£�¯5± ªB¡¤á¦± ¥
[T,∞)

b
B(·) · ˙̂x(t) = f(x̂(t), ẑ(t), K(x̂(t))),

0 = g(x̂(t), ẑ(t), K(x̂(t))),

x̂(T ) = x(T ).Úµ¯5£@´¶¨;¥5�¦§»¡¤± ¥
K : Rnx → R

nu
¡¤³]�(¯5± ³»£¦¥ö³»±j«v³]§°±®³B§°«�½5¡¤­º¡¤á¦£�§»¯5£@³CÜ�³B§°£¦© ¡º¥�§°¯;£�à�¡¤�¦¡¤¥5¡Û§SÜj±�´Q§°¯;£

³B§»£¬«�²EÜ�³B§°«v§°£ Ò�§SÜ�¼5¡¤�¢«�­¤­ÛÜ®½�Ü�«n/�ÓW4��¢± ¥�§°ªB± ­<­¤«Jæ�´¶± ª2§°¯5£�³CÜ�³B§°£¦©.­¤¡º¥5£¬«vª»¡¤á¢«v§°¡º± ¥H×íÙìÚµ¯5£0�5¥?«�­<³C§(«v§»£�¢±�¥5³B§»ª°«�¡º¥O§
ri(x(T )) ≥ 0

©W¨5³C§c�¦± ¥5³B§»ª°«�¡º¥
x(T )

³»±®§°¯?«v§n«�­º­M¼;ª»£¢²;¡¤�¦§»£¢²b�¦­¤± ³B£¢²E·¹­¤±�± ¼�§°ª°«qLB£¢�¦§»± ª»¡º£¢³
x̂(t; x(T ))

ß
ẑ(t; x(T ))

ß�«�¥;²
û(t; x(T )) := K(x̂(t; x(T )))
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ÔjÄ1Ã|Ä�Ã Û É <=!ÈÛ �;��7n� ×�& � < �I�nÉ & 7
ïS¥÷± ªB²5£¢ªâ§°±�½L£�«�½5­¤£Þ§°±r§°ªB£¬«v§�¼5ª»±�½5­¤£¦©®³�æç¡º§»¯÷«�àv«�ªB¡ä«�½5­º£Ø¯5± ªB¡¤á¢±�¥Z­¤£¦¥5¾�§»¯

T
�¢±�¥Oà�£¢¥5¡º£¢¥�§°­ÛÜ ßIæ,£¡¤¥�§»ª»±�²5¨5�¢£�«Ø§°¡º©®£]§°ª°«v¥5³B´¶± ªB©�«Â§°¡¤±�¥

t : [0, 1] → [0, T ], τ 7→ t(τ, T ) := Tτæç¯5¡º�(¯ð«v­¤­¤±Jæç³W¨;³W§°±öª»£¦¾�«�ªB²ð«v¥�± ¼;§°¡º©®¡ºá¬«v§»¡¤± ¥t¼5ªB± ½5­¤£¦© ± ¥÷§»¯5£P�;ÝE£¢²`¯5± ªB¡¤á¦± ¥
[0, 1]

± ¥5­ºÜ�ÙZõ2Ü¡¤¥�§»£¢ª»¼;ª»£¦§»¡¤¥5¾r§°¯5£ §°ª»«MLB£¢�d§°± ªB¡¤£¢³â±�´
x
ß
z
ßQ«�¥5²

u
«�³�´¶¨;¥5�¦§»¡¤± ¥5³â±�´

τ ∈ [0, 1]
æx£®�¬«�¥Z´¶±�ª»©W¨5­¤«v§°£ «¼5ªB± ½5­¤£¦©�± ¥[§°¯;£W¯5± ªB¡¤á¢±�¥

[0, 1]
§°¯5«v§n¡º³n£¦î�¨;¡ºàv«�­¤£¦¥�§n§°±�¼5ª»± ½;­¤£¢©�Ò º Ù º ×íÙcï¹´Q§»¯5£@¯;± ª»¡ºá¢± ¥b­º£¢¥5¾v§°¯

T¡¤³hàv«�ª»¡¤«�½5­¤£vßTæ,£@æç¡º­¤­å§°ª»£¢«v§c¡Û§�«�³c«®´¶ª»£¦£W¾ ­¤±�½?«�­å¼?«�ª»«�©®£d§°£¦ª¢ßL§»¯?«v§n�¬«�¥ö�¦± ¥5�¢£¦¼;§°¨5«�­¤­ÛÜ�½T£W­º±E�¢«�­¤¡ºá¢£¢²½�Üt¡¤¥�§°ªB±E²5¨;�¦§°¡º± ¥�±�´µ«v¥÷«�²5²;¡º§°¡º± ¥?«�­ì§°ª»¡Ûà�¡ä«�­I²;¡ºãL£¢ª»£¦¥�§°¡ä«v­Q£¢îO¨?«v§»¡¤± ¥
Ṫ (τ) = 0

æç¡º§»¯Z«�´¶ª»£¦£®¡º¥5¡º§»¡ä«�­àv«�­¤¨;£�ÙIÚM±Wñ�£¦£¢¼�¥5±�§°«v§°¡º± ¥ ³»¡¤© ¼5­º£hæ,£næç¡¤­º­?¡¤¥ §°¯5£n´¶±�­¤­¤±Jæç¡º¥5¾�³»¨5½5³B£¢�d§°¡¤±�¥5³µ«�³B³»¨5© £n§°¯5«v§
T

¡º³I�;ÝE£¢²Áß½5¨;§hñv£¢£¢¼�¡¤¥�© ¡¤¥5²�§»¯?«v§µ§°¯;£â�¢«�³»£â±�´*«Wà�«vª»¡ä«v½5­¤£c¯;± ª»¡ºá¢± ¥j¡º³h�¢«�¼;§»¨5ª»£¦²�½�Ü�§»¯5¡¤³h«�¼5¼;ª»±�«��(¯Áß5§°±�±5Ù

 Â
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0 τ1 τ2 τ3 τ4 1
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s0

s1
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s3

s4

s5

0 τ1 τ2 τ3 τ4 1

x(τ)

τ

•
•

•
•

•
•

�*¡¤¾�¨5ª»£d
�Ù º b2Öx±�¥O§»ª»± ­å«v¥5²�³C§(«v§»£�¼?«�ª°«v©®£d§°£¢ªB¡¤á¢«v§°¡º± ¥�Ò
N = 5

×íÙ
ÔjÄ1Ã|ÄBÔ Ù'& 72�E� &�8 Õ É:���L� ! �nÉ�èL�Q�ÊÉ & 7
ïS¥j§°¯5£�²5¡ºª»£¦�¦§µ©W¨;­º§°¡º¼5­¤£]³»¯5±�±�§»¡¤¥5¾Ø© £¦§»¯5±E²tÒÑ«�³µ¡¤¥�«v­¤­Á²;¡¤ª»£¦�¦§ç³B± ­¤¨;§»¡¤± ¥�«�¼5¼5ªB±�«��(¯5£¦³(×x§°¯5£�¡º¥)�?¥5¡Û§°£¦­ºÜ©®«�¥�Üj²5£¢¾�ª»£¢£¦³]±v´*´¶ª»£¦£¢²5±�©

u(τ)
´¶±�ª

τ ∈ [0, 1]
«�ªB£�«v¼5¼5ª»±¬ÝE¡¤©®«v§»£¢²�½�Ür«R�?¥;¡º§°£��¦± ¥�§°ª»±�­$ª»£¢¼;ª»£¢³B£¢¥E·§(«Â§°¡¤±�¥<Ù��?± ª4§°¯;¡¤³ç«�¡º© æ,£â�(¯;±E± ³B£@«Ø©W¨;­º§°¡º¼5­¤£]³»¯5±�±�§»¡¤¥5¾Ø¾ ªB¡¤²

0 = τ0 < τ1 < . . . < τN = 1,
Ò�
EÙ º ×

«�¥5²�«v¼5¼5ª»±¬ÝE¡¤©®«v§»£â§»¯5£W�¢±�¥O§»ª»± ­
u(τ)

½�Üö« ËTÄÍÆ(Ì(Æø�QÄ¤ùJÆ@�¢±�¥5³B§°«�¥�§��¢± ¥�§»ª»± ­ìª»£¢¼;ª»£¢³B£¢¥�§(«Â§°¡¤±�¥<ß<¡ÍÙ £�ÙÛßLæ,£³»£d§
u(τ) := qi

´¶± ª
τ ∈ [τi, τi+1), i = 0, 1, . . .N − 1,

Ò�
EÙ½
 ×
æç¡º§»¯

N
à £¢�d§°± ªB³

qi ∈ R
nu
ßÁ«�³n³Bñ�£d§°�(¯5£¦²�± ¥�§°¯5£�­¤£¦´�§]¯?«�¥;²b³»¡º²5£@±�´m�ì¡¤¾5Ù5
EÙ º Ù��H±�ª]�¦± ©®¼;­¤£¦§»£¢¥5£¦³»³¦ßæ,£�³B£¦§]«�³ç�¢± ¥�§»ª»± ­$«Â§h§»¯5£W�?¥?«�­L§°¡¤© £

u(1) := qN := qN−1,æç¯5£¦ª»£]§»¯5£çà £¢�d§°± ª
qN

¡º³2¡º¥�§°ª»±�²5¨5�¦£¢² ´¶± ªQ¥5±�§°«v§°¡º± ¥?«�­5�¦± ¥�à £¦¥5¡¤£¦¥5�¢£c±�¥5­ºÜÞ«v¥5² æç¡º­¤­?¥5±v§,½T£hª»£¢¾ «�ª»²5£¦²«�³�«®¥5£¦æ ¼?«�ª»«�©®£d§°£¦ª¢ßÁ½;¨;§ILB¨5³C§�«�³�«�³B£¢�¦± ¥5²�¥?«�© £@´¶± ª
qN−1

Ù�Ó]±�§»£@§°¯?«Â§c§°¯5£@¼L± ¡º¥�§nàv«�­¤¨;£
u(1)±�´Q§»¯5£W�¢±�¥O§»ª»± ­ì©�«¬Ü�²5¡¤ªB£¢�d§°­ºÜr¡º¥)�?¨5£¦¥5�¢£@§»¯5£w�?¥5«�­I«�­º¾ £¢½;ª°«�¡º��³C§(«v§»£

z(1)
Ò¶§»¯?«v§n¡¤³c²5£d§°£¦ª»© ¡¤¥5£¦²b½�Ü

g(x(1), z(1), u(1)) = 0
×ç«v¥5²��¬«�¥�§°¯5£¦ª»£d´¶± ª»£�¥5±�§h½T£�¥5£¢¾�­¤£¢�d§°£¦²�¡º¥�§»¯5£��¬«�³B£�±�´Qêµëc�ð©®±�²5£¢­º³¢Ùï¹§@¡º³�¼L±�³»³»¡º½5­¤£Ø§»±�¨5³B£®±v§°¯5£¦ª¢ßå¼L±�³»³»¡º½5­ºÜb¯5¡¤¾ ¯;£¢ª�± ª»²;£¢ª��¢± ¥�§»ª»± ­Q¼?«vª°«�© £¦§»£¢ª»¡ºá¬«v§»¡¤± ¥;³�± ¥t§»¯5£Þ¡¤¥E·

§°£¦ªBàv«�­º³rÒÑ£�Ù ¾5Ù�­º¡¤¥5£¢«�ªW± ªØ�¦¨5½5¡¤��¼T± ­ºÜ�¥5±�©®¡¤«�­¤³°×dß*½;¨;§ ¡º§Ø¡º³Ø±�´n�¦ª»¨5�¦¡ä«�­µ¡º©®¼T± ªC§(«�¥5�¦£®´¶± ªW§»¯5£�²5¡¤ªB£¢�d§©W¨5­Û§°¡º¼5­¤£ç³»¯;±E±�§»¡¤¥5¾�©®£d§°¯5±�²�§»¯?«v§x§»¯5£c�¦± ¥�§°ª»±�­L¼?«vª°«�© £¦§»£¢ª»¡ºá¬«v§»¡¤± ¥ ¯?«�³x­¤±��¬«�­H³»¨;¼5¼L±�ªB§µ± ¥®§°¯5£c©@¨5­Û·§°¡º¼5­¤£h³»¯;±E±�§»¡¤¥5¾@¡¤¥�§°£¦ªBàv«�­¤³
[τi, τi+1]

ßE³»±W§°¯5«v§x§»¯5£c�¢±�¥O§»ª»± ­L¼?«�ª»«�©®£d§°£¦ª»³4¯?«¬à�£�«@­¤±��¬«�­H¡º¥)�?¨5£¦¥5�¢£c±�¥5­ºÜÒÑ�d´:ÙI�E£¢�vÙcÒ;Ù º ×dÙ
J�¯5£¢ªB£��¦± ¥�§°¡º¥�¨;¡º§SÜ�±�´�§°¯5£��¦± ¥�§°ª»±�­¤³j¡¤³�²5£¦³»¡ºª»£¢²Áßn§°¯5£t�¢±�¥O§»ª»± ­��¢«�¥�£�Ù ¾5Ù ½T£ö§°ªB£¬«v§»£¢²�«�³r«�¥«�²5²;¡º§°¡º± ¥?«�­L²5¡ºãL£¢ªB£¢¥�§°¡¤«�­Á³CÜ�³B§°£¦©�³B§(«Â§°£�æç¯5± ³B£�§»¡¤© £c²5£¦ª»¡ºàv«v§»¡ºà�£��¬«�¥r½L£��¦± ¥�§°ª»±�­¤­¤£¦²<Ù

ÔjÄ1Ã|Ä�æ Ú �E�I� ! Å �l�;� <=! � ! �nÉ�èÁ�I�ÊÉ & 7
ïS¥®«��¦ª»¨5�¦¡ä«�­;³»£¢�¦± ¥5² ³B§»£¢¼<ß

2(N+1)
«�²5²5¡Û§°¡º± ¥?«�­Oà £¦�¦§°±�ª»³

sx0, s
x
1 , . . . , s

x
N

«�¥;²
sz0, s

z
1, . . . , s

z
N

±�´T§°¯;£³°«v©®£2²5¡¤© £¢¥;³»¡¤±�¥5³
nx

«v¥5²
nz

«�³ì²;¡ºãL£¢ª»£¦¥�§°¡ä«v­O«�¥5²Ø«�­º¾ £¢½;ª°«�¡º�Q³BÜ�³B§»£¢©	³B§(«Â§°£¢³*«�ª»£2¡¤¥�§»ª»±�²5¨5�¢£¦²<ßvæç¯;¡¤�(¯



Å$ä ­�Ï����c¨�¥ª¤�� Ï0¯��V¯v�´¤� q¤����?ì�¯) M���F� Å ¹

æ,£�æç¡¤­º­Q²5£¢¥5±v§°£�²;¡ºãL£¢ª»£¦¥�§°¡ä«v­,«v¥5²�«�­º¾ £¢½5ª»«�¡¤��¿ÁÀ¢Ê�Æ ÐÂÇ�ÃÅú?Æ(ùdÙ��?± ªâ½5ªB£¦à�¡º§SÜ�æ,£�æç¡¤­º­Q±�´�§°£¦¥÷�¢± ©@½5¡¤¥5£§°¯;£¢©.¡º¥�§»¯5£�à £¦�¦§°±�ª»³
si := (sxi , s

z
i )
Ùën­º­;½5¨;§*§°¯5£µ­¤«�³B§Q¥;±E²5£,à�«v­¤¨5£4³B£¢ªCà £h«�³Q¡¤¥;¡º§°¡¤«�­ àv«�­¤¨;£¢³*´¶± ª

N
¡¤¥5²;£¢¼T£¢¥5²5£¦¥�§çÈ(ÆdÃÛÇ\[EÆ»ÊW¡º¥5¡º§»¡ä«�­�àv«�­¤¨;£¼5ªB± ½5­¤£¦©®³µ±�¥�§»¯5£�¡¤¥�§°£¦ªBàv«�­º³

[τi, τi+1]
b

B(·) · ẋi(τ) = T f(xi(τ), zi(τ), qi)
Ò�
�Ù½À�×

0 = g(xi(τ), zi(τ), qi)− exp

(

−β τ − τi
τi+1 − τi

)

g(sxi , s
z
i , qi)

Ò�
�ÙÁ�O×
xi(τi) = sxi .

Ò�
�Ù ¿ ×
Úµ¯5£h²5£¢�¢«¬ÜE¡º¥5¾â³»¨5½;§»ª°«�¯;£¢¥5²®¡¤¥�Ò�
EÙÄ�O×*æç¡º§»¯

β > 0
¡¤³Q²;£¢­¤¡º½L£¦ª°«v§»£¢­ÛÜW¡¤¥�§»ª»±�²5¨5�¢£¦² §»±�´Ñ«��¢¡º­¤¡º§°«v§°£x«�¥ £¦�Ø·�¢¡º£¢¥�§2êµëc�Z³B± ­¤¨E§°¡¤±�¥@´¶± ªQ¡¤¥;¡º§°¡¤«�­�àv«�­¤¨5£¦³l«�¥5²Þ�¢±�¥O§»ª»± ­º³

sxi , s
z
i , qi

§°¯?«v§I©�«¬Ü@§»£¢© ¼L±�ª°«�ªB¡¤­ºÜ�à�¡º± ­ä«v§»£x§°¯;£�¢±�¥5³»¡º³B§°£¦¥5�¦ÜW�¢± ¥5²;¡º§°¡º± ¥5³4Ò º Ù º �J×,ÒÑ¥5±v§°£4§°¯5«v§
(sxi , s

z
i , qi)

¡¤³ì¼L£¦ªQ²5£¡�?¥;¡º§°¡º± ¥W«c�¦± ¥5³B¡¤³B§»£¢¥�§l¡¤¥;¡º§°¡¤«�­�àv«�­¤¨5£´¶± ª$§°¯;£,ªB£¢­ä«éÝ;£¦²@¡º¥5¡º§»¡ä«�­Âà�«v­¤¨5£l¼5ªB± ½5­¤£¦©�×íÙåÚµ¯5¡¤³M©®±�²5¡z�?�¬«v§»¡¤± ¥ØÒÏõx±��(ñ�£¦§ì«�­ÍÙ£� õ4�m� Ã�Ã ��×íß�¡¤³å�¦± ©®© ± ¥5­ÛÜª»£d´¶£¢ªBª»£¢²�§°±®«�³ç«�È°ÆdÃÛÇ\[EÆ»Ê�êµën��´¶± ª»©W¨;­ä«v§»¡¤± ¥<ß��¦´:Ùm���(¯�¨;­¤áâ£¦§]«�­ÍÙ��½�Eõf�)» Ã �Ïßc/$£¢¡º¥5£¦æ,£¢½T£¢ª:�Ä/å£¦¡±»�»"�ÍÙÚµ¯5£ç³»± ­º¨;§°¡º± ¥5³I±v´L§»¯5£¢³B£h¡º¥5¡º§»¡ä«�­�àv«�­º¨5£4¼5ªB± ½5­¤£¦©®³l«vª»£
N

¡º¥5²5£¢¼T£¢¥;²5£¢¥�§l§°ª»«MLB£¢�d§°± ªB¡¤£¢³
xi(τ)

ß
zi(τ)± ¥

[τi, τi+1]
ßMæç¯;¡¤�(¯�«�ªB£ «r´¶¨5¥5�d§°¡º± ¥�±v´

si
«v¥5²

qi
± ¥5­ÛÜ Ù®ïS¥Z± ªB²5£¢ª�§°±�ñ�£¢£¦¼Z§°¯;¡¤³�²5£¢¼T£¢¥;²5£¢¥5�dÜ÷¡º¥© ¡¤¥5²<ßEæx£�æç¡¤­º­Á²5£¦¥5±�§°£�§°¯;£¢©.±�´�§»£¢¥r½�Ü

xi(τ ; si, qi)
«�¥5²

zi(τ ; si, qi)
Ù@��£¢£�§°¯5£�ª»¡º¾ ¯�§ç¯?«�¥5²r³»¡º²5£�±�´

�*¡º¾5Ùh
EÙ º ´¶± ªç«�¥r¡¤­º­¤¨5³C§°ª°«Â§°¡¤±�¥<Ùõ,Üb³B¨5½5³C§°¡º§»¨;§°¡º¥5¾�§»¯5£W¡¤¥;²5£¢¼T£¢¥5²;£¢¥�§�§°ª»«MLB£¢�d§°± ªB¡¤£¢³
xi(τ)

ß
zi(τ)

¡¤¥�§»±�§°¯5£�/M«v¾ ª°«�¥;¾ £@§°£¦ª»©
L

¡º¥�QîHÙçÒ º Ù º «�×�æx£j�¢«�¥�³»¡º©W¨5­Û§(«�¥5£¦± ¨5³B­ºÜt�¬«�­º�¢¨5­¤«v§°£Þ§°¯;£j¡¤¥�§°£¦¾ ª°«�­2± ½�LB£¦�¦§»¡ºà £j�¦± ¥�§°ªB¡¤½5¨;§»¡¤± ¥;³
Li(si, qi)§°¯5«v§h«�ª»£�¾ ¡Ûà £¦¥�½�Ü

Li(si, qi) :=

∫ τi+1

τi

T L(xi(τ), zi(τ), qi)) dτ.
Ò�
EÙ½Ò ×

Úµ¯5£4¡º¥O§»ª»±�²5¨5�d§°¡¤±�¥@±�´?§»¯5£,àv«�­º¨5£¢³
sxi

«�¥5²
szi

¯?«�³ì¡¤¥�§°ªB±E²;¨5�¢£¦²Ø¥5± ¥E·¹¼5¯�ÜE³B¡¤�¢«�­E²;£¢¾ ªB£¢£¢³Q±v´5´¶ª»£¦£¢²5± ©§°¯5«v§µ¯?«¬à £�§»±Ø½L£�ªB£¢© ±éà�£¢²�½�Üj�¢±�ª»ª»£¦³»¼T± ¥5²5¡º¥5¾Ø£¢îO¨?«v­¤¡º§SÜ®�¢±�¥5³B§»ª°«�¡º¥O§»³µ¡¤¥�§»¯5£�Ói/åÕMÙh�*¡¤ªB³B§¢ßEæ,£â¯5«Jà�£§°±Zª»£¢îO¨5¡ºª»£r§°¯?«v§®§°¯5£[ª»£¢­¤«ÂÝ;«v§°¡º± ¥`§°£¢ªB©®³®¡¤¥�§°¯5£bªB£¢­¤«ÂÝE£¢²�êµëc� ´¶± ª»©@¨5­ä«v§»¡¤± ¥�Ò�
EÙÁ��×Øàv«�¥5¡º³»¯<ßµ¡ÏÙ £vÙºß´¶± ªB©W¨5­ä«Â§°£n§»¯5£®Ç�ÃÄ��Æo�¢È»Ç�ÄÍÌ�Ì(ÀÂ¿;ùdÄ¤ùdÎ:Æd¿ÁÌdþn�¢± ¥5²;¡º§°¡º± ¥5³
g(sxi , s

z
i , qi) = 0 i = 0, 1, . . . , N.

Ò�
EÙ Â ×
�E£¦�¢± ¥5²;­ºÜ ßTæx£�¯?«¬à £@§»±�£¢¥E´¶± ª»�¦£@�¢±�¥O§»¡¤¥O¨5¡Û§SÜ�±v´I§°¯5£�²5¡ºãL£¢ªB£¢¥�§°¡¤«�­å³B§°«v§°£â§°ª°«qLB£¢�¦§»± ªBÜr½�Ür´¶± ª»©W¨;­ä«v§»¡¤¥5¾§°¯;£[´¶± ­¤­º±Jæç¡¤¥5¾`É Ç�ÎSÌ���Ä�¿���Ì(ÀÂ¿TÊ�Ä�ÎÏÄÍÀÂ¿;ù æç¯5¡º�(¯�ª»£¦î�¨;¡¤ª»£�§°¯?«v§�£¬«��(¯�²;¡ºãL£¢ª»£¦¥�§°¡ä«v­h¥;±E²5£ràv«�­¤¨5£

sxi+1³»¯;± ¨5­¤²�£¦î�¨5«�­$§°¯5£W�?¥?«v­Áàv«�­¤¨5£�±v´ì§»¯5£�¼5ª»£¦�¢£¢²;¡¤¥5¾Þ§°ª»«MLB£¢�d§°± ªCÜ
xi
b

sxi+1 = xi(τi+1; si, qi), i = 0, . . . , N − 1.
Ò�
EÙ Ã ×

Úµ¯5£
�?ªB³B§Ø²;¡ºãL£¢ª»£¦¥�§°¡ä«v­,¥5±�²5£�àv«�­º¨5£
sx0

¡º³Wª»£¦î�¨;¡¤ª»£¦²÷§°±b½T£�£¦î�¨5«�­x§°±b§»¯5£�¡º¥5¡º§»¡ä«�­Iàv«�­º¨5£
x0

±�´ç§°¯;£± ¼;§»¡¤© ¡¤á¢«v§°¡º± ¥�¼5ªB± ½5­º£¢©�b
s0 = x0.

Ò�
�Ù½»�×
ÚM± ¾ £¦§»¯5£¢ª¦ß5§°¯5£��¦± ¥5³C§°ª°«v¡¤¥�§°³�Ò�
�Ù Â ×íß�Ò�
EÙ Ã ×dß5«�¥5²�Ò�
EÙÁ»�×xªB£¢© ±éà�£c§°¯5£â«�²;²5¡º§»¡¤± ¥?«v­L²5£¦¾ ª»£¦£¢³h±�´å´¶ª»£¦£¢²5± ©æç¯5¡º�(¯�æ,£¢ª»£@¡¤¥�§°ªB±E²5¨;�¢£¢²ræç¡º§»¯r§»¯5£�¼5«�ª°«�© £¦§»£¢ªB³

si
ß
i = 0, . . . , N

Ùµï¹§]¡¤³ç½�Ür¥5±�© £¬«�¥;³]¥5£¦�¢£¦³»³°«vªBÜ§°¯5«v§µ§°¯5£¦³»£��¢±�¥5³B§»ª°«�¡º¥O§»³h«�ª»£�³»«v§°¡º³`�?£¦²ZÊ�ú�ÈíÄ�¿���§»¯5£�± ¼;§»¡¤© ¡¤á¬«Â§°¡¤±�¥®¡Û§°£¢ª»«v§°¡º± ¥5³�{�± ¥j§»¯5£��¢± ¥�§»ª°«�ªCÜ ß?¡º§¡¤³h«Þ�¢ªB¨5�¢¡¤«�­<´¶£¬«v§»¨5ª»£â±�´ì§°¯5£â²5¡¤ªB£¢�d§]©@¨5­º§»¡¤¼5­º£c³»¯5±�±�§»¡¤¥5¾Þ© £¦§°¯;±E²�§°¯?«Â§]¡Û§h�¬«�¥�²5£¬«�­<æç¡Û§°¯�Ä�¿¬û¬Æ»ÇÂùdÄª�¢Ã¤Æ¡¤¥;¡º§°¡¤«�­T¾ ¨5£¢³B³»£¦³]±�´M§°¯;£�àv«�ªB¡ä«�½;­¤£¢³
si
Ù
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ÔjÄ1Ã|Ä?ÿ Õ É:���L� ! �nÉ�èL�Q�ÊÉ & 7 &|× Å �I�ÊØ Ù'& 7n�����5�|É17,�E�
	]³B¡¤¥5¾Þ§°¯;£�©W¨;­º§°¡º¼5­¤£n³»¯5±�±�§°¡º¥5¾Þ¾ ª»¡º²

τ0
ß
. . .

ß
τN

ß?§°¯5£�¡¤¥?�?¥5¡º§»£�²5¡¤© £¢¥5³B¡¤± ¥5«�­<¼?«v§»¯�¡º¥5£¢îO¨?«v­¤¡º§SÜ��¢± ¥�·³B§»ª°«�¡º¥�§°³�Ò º Ù º ¾O×,«�ª»£�§°ª»«�¥5³C´¶± ª»© £¢²�¡¤¥�§»±
N + 1

à £¦�¦§°±�ªh¡º¥5£¢îO¨?«v­¤¡º§SÜ��¢± ¥;³B§°ª»«�¡¤¥�§»³
h(sxi , s

z
i , qi) ≥ 0, i = 0, 1, . . . , N.

Ó]±v§°£n§»¯?«v§µ¡Û§xæ,± ¨5­¤²j½T£�£¢îO¨?«v­¤­ºÜ ¼T± ³»³B¡¤½5­º£n§°±@¨5³»£�«w�?¥;£¢ªµ¾ ªB¡¤²�´¶± ª,§°¯5£c²;¡¤³»�¦ª»£d§°¡¤á¢«v§°¡º± ¥�±�´$§»¯5£�¼?«v§»¯�¢±�¥5³B§»ª°«�¡º¥O§»³¢Ù

Ë�·8Ë VXbPÿ ý ý��Q�	�	�Pÿ�ST�Î���Uý:P:�@S:Y Y ���QP ���Uý:¸��¡ÿ�Y
Úµ¯5£W�?¥5¡Û§°£�²5¡º©®£¦¥5³»¡º± ¥?«�­ÁÓi/åÕ�¡¤¥�§»¯5£�²5¡¤ªB£¢�d§]©@¨5­º§»¡¤¼5­º£n³»¯;±E±�§»¡¤¥5¾Ø¼5«�ª°«�© £¦§»£¢ªB¡¤á¬«Â§°¡¤±�¥�¡¤³µ¾ ¡Ûà £¦¥[«�³

P (x0) : min
q0, . . . , qN−1,

s0, . . . , sN

N−1
∑

i=0

Li(s
x
i , s

z
i , qi) + E(sxN , s

z
N)

Ò�
EÙ º � «�×

³»¨5½�LB£¢�¦§h§°±
sxi+1 − xi(τi+1; s

x
i , s

z
i , qi) = 0, i = 0, . . . , N − 1,

Ò�
EÙ º ��½H×
g(sxi , s

z
i , qi) = 0, i = 0, . . . , N,

Ò�
EÙ º ���¬×
sx0 − x0 = 0,

Ò�
EÙ º ��²H×
re(sxN , s

z
N) = 0,

Ò�
EÙ º ��£J×
ri(sxN , s

z
N) ≥ 0,

Ò�
�Ù º �Â´(×
h(sxi , s

z
i , qi) ≥ 0, i = 0, . . . , N.

Ò�
EÙ º ��¾�×

Úµ¯5¡¤³�¡º³c§°¯5£ Ói/åÕ�¼;ª»± ½5­º£¢©G´¶± ª»©W¨;­ä«v§»¡¤± ¥r§°¯?«v§�æ,£Þæç¡¤­¤­ì¨5³»£ «�³â«jª»£d´¶£¢ªB£¢¥5�¦£®¡º¥�§»¯5£Ø´¶± ­¤­º±Jæç¡¤¥5¾�(¯?«�¼E§°£¢ªB³¢Ùm�?± ª4«âàE¡º³»¨?«v­¤¡¤á¢«v§°¡º± ¥Þ±�´$§°¯;£�Ói/åÕ÷àv«�ª»¡¤«�½5­¤£¦³¢ß�³»£¦£W�*¡¤¾;Ù)
�Ù¾
EÙ*ï¹§4§°¨5ªB¥5³4± ¨E§x§°¯5«v§x§»¯5£�Ói/åÕ¯?«�³2«�à £¦ªBÜØ´Ñ«¬à ± ¨;ª°«�½5­º£ç³»¼?«�ªB³»£h³B§»ª»¨5�d§°¨5ªB£�ß�²5¨5£ç§°±�§°¯5£ç´Ñ«��d§Q§°¯?«v§,«�­º­5�¢±�¥5³B§»ª°«�¡º¥O§l´¶¨5¥;�¦§°¡º± ¥5³2«�¥5²Þ§°¯;£«�²5²;¡º§°¡Ûà £c§»£¢ª»© ³µ±�´å§°¯;£â±�½�LB£¢�d§°¡ºà�£�´¶¨5¥5�¦§»¡¤± ¥�£¢«��(¯�²;£¢¼T£¢¥5²r± ¥5­ÛÜ�± ¥r«Ø³»©®«�­¤­L¥O¨5©W½T£¢ªµ±�´Màv«�ª»¡¤«�½5­¤£¦³¢ß«�¥5²r�¢±�¥Oà�£¢ªB³»£¢­ÛÜ ßH£¬«v�(¯�àv«�ª»¡¤«�½5­º£c«�¼5¼T£¬«vª»³ç± ¥5­ÛÜ�¡¤¥r«W´¶£¦æ�¼5ª»±�½5­¤£¦© ´¶¨5¥5�d§°¡¤±�¥5³¢ÙÚì± �¢±�¥Oà�£¢¥5¡º£¢¥�§°­ÛÜjæçª»¡Û§°£c§°¯;£�Ó�/åÕ�Ò�
EÙ º ��×x¡º¥�« ³B¯5± ªC§°£¢ªµ´¶± ªB© ­º£¦§ç¨5³ç¡¤¥�§»ª»±�²5¨5�¢£c§»¯5£�à £¦�¦§°±�ª»³

q :=







q0ÙÙÙ
qN−1






∈ R

nq , s :=







s0ÙÙÙ
sN






∈ R

ns,
«v¥5²

w :=

(

q
s

)

∈ R
nw

æç¡º§»¯
nq := Nnu

ß
ns := (N + 1)(nx + nz)

ßâ«�¥5²
nw = nq + ns

ßâ«�¥5²�²5£ø�?¥5£
F (w) :=

∑N−1
i=0 Li(si, qi) + E(sN)

«�¥5²ö³»¨;©®©®«�ª»¡ºá¢£�«�­¤­M£¢îO¨?«v­¤¡º§SÜ��¢±�¥5³B§»ª°«�¡º¥O§»³c¡¤¥b«�´¶¨5¥5�¦§»¡¤± ¥
G : Rnw →



Å$äBÅ ²wÊ3¤�Õ��5�l¥ª���3¤�¯��}Ï ���cË!�M¯h�´�~���3Ë©Ï����c¨�¥ª¤�� Í ­

q0

q1
q2

qN−1u u u u u u u u u u6

s0 s1
s2

s3

u sN

r r r r r r-

�*¡º¾ ¨5ªB£d
EÙ½
?bQÚµ¯5£�Ói/åÕðàv«�ª»¡¤«�½5­º£¢³4¡º¥�§°¯5£�©W¨5­Û§°¡º¼5­¤£]³»¯5±�±�§°¡º¥5¾Þ¼?«�ª»«�©®£d§°£¦ª»¡¤á¢«v§°¡º± ¥

R
nG

«�¥5²t«�­¤­ì¡¤¥5£¦îO¨?«�­¤¡Û§SÜ[�¦± ¥5³C§°ª°«v¡¤¥�§°³�¡º¥�«j´¶¨;¥5�¦§»¡¤± ¥
H : Rnw → R

nH
Ù@Úµ¯;£®Ó�/åÕ��¬«v¥�§»¯5£¢¥t½T£³»¨;©®©®«�ª»¡ºá¢£¦²�«�³

min
w ∈ R

nw
F (w)

³B¨5½�LB£¢�d§n§»± {

G(w) = 0,
H(w) ≥ 0.

J�£�æç¡¤­º­,¡º¥Z§°¯5£�´¶±�­¤­¤±Jæç¡º¥5¾bÖx¯5«�¼;§°£¦ªRÀb²5¡¤³B�¢¨5³B³Ø¯5±Jæ §»±b²5£¦�¢¡¤²;£j¡º´h«b¼T± ¡¤¥�§
w ∈ R

nw
¡¤³@«b­¤±��¬«�­± ¼;§»¡¤©W¨;© ±v´M§»¯5£�Ói/åÕT
EÙ º �;ÙQõx¨;§ç­º£¦§x¨5³µ½L£d´¶± ª»£¦¯?«�¥5²�½5ªB¡¤£ø�5Ü�© £¢¥�§°¡º± ¥�³B± ©®£n³B§°ªB¨5�¦§»¨5ª°«v­Á´¶£¬«v§»¨5ª»£¦³±�´M§°¯5£âÓ�/MÕMßH«�¥5²�«�­¤³B±Ø¾ ¡ºà�£â«�¥�£dÝ;«�© ¼5­¤£c´¶± ª4§»¯5£�©W¨5­Û§°¡¤¼;­¤£n³B¯5±�±�§°¡º¥5¾Ø¼?«�ª»«�©®£d§°£¦ª»¡¤á¢«v§°¡º± ¥<Ù

®
¤��´¯��MÜ"�F�S MÊ3¤ « ���É M�¦¯h¥Qá³¯v¥�¬3¤'¸��F���ø #�M¯h���F 
ïS¥�«öª»£¬«v­Û·¹§»¡¤© £�«v¼5¼5­¤¡º�¬«v§»¡¤± ¥�±�´h± ¨5ªØ± ¼E§°¡¤© ¡¤á¢«v§°¡º± ¥�«�­¤¾ ±�ª»¡º§»¯5© ³¢ßì§»¯5£�¼5ª»±�½5­¤£¦©

P (x0)
¯5«�³W§°±�½T£³»±�­ºà £¦²�³»£¦à�£¢ª»«�­I§°¡º©®£¦³¢ßÁ£¢«��(¯ö§°¡º©®£â´¶± ªc«�²5¡ÛãÁ£¦ª»£¦¥O§�¡º¥5¡º§»¡ä«�­<àv«�­º¨5£

x0
Ù�ïS¥�± ¨5ªcªB£¬«�­¸·¹§»¡¤© £â³C§°ª»«v§°£¦¾ ¡¤£¦³æ,£�æç¡¤­º­$£dÝE¼5­º± ¡º§h§°¯5£�´Ñ«��d§n§°¯5«v§]§»¯5£W«v�¦§°¨5«�­$à�«v­¤¨5£â±�´

x0
£¦¥�§°£¢ªB³n§°¯;£�¼5ªB± ½5­º£¢©

P (x0)
± ¥5­ºÜjà�¡¤« §°¯;£¡¤¥;¡º§°¡¤«�­<àv«�­¤¨;£W�¢± ¥;³B§°ª»«�¡¤¥�§ØÒ�
EÙ º ��²H×íÙWJZ£W©®«¬Ü�§»¯5£¢ªB£¦´¶± ªB£W¡¤³B± ­ä«Â§°£�§»¯5¡¤³]�¢± ¥;³B§°ª»«�¡¤¥�§¢ß$«�¥5²ö³B¨5©®©®«�ªB¡¤á¢£§°¯;£â±�¼;§°¡º©®¡ºá¬«v§»¡¤± ¥®¼5ª»± ½;­¤£¢©

P (x0)
«�³

P (x0) : min
sx0∈$ nx ,w̃∈ $ (nw−nx)

F (sx0 , w̃)
³»¨5½�LB£¦�¦§h§°±







sx0 − x0 = 0,

G̃(sx0, w̃) = 0,
H(sx0, w̃) ≥ 0.Úµ¯5¡º³c´¶± ª»©W¨;­ä«v§»¡¤± ¥ræç¡¤­¤­ì½L£¦�¢± © £Ø�¢ªB¨5�¢¡¤«�­I¡º¥ö± ¨5ª�²5£¦³»�¢ªB¡¤¼;§»¡¤± ¥�±�´2§°¯;£Øª»£¬«v­Û·¹§»¡¤© £@¡Û§°£¢ª»«v§°¡º± ¥b³B�(¯5£¢© £¡¤¥�Öx¯?«v¼;§°£¦ª,�;Ù

®
¤��´¯��MÜ"�F�yà��M¤�¤��%���V��ì&�F� � ¤��lËh MÊl�
Ó]±v§°£Þ§°¯?«v§�¡¤¥�§°¯;£��¬«v³»£®§»¯?«v§â§°¯5£ ¯5± ªB¡¤á¦± ¥�­º£¢¥5¾v§°¯

T
¡º³�à�«vª»¡ä«v½5­¤£vßåæ,£�³B¡¤© ¼5­ºÜb«�¨5¾ © £¢¥�§â§°¯5£ ²5¡º´ä·´¶£¢ªB£¢¥�§°¡¤«�­I³C§(«v§»£Wà £¢�d§°± ªB³�½�Ü�«v¥�«v²5²5¡º§»¡¤± ¥5«�­ì�¦± © ¼L± ¥;£¢¥�§
Ṫ (τ) = 0, ∀τ ∈ [0, 1]

lå¡¤¥b§»¯5£Þ©W¨5­º§»¡¤¼5­º£
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³»¯;±E±�§»¡¤¥5¾�´¶± ªB©W¨5­ä«Â§°¡¤±�¥<ß §°¯5£]�¢± ¥�§»¡¤¥O¨5¡º§SÜÞ�¦± ¥5²5¡Û§°¡º± ¥5³nÒ�
EÙ º ��½H×Q£¢¥E´¶± ª»�¦£]§°¯5«v§
T

¡º³x�¦± ¥5³B§°«�¥�§4±Jà £¦ªx§°¯;£æç¯5± ­º£�¯;± ª»¡ºá¢± ¥!lT¡º§»³n¡º¥5¡º§»¡ä«�­Tà�«v­¤¨5£vßL¯5±Jæ,£¦à�£¢ª¢ß$¡º³2ûíÈ°Æ(Æ�ßL¡º¥[�¦± ¥�§°ª°«v³B§n§»±�§°¯;£@±�§»¯5£¢ª]¡¤¥5¡Û§°¡ä«v­Áàv«�­¤¨5£¦³
x0

ÙÚM±â�¢«�¼;§»¨5ª»£µ¼5ªB± ½5­º£¢© ³*æç¡º§»¯Wà�«vª»¡ä«v½5­¤£
T

¡º¥W§°¯5£ç«�½T±Jà £çÓ�/MÕ�´¶± ª»©@¨5­ä«v§»¡¤± ¥ÁßÂæ,£4§°¯5£¦ª»£d´¶± ª»£ç± ¥5­ÛÜ@¯5«Jà�£§°±â© ±E²5¡Û´�Ü@§»¯5£n¡º¥5¡º§»¡ä«�­Oàv«�­¤¨5£h�¢±�¥5³B§»ª°«�¡º¥O§
sx0 −x0 = 0

§»±
(Inx| 0)sx0 −x0 = 0

ÒÑ¥5±v§°£ç§°¯?«v§
x0 ∈ R

nx«�¥5²
sxi ∈ R

nx+1 ×íÙ
ÔjÄAÔjÄ�Ã Æ � !e! ��7i( Õ !!áw! 7�( ! 7,�('*),+iÉ-),.0/-1�2
35476
896
:<;76=6>:�8 ?7;A@CBD;AE�FG8�H

q = (q0, q1, . . . , qN−1) I ;KJLE!8�M�8ON�4A6>8�M%6>:�80P�Q�@>8O8SR9TO4 IVU 4WN�8�N&6
HOXY;7N�M
s = (s0, s1, . . . , sN)

6>:�8*P-M�8 U 8ON�M�8ON�6ZR[T�4 I\U 4WN�8ON�6>H�X0HCBGN�TO8�6
:�8[TO4WN�HC6>@
;AB]N&6
H_^a`cbed#fAE<gihj^a`cbed#fAM�g;AF]FG4#k"6
4 M�8O6>8�@ I BGN�85;7FGF�?7;A@CBD;AE�F]8�H s l N�BGm l 8OF]JnBeQ q BGHpoWB]?A8�N*^qB]Nr6>:�8=TK;AHC8547Q�;sQ�@>8�8=:�4A@>BGtO4WNrFG8ON�oA6
:�X;AHuM�B]H>T l H>HC8�M�;7EY4#?W87X�6
:�89FG;AHC6uB]N�B]6>BD;AF<?7;AF l 8 sx0nx+1

B]H=;AFGHC4vQ�@>8O8�;7N�M�;ATO6 l ;AFGFeJVEY8OT�4 I 8�Hw; U ;A@Z6u4AQ
q
gSbyxiQzk{8v;7H>H l�I 89Q�4W@w; I 4 I 8�N&6=6
:<;76wN�4V|<N<;AF	8Om l ;AFGBe6�JLT�4WN�HC6
@>;ABGN&6v^a`cbed#fA8Kgu;AN�M*N�4}BGN�8�m l ;AF]B]6�JT�4AN�HC6>@
;AB]N�6>H ^a`cbed#f7Q~g�XG^a`cbed#fAo�gy;7@>8 U @C8�H>8ON&6KX<k�89T�;ANLk=@>B]6>806
:�894 U 6
B I BGt�;76
B]4WN U @>4WE�FG8 I BGNL6
:�80Q�4W@ I

min
q ∈ R

nq , s ∈ R
ns
F (q, s)

H l E��C8�TS656>4 G(q, s) = 0,

k=:�8O@>8�6
:�8LQ l N�TS6
B]4WN G :<;AHn6>:�8 l H>8SQ l F U @>4 U 8�@Z6�J�6
:�;76rB]6>HV�W;AT�4WE�BD;AN ∂G
∂s

k=Be6
:�@>8�H U 8OTO6r6
4[6
:�8M�8 U 8ON�M�8�N&6w?7;A@>BG;AE�FG8OH�X s X�B]HuBGN&?W8O@C6>BGE�F]8Ab,��4\HC8�8s6
:�B]H�X�N�4A6
8s6
:�;76 ∂G
∂s

BGHuF]4#k�8O@wE�FG4�T��\6
@CBD;AN�o l FD;7@






















Inx

∂g
∂sx0

∂g
∂sz0

−∂x0(τ1)
∂sx0

−∂x0(τ1)
∂sz0

Inxb b b
−∂xN−1(τN)

∂sxN−1
−∂xN−1(τN)

∂szN−1
Inx

∂g
∂sxN

∂g
∂szN























k=B]6>:LBGN&?W8O@C6>BGE�F]8�E�F]4cT���H
Inx

;AN�M ∂g
∂szi

4WN�6>:�8sM�BD;7oW4WN<;AF�^�6>:�80B]N�?A8�@Z6
BGE�BGFGBe6�Jr4AQ ∂g
∂szi

Q�4WFGF]4�k=H�Q�@>4 I 6
:�8BGN�M�8S��4AN�8 ;AH>H l�I\U 6
BG4ANL4AQ�6>:�8 �u�0��HCJ�HZ6
8 I gSbx�N�6
:�8 U @>8OH>8�N�T�8�4AQu|<N<;7F�8�m l ;7FGB]6�J�TO4WN�HC6>@
;AB]N&6
H�^~`cb]dKfA8#g9H>4 I 8 U @C8O?�BG4 l H>F]J[Q�@C8�8}?7;A@CBD;AE�F]8�H 4AQ6
:�80?W8�TS6
4W@
q I ;KJ�E!8sM�8�TOFD;A@C8�M�M�8 U 8�N�M�8�N&65;AN�M�B]6 I ;KJ�;7o&;ABGNLE!8 U 4WH>HCBGE�F]806
4v|<N�M%;nH>8 U ;A@
;�6
BG4ANBGN&6>4}Q�@>8O8n;AN�M�M�8 U 8ON�M�8ON�6s?7;A@CBD;AE�FG8�H q ;7N�M s k=B]6>:*6
:�8�BGN&?W8O@C6
B]E�BGF]B]6�J�4AQ ∂G

∂s

b0�u:�8nH>; I 8 I ;#J%E!8M�4WN�8 B]NL6
:�8 U @C8�H>8ON�T�8 4AQ�;ATO6>B]?A8 B]N�8�m l ;7FGB]6�J}T�4WN�HC6
@>;ABGN&6>H ^a`cbed#f7Q~g�4W@ ^~`cbed#fAo�g�b�u:�8=H>8 U ;A@
;7E�BGF]B]6�J BGN&6
40Q�@C8�8=;AN�MVM�8 U 8�N�M�8ON&6�TO4 I\U 4WN�8ON&6
Hzk=BGF]FcE!8 l HC8�MrQ�4W@zH>4 I 8yTO4WN&?W8O@>oW8ON�T�8@>8OH l Fe6
HuB]N���:<; U 6>8�@w�Êl�Be6uBGHy;AFGHC4n8S� U FG4AB]6
8OMLE&J}6
:�8sN l�I 8O@>BGT�;AF�HC4WF l 6
BG4ANL;AFGoA4W@>Be6
: I H{M�8�H>TO@>B]EY8OM%B]N� 8OTO6
B]4WN�Hw��b��n;AN�M%��b��cb
������  ��¡�¢*£�¤q¥�ëC¦�§���¢�¨A©rª¬«�¡­©�§���¡�¢�®�¯	���<©�§q°�±_²i���}©�¯	¢�³r®�´ µ í�	¶S·r¸�¹[º#»&ºA¼­½¬¾�¿�½�¹S¼qÀ�¶SÁ%·�Â<¶�»A¸c¼qÀA¼­½�»�¶CÃ�ºAÄ�Å!ÆG¶_¿-Ç%È�¶�¾S·~¼a¿�½Gî�ïôósïÎò�Â<¿#¿#¹S¼­½�»
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nw = nq + ns = Nnu + (N + 1)nx = 100 × 2 + 101 × 4 = 604
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Hj(w
∗) > 0

bÞ�y6L;7TO6
Be?W8%T�4WN�HZ6
@>;ABGN&6
H
Hj(w

∗) = 0
6
:�8*T�4A@>@>8OH U 4WN�M�B]N�o

Ivl Fe6
B U FGB]8�@>H µ∗ I ;KJ[;AFGHC4%E!8�TO4 I 8\tO8�@>4�bL�uTO6
Be?W8\T�4WN�HZ6
@>;ABGN&6
H9k=B]6>:_tO8�@C4 Ivl Fe6
B U FGBG8O@>H�;A@>8VTK;AF]FG8OMÎ�¶>ºUJ�ÆËà�;ATO6>B]?A8AX�;AN�M(6
:�4WH>8}k=Be6
: U 4WH>Be6
Be?W8 Ivl F]6
B U FGB]8�@CHn¹S·qÁ
¿�½�»AÆËàÊ;7TO6
Be?W87bÊÜ�8O6 l HnH l E!M�Be?cB]M�8�6
:�8;ATS6
B]?A8yH>8S6,?W8OTO6
4A@zQ l N�TO6>BG4WN Hact(w∗)
;76p;RLMLs� U 4WB]N�6 (w∗, λ∗, µ∗)

BGN&6
4�B]6
H�HC6
@C4WN�oWFeJ�;AN�Mvk{8K;A��F]J
;ATS6
B]?A8 U ;A@C6>H�X<B~b 87b]X�F]8O6 l Huk=@CB]6
8

Hact(w∗) =:

(

Hs.act

Hw.act

)

(w∗).

�uL,Ls� U 4WB]N&6�Q�4A@pk=:�BGT�:�;7FGF<;ATS6
Be?W8wT�4WN�HZ6
@>;ABGN&6
H{;A@C8wHZ6
@C4WN�oWFeJr;ATO6>B]?A85B]H�H>;ABGMr6
4 H
;�6
BGHZQ­Jn6
:�8s¹S·qÁS¼a¾S·¾�¿�Ä�Å!ÆG¶SÄ}¶S½<·aºAÁS¼­·qà�TO4WN�M�Be6
B]4WN�b

�V« � �	� � ©�§~¨�Ö ����±�� �<  �
v N�8�H U 8�T�BG;AFnT�FG;AH>H[4AQ}4 U 6>B I BGtK;�6
BG4AN U @>4AE�FG8 I U FD;KJ�H�; U @>8�8 I B]N�8�N&6_@>4WF]8(BGN¬6
:�8 � �sÝî;AF]oW47h
@>Be6
: I Hy6
:�;76w;A@>8 U @C8�HC8�N&6
8OM�FD;76>8�@uB]N�6>:�BGH=T�:<; U 6
8O@�;AN�M%M�8OH>8O@C?W8OH0H>4 I 8s@C8 I ;A@>��H�ÛwB�¸�º&ÀAÁ>ºA·q¼a¾yÅ!Á
¿�Ò»AÁCºAÄ�¹�^I�sÝ�gz;A@C8�6
:�4AH>8u4 U 6>B I BGt�;76
B]4WN U @>4WE�F]8 I H=^~Úcb]d�g	6
:<;76p:�;#?A8=;sm l ;AM�@
;�6
BGT�4WE��C8�TS6
Be?W8uQ l N�TS6
BG4AN;AN�M�FGB]N�8K;7@yT�4WN�HC6
@>;ABGN&6uQ l N�TO6
B]4WN�HOX�Babè8AbeX U @>4AE�FG8 I Hy47Q�6>:�8s6�J U 8

min
w ∈ R

nw

1

2
wTAw + aTw

H l E��C8OTO6w6
4
{

b+Bw = 0
c + Cw ≥ 0

^~Ú�bèç�g

k=B]6>:*?W8OTO6>4W@>H
a ∈ R

nw
X
b ∈ R

nG
X
c ∈ R

nH
X�;AN�M I ;76>@>BGTO8�H A ∈ R

nw × R
nw
X
B ∈ R

nG × R
nw
X

;AN�M
C ∈ R

nH × R
nw
b

�û?7;A@>B]8O6�J%4AQp:�B]oW:�F]J�M�8O?W8OFG4 U 8�M�;AF]oW4W@CB]6
: I Hy6>4LH>4WFe?W8x�sÝ,H08S�cB]HC6
HOX�;AN�M�6>:�8vH l T�TO8�H>H94AQ � �sÝ6�J U 8 I 8O6>:�4cM�HwB]Hy6
4V;nFD;A@CoW8 U ;A@Z6=M l 8s6
4n6>:�8sQq;ATO6=6
:�;76y�sÝpHw;A@C8s?W8�@ZJ�86zVT�B]8�N&6
FeJLH>4AF]?7;AE�F]8Ab
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�u:�8 T�4WN�M�B]6
B]4WN�H9^qÚ�b Ú&g{Q�4W@=; U 4WB]N&6 (w∗, λ∗, µ∗)

6>4\E!89;(L,Ls� U 4ABGN&6=4AQ�6
:�8 ;AE!4#?W8��sÝ�;A@>87Û
Aw∗ + a− BTλ∗ − CTµ∗ = 0

b+Bw∗ = 0,

c+ Cw∗ ≥ 0,

µ∗ ≥ 0,

µ∗
j (cj + Cj,·w

∗) = 0, j = 1, 2, . . . , nH .

Ù<4W@��sÝ,H=k=Be6
:�4 l 6=BGN�8Om l ;AFGBe6
8OH�Xc6>:�8,LML9�âT�4WN�M�B]6>BG4WN�HuT�;AN�EY8sk=@CB]6>6>8�N�BGNL6>:�89T�4 IVU ;ATS6uQ�4W@ I
(

A BT

B 0

)(

w∗

−λ∗
)

=

(

−a
−b

)

.

�u:�8 I ;76
@CBe��4WN�6>:�8vF]8OQ­60:�;AN�M�H>B]M�8vB]H0TK;AF]FG8OM%6
:�8xL,Ls� I ;76
@CBe�Yb�xi6sB]H0BGN&?A8�@C6>BGE�F]8AXYB]Q B :<;7H�Q l FGF@
;7N��
nG

;AN�M
A
B]H U 4WHCB]6
Be?W8=M�8S|<N�B]6>8=4WN\6>:�85N l F]F<H U ;7T�8�47Q B X�;AH�HC6
;76
8OM}B]NV6>:�8uQ�4WFGF]4�k=B]N�osFG8 I\I ;�b�u:�8=BGN&?A8�@C6>BGE�B]FGBe6�J�4AQ!6
:�8yLMLs� I ;76>@>B �vB I\U F]BG8OH�6
:�;76,6
:�8=8Om l ;AFGBe6�JvT�4AN�HC6>@
;AB]N�8�M~�sÝ_:<;AH�; l N�B]m l 8LMLs� U 4WBGN&6Kb

� ¢  Ê Ê�_Ø ¤]£�d���°c�!¢��#©�§�×�§q¡~§­©�� | ²=©�¯	¢Wf�f*´ùª � ©O��§ � l
Ð	¶S·=¸�¹\º�¹�¹S¸�Ä}¶n·­Â�ºA·

A ∈ R
n × R

n ¼G¹VºL¹Sà�ÄnÄ}¶S·~Áj¼a¾nÄVºA·qÁj¼ Ã�ºA½!À B ∈ R
m × R

n Â�º�¹yÇj¸�Æ­Æ�ÁCºA½�J
m ≤ n � Ð	¶S·z¸&¹�Çj¸�Áj·�Â<¶SÁjÄ}¿�Á
¶0º�¹�¹S¸cÄ}¶5·­Â�ºA· A ¼G¹pÅ<¿#¹S¼­·~¼­ÌA¶0À�¶pop½<¼­·�¶9¿�½�·­Â<¶�½<¸cÆ­Æ�¹�Å�º�¾�¶9¿-Ç

B � ß�Â<¶S½·­Â<¶ ÄVºA·~Áj¼ Ã
(

A BT

B 0

)

¼G¹ ¼­½<ÌA¶SÁj·~¼qÔ�ÆG¶ �
�¬H>:�4A@C6 U @C4c4AQ�4AQ�6
:�B]HuFG8 I\I ;vTK;AN�E!8sQ�4 l N�M�BGN�3w4cTO8�M<;AF	;7N�M@�_@>B]oW:&6,Q 3��_NPN�X<Ü�8 I\I ;�d#��bed#T~b�u:�8�8j��B]HC6>8�N�TO8L;AN�M l N�BGm l 8ON�8�HCHn4AQ=;�L,Ls� U 4WB]N�6�TK;7N(;AFGHC4%E!8}HC:�4#k=N�Q�4W@ BGN�8Om l ;AFGBe6�J�T�4WN�hHC6>@
;AB]N�8�M!�sÝ,H�X&87b o�b l N�M�8O@z6
:�8y6�k{4�;7M�M�B]6>BG4WN�;AF�;7H>H l�I\U 6>BG4WN�H�6
:<;�6z6
:�8uQ�8�;AH>B]E�FG8{H>8O6�B]HzN�4WNchi8 IVU 6�JWX;AN�M 6
:<;�6�6>:�8{TO4 I E�B]N�8�M T�4AN�HC6>@
;AB]N�6 I ;76
@CBe� (BT , CT )

:�;AH�Q l FGF&@
;7N�� nG+nH

b��Ê8pk=BGF]F&8�N�TO4 l N&6
8O@H l T�:�; l N�B]m l 8�F]J�H>4WFe?A;7E�FG80m l ;7M�@
;76>BGT U @C4WoW@>; I\I BGN�o U @>4AE�FG8 I BGN��u:�8O4W@>8 I Ú�bèç�bÙ�BG@CHC6�X!:�4�k{8O?A8�@OX�FG8S6 l H5@C8O?�BG8Sk ¹S¸7� ¾S¼a¶S½<·uT�4AN�M�B]6>BG4WN�H=Q�4A@5;!LML9� U 4WB]N&6w6>4}E!8�;VHC6>@>BGTS6wFG4�TK;AF4 U 6>B I BGtO8�@�b
´�¯	¢ | ��¢   Ø ¤ Ø dj®Y©O� | °�±"®�¢�¨ | °��u���^�	¢��%®�«4��¨&§q¢�°Y©L³ | °���§�©#§ | °��Ul
È�¸�� ¾S¼a¶S½<·u¾�¿�½!ÀA¼­·q¼a¿�½�¹zÇK¿�Á�º9Å<¿�¼­½<·

w∗ ∈ R
nw
·�¿}ÔS¶�ºV¹S·~Áj¼a¾S·�ÆG¿#¾>ºAÆ�Än¼­½<¼­Än¼eé�¶SÁ�¿-Ç ^~Úcb]d�g ºAÁ
¶#q

• w∗ ¼G¹�º}Á
¶a»A¸cÆeºAÁyÅ<¿�¼­½<·­Í

• ·­Â<¶SÁ
¶�¶CÃW¼G¹S·9Än¸cÆË·q¼�Å!ÆË¼a¶SÁ�ÌA¶�¾S·-¿�Á
¹ λ∗ ∈ R
nG
ºA½!À

µ∗ ∈ R
nH
Í ¹S¸<¾�Â�·�Â�ºA·

(w∗, λ∗, µ∗)
¼G¹%ºHRH�ß*Å<¿�¼­½<·­Í�ºA½!À
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• ·­Â<¶<� ¶�¹�¹S¼qºA½ÊÄVºA·qÁj¼ Ã ∇2
wL(w∗, λ∗, µ∗) � ¼G¹5Å<¿#¹S¼­·~¼­ÌA¶rÀ�¶pop½<¼­·-¶\¿�½Ê·­Â<¶n½<¸�Æ­Æ�¹�Å�º�¾�¶ N s ¿-Çv·­Â<¶ÆË¼­½�¶>ºAÁj¼eé�¶>Àn¹S·qÁ
¿�½�»AÆËà�º�¾S·q¼­ÌA¶n¾�¿�½�¹S·qÁ>ºA¼­½<·­¹

G̃s(w∗) :=

(

G
Hs.act

)

(w∗),

¼ � ¶ � Í<ÇK¿�Áv¶SÌA¶SÁjàr½�¿�½<Òqé�¶SÁ
¿rÌA¶�¾S·-¿�Á ∆w ∈ N s Í

N s := {∆w ∈ R
nw |∇wG̃

s(w∗)T∆w = 0},
¼­·,Â<¿�ÆeÀ�¹9·­Â�ºA·

∆wT ∇2
wL(w∗, λ∗, µ∗) ∆w > 0.

µ�¢  Ê� �kj�� �u:�8sH l z\TOBG8ON�6wTO4WN�M�Be6
BG4AN�H�4AQ	6>:�806
:�8O4W@>8 I ;A@C8sTK;AF]FG8OMVP-HZ6
@>4AN�o7R5H>8OT�4WN�M�4W@CM�8�@uH l znhT�B]8�N&6zTO4WN�M�Be6
B]4WN�H�X7EY8OTK; l H>8yk{8K;A�78�@,H l z\TOBG8ON�6zT�4WN�M�B]6
B]4WN�H�8S�cBGHZ6
HOXWk=:�BGT�:n@C8�m l BG@C8�4WN�F]J96
:�8 U 4WHCB]6>B]?W8M�8S|<N�B]6>8�N�8OH>Hw4AQ ∇2
wL(w∗, λ∗, µ∗)

4WN�;nT�4WN�8

Nw := {∆w ∈ N s|∇wH̃
w.act(w∗)T∆w ≥ 0}.

�_8 :�;#?A8�T�:�4WH>8ON%6
:�8 HZ6
@C4WN�orQ�4W@ Ivl FD;76>BG4WN�Xc;AHuBe6u6 l @CN�H=4 l 6=6
:<;�6u6
:�89HC6>@>4WN�o\HC8�T�4AN�M*4W@CM�8�@=H l znhT�B]8�N&6uTO4WN�M�Be6
BG4AN�H�Q�4W@{4 U 6
B I ;7FGB]6�JAX�;AHyHC6
;76
8OM�BGNL�u:�8O4W@>8 I Ú�b Ú�X�:�;#?A8s6
:�8sM�8OH>B]@
;AE�F]8 U @C4 U 8�@C6�J\6
:<;�6;<LMLs� U 4WBGN&6 (w∗, λ∗, µ∗)
6>:<;76{H
;76>BGHC|�8�H{6>:�8 I B]H{HZ6�;AE�F]8�;7o&;ABGN�HC6 U 8O@C6 l @>E<;�6
BG4AN�H{B]N\6>:�8 U @>4WE�F]8 IQ l N�TS6
B]4WN�H F X G ;AN�M

H
X<;7H=k{8sk=BGF]F�BGN&?A8�HC6>BGo&;�6
89BGNL6
:�89Q�4AFGFG4#k=B]N�o�HC8�TO6>BG4WN�b

�! i� ��37��'��*��3#?�� ��3����*�D��;�1436),�>+7� ���r/���;>=2��;>'�� %�; �_�*��1� ¡�D�@)t¢
1437%�;@?

Ü�8O6 l H=N�4#k TO4WN�HCBGM�8O@5; U ;7@
; I 8O6>8�@>B]t�8OM�Qq; I B]F]JV4AQ�4 U 6
B I B]tK;76>BG4WN U @>4AE�FG8 I H P (t)

min
w ∈ R

nw
F (t, w)

H l E��C8OTO6w6
4
{

G(t, w) = 0
H(t, w) ≥ 0

^~Ú�b �&g

k=:�8O@>8v6
:�8vQ l N�TO6>BG4WN�H F : R × R
nw → R

X
G : R × R

nw → R
nG
X�;7N�M

H : R × R
nw → R

nH;A@C8
C2 b��_80k�;AN&6u6
4nBGN&?A8�HC6>BGo&;�6
8s:�4#ká6
:�80HC4WF l 6
BG4AN U 4ABGN&6
H (w∗(t), λ∗(t), µ∗(t))

M�8 U 8�N�M�4WNL6>:�8?7;A@>BG;AE�F]8
t
X<4W@�X�BGNL6
:�89FG;AN�o l ;7oW804AQ U ;A@>; I 8S6
@CBGT04 U 6
B I BGt�;76
B]4WN�X&k{8 k�;AN&6=6
4rBGN&?W8OHC6>BGo&;76>8s6
:�89H>8S6

Σloc := {(t, w) ∈ R× R
nw |w BGH=;nFG4�TK;AF I B]N�B I BGtO8�@pQ�4W@ P (t))}.

�_8�@>8OHC6>@>BGTS6�4 l @�;�6>6
8ON&6
BG4AN\6
4 6
:�8wH l E�H>8S6u4AQ U 4WBGN&6>H (t, w∗(t))
Q�@>4 I Σloc

6
:�;76�H>;76
B]HCQ­Jn6>:�8�HZ6
@>4AN�o
H>8OT�4WN�M�4W@>M�8O@0H l z\TOBG8ON�60T�4WN�M�B]6
B]4WN�Hw4AQp�u:�8O4W@>8 I Ú�b Ú�b5�u:�8 I ;ABGN%@>8�H l F]6�4AQz6>:�BGH5H>8�TS6
B]4WN�BGH=6
:<;�6£s¤4¥G¦§¥©¨ª¥�«U¬n¥D­I®k¥°¯O¥s±^²k³Y­I³S´6²

∇2
wL := ∂

2
L

∂w2 µ
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6
:�8 U 4ABGN&6
H (w∗(t), λ∗(t), µ∗(t))

Q�4W@ I ;�T�4WN&6
B]N l 4 l Hu;7N�M U BG8OT�8Sk=BGH>8�M�B
	Y8�@C8�N&6
BG;AE�FG8wT l @C?W8s4AN}6
:�B]HH l E�H>8S6KX�BeQ�;AN};AM�M�Be6
BG4AN<;AF�6>8�T�:�N�B]TK;AFY;AHCH l�IVU 6
B]4WN}B]H{H>;76
B]HC|<8OM�b,Ù<4W@{; Ivl T�: I 4A@>8wM�8O6
;ABGF]8�MVM�BGHCT l H-hH>B]4WN�4AQp6
:�8 U @>4 U 8�@Z6
B]8�H04AQp6>:�8nH>8S6 Σloc

k�8r@C8OQ�8�@06>4�6
:�8nE!4�4W�%4AN U ;A@
; I 8S6
@>B]T�4 U 6
B I BGt�;76
B]4WN�E�J¹ l M�M<;76�X ¹ l 8�@C@
;�º�;AH>m l 8Ot�;AN�M*�A4AN�oW8�N»Q ¹ ºs�PNWfUT~bZ�8OQ�4A@>8sk�89Q�4W@ Ivl FD;�6
8�6>:�BGHy6>:�8�4W@C8 I X�k{8 k=B]FGF�oAB]?W89;rH>B I\U FG808j��; I\U F]80Q�4W@uBGF]F l HZ6
@>;76
B]4WN�b
������  }�¡�¢ Ø ¤q¥¼dZÖ�§�¢�¨W¢��\§n��¢�¦�§p�p¢���¢�°Y©�§ � ×�§q¡q§�©��Dl½ ¿�½�¹S¼qÀ�¶SÁs·­Â<¶,ÇOºAÄn¼­ÆËà

P (t)
¿-Ç0¹S¼­Ä�Å!ÆG¶�¿�Å!·~¼­Än¼eé#ºA·q¼a¿�½\Å!Á
¿AÔ�ÆG¶SÄ�¹

min
w ∈ R

1

2
w2 H l E��C8�TO656
4 −t + sinh(w) ≥ 0

ß�Â<¶0¹#¿�ÆË¸�·~¼a¿�½Ê¾S¸�ÁjÌA¶�¹
w∗(t), µ∗(t)

¾>ºA½_¶>º�¹S¼­ÆËà}ÔS¶,ÇK¿�¸�½!À}·-¿}ÔS¶
w∗(t) = max(0, arcsinh(t)),

µ∗(t) =
w∗(t)

cosh(w∗(t))
.

ß�Â<¶�¹#¶v¾S¸�ÁjÌA¶�¹�ºAÁ
¶n¾�¿�½<·~¼­½<¸<¿�¸�¹�ºA½!ÀsÅ!¼a¶�¾�¶SÎ,¼G¹#¶ ÀA¼ ä0¶SÁ
¶S½<·~¼qº&Ô�ÆG¶sÎ,¼­·�ÂvÅ!¼a¶�¾�¶SÎ,¼G¹#¶ À�¶SÁS¼­Ì�ºA·q¼­ÌA¶�¹
∂w∗

∂t
(t) =

{

0,
¼ Ç

t < 0,
cosh(arcsinh(t))−1,

¼ Ç
t > 0,

∂µ∗

∂t
(t) = cosh(w∗(t))−1(1− tanh(w∗(t)))

∂w∗

∂t
(t).

�u:�8VoW@
; U :_47Q w∗(t)
BGH9M�8 U BGTS6
8OMÊBGN�Ù�B]o l @C8\Úcb]dWb!¾54#k�T�;AN[6
:�8 I ;7N�B]Q�4WF]M�E!8\T�:<;7@
;ATS6
8�@CBGtO8�MÊB]N6
:�89?�B]T�BGN�B]6�J\4AQ�6>:�8sT�4WN&6>BGN l 4 l HwE l 6=N�4WNch�M�B
	Y8�@>8ON&6
BD;7E�FG8 U 4WB]N�6 w∗(0) ¿�Ê8{k=BGFGF&N�4�k"Q�4W@ Ivl FG;76
8,6
:�8�E<;AHCBGT�6
:�8O4W@>8 I 47Q<6
:�B]H�HC8�TO6>BG4WN�XAk=:�BGT�:�BGH U @>4#?W8OMnBGN�� U�U 8�N�M�B �v��b�Ó?A8�@ZJÊHCB I BGFD;7@�Q�4W@ I�l FD;76>BG4WN[4AQ�6
:�8V6
:�8O4W@>8 I ;7N�M(; U @>4�4AQuTK;7N�EY8rQ�4 l N�M�BGNÀQ ¹ º9�PNWfkTs^��u:�8�4�h@>8 I Ú�b Ú�bèç\;7N�M���4A@>4WF]FD;A@ZJ}Úcb�Ú�bed\^a`WgCgSb

´�¯	¢ | ��¢   Ø ¤ ¶ d��V°	¢_®�§§�	¢���¦�§p�p¢���¢�°Y©�§ � ×�§~¡q§�©��Dl½ ¿�½�¹S¼qÀ�¶SÁLº�Å�ºAÁCºAÄ}¶S·-¶SÁj¼eé�¶>ÀvÇOºAÄn¼­ÆËàÊ¿-Ç%¿�Å!·q¼­Än¼eé#ºA·~¼a¿�½�Å!Á
¿AÔ�ÆG¶SÄ�¹
P (t)

º�¹�À�¶pop½�¶>À�¼­½ ^~Úcb��&g � Ð	¶S·¸&¹}º�¹�¹S¸cÄ}¶V·­Â�ºA·�Î�¶vÂ�ºAÌA¶=ÇK¿�¸�½!À�Í�ÇK¿�Á0Å!Á�¿AÔ�ÆG¶SÄ
P (0)

Í0º@HRH�ß�Å<¿�¼­½<·
(w∗(0), λ∗(0), µ∗(0))

·­Â�ºA·
¹�ºA·q¼G¹poy¶�¹y·­Â<¶�¹S¸�� ¾S¼a¶S½<·�¿�Å!·~¼­ÄVºAÆË¼­·qà�¾�¿�½!ÀA¼­·~¼a¿�½�¹w¿-Ç ß�Â<¶�¿�Á�¶SÄÂÁ � Á7Í	Î,¼­·­Â�¹S·qÁ
¿�½�»AÆËà ºA½!À9Î�¶>ºUJ�ÆËà9º�¾S·q¼­ÌA¶¹#¶S·�ÌA¶�¾S·-¿�Á
¹

Hs.act ºA½!À Hw.act �Ð	¶S·�¸&¹=Çj¸cÁj·­Â<¶SÁSÄ}¿�Á
¶}º�¹�¹S¸�Ä}¶V·�Â�ºA·w·­Â<¶n¹#¿�ÆË¸c·q¼a¿�½
(δw∗, δλ∗, δµ

s.act
∗ , δµw.act

∗ )
¿-Çr·­Â<¶wÇK¿�Æ­ÆG¿�Î,¼­½�»B�¸�º&ÀAÁ>ºA·q¼a¾�Å!Á
¿>»AÁCºAÄÄÃiÎ,¼­·­Â�ºAÆ­Æ�À�¶SÁj¼­Ì�ºA·~¼­ÌA¶�¹ ¶SÌ�ºAÆË¸�ºA·�¶>À}ºA·p·­Â<¶�¹#¿�ÆË¸�·~¼a¿�½rÅ<¿�¼­½<·

(w∗(0), λ∗(0), µ∗(0))ÇK¿�Á
t = 0 Å

min
δw∈Æ nw

1

2
δwT ∇2

wL δw +

(

∂

∂t
∇wL

)T

δw

H l E��C8�TS656>4






∂G
∂t

+∇wG
T δw = 0

∂Hs.act

∂t
+ (∇wH

s.act)
T
δw = 0.

∂Hw.act

∂t
+ (∇wH

w.act)
T
δw ≥ 0.

^~Úcb \ g
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−2
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0
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w
* (t)

t

Ù�BGo l @>8sÚ�bedWÛ ¹ @
; U :�47Q�6>:�89H>4WF l 6
B]4WN I ;7N�B]Q�4WF]M w∗(t)
4AQz����; I\U F]89Ú�bedWb

¹�ºA·q¼G¹poy¶�¹�·�Â<¶�¹S·qÁj¼a¾S·r¾�¿�Ä�Å!ÆG¶SÄ}¶S½<·aºAÁj¼­·~à�¾�¿�½!ÀA¼­·q¼a¿�½�ÇK¿�Á�·­Â<¶�Än¸�ÆË·~¼�Å!ÆË¼a¶SÁ�ÌA¶�¾S·�¿�Á
δµw.act

∗

¿-Ç�·­Â<¶�¼­½<Ò
¶CB�¸�ºAÆË¼­·~àL¾�¿�½�¹S·~ÁCºA¼­½<·­¹ �ß�Â<¶S½�·­Â<¶SÁ�¶n¶CÃW¼G¹S·­¹�ºA½

ε > 0
ºA½!À�ºLÀA¼ ä0¶SÁ
¶S½<·~¼qº&Ô�ÆG¶v¾S¸�ÁjÌA¶

v : [0, ε) → R
nw × R

nG × R
nH
Í

t 7→





w∗(t)
λ∗(t)
µ∗(t)





¿-ÇÇHRH�ß Å<¿�¼­½<·­¹[·­Â�ºA·r¹�ºA·q¼G¹�Çjà"·�Â<¶�¹S¸�� ¾S¼a¶S½<·�¿�Å!·q¼­ÄVºAÆË¼­·~à�¾�¿�½!ÀA¼­·q¼a¿�½�¹�¿-Ç�ß�Â<¶�¿�Á
¶SÄ Á � Á*ÇK¿�Á�·­Â<¶¾�¿�ÁjÁ
¶�¹�Å<¿�½!ÀA¼­½�»�Å!Á
¿AÔ�ÆG¶SÄ�¹
P (t)

Í
t ∈ [0, ε) � A · t = 0

·­Â<¶\¿�½�¶�¹S¼qÀ�¶>À%À�¶SÁj¼­Ì�ºA·q¼­ÌA¶V¿-Ç�·�Â�¼G¹\¾S¸cÁjÌA¶�¼G¹
»A¼­ÌA¶S½[Ô�à

lim
t→0,t>0

1

t





w∗(t)− w∗(0)
λ∗(t)− λ∗(0)
µ∗(t)− µ∗(0)



 =













δw∗

δλ∗


δµ∗

















:=













δw∗

δλ∗
δµs.act

∗

δµw.act
∗

0













.

µ�¢  Ê� �kj*¥�� 354A6>8z6
:<;76�6
:�8
�sÝÊ^qÚ�b \ g�;AF]k�;KJ�H�:<;AH	; l N�B]m l 8pH>4WF l 6
B]4WN (δw∗, δλ∗, δµ
s.act
∗ , δµw.act

∗ )
b

�u:�B]HuBGHyM l 806
4v6
:�8 U 4WHCB]6>B]?W8�M�8O|<N�B]6
8ON�8�HCH=4AQ ∇2
wL

4WN�6>:�8sN l FGFYH U ;ATO894AQ	6
:�8s8Om l ;AFGBe6�J}TO4WN�HC6>@
;AB]N&6
I ;76
@CBe� ∇wG̃

sT X�6
:�8�Q�8K;AHCBGE�B]FGB]6�J54AQ�6>:�8��9Ý�^ δw = 0
B]H�Q�8K;AHCBGE�F]8#gSX7;AN�M 6
:�8�Qq;ATO6�6
:�;76�6>:�8�T�4WN�HZ6
@>;ABGN&6

I ;76
@CBe� (∇wG,∇wH
s.act,∇wH

w.act)
:<;AH	Q l FGFW@>;AN��sM l 8�6>4w6>:�8�;7H>H l�I\U 6>BG4WNs6>:<;76 w∗(0)

BGH�;=@>8Oo l FD;7@
U 4WBGN&6Kb



¶ £ �[| ¨ � ¡��x}	©�§  _� ¡~§­©�� � °��â®��nÖùª ¢�©#¯ | ���
µ�¢  Ê� �kjÊ£h� �u:�8�4AN�F]JvQ l @C6
:�8�@�@>8�m l B]@>8 I 8ON�6�BGN\;AM�M�Be6
B]4WNn6
4�6>:�8�H l zVT�B]8�N&6yTO4WN�M�Be6
BG4AN�Hp4AQ��u:�8jh4W@C8 I Úcb�Ú�B]H�6
:�8 V 6>8�T�:�N�B]TK;AF V ;7H>H l�I\U 6>BG4WN�47Q{HZ6
@CBGTO60T�4 IVU FG8 I 8ON&6�;A@CB]6�J�BGN�6>:�8nH>4WF l 6
B]4WN�4AQ�6
:�8�sÝ ^qÚ�b \ gjbpxi6=BGH�N�8�8OM�8�M�6
4ro l ;7@
;AN&6
8O806
:<;�6u6
:�8O@>8s8S�cB]HC6
Hw;AN ε > 0

HC4r6>:<;76y6>:�8 ;ATO6>B]?A8sH>8O6=47Q�6>:�8
FG4�TK;7F�H>4AF l 6>BG4WN�Hu47Q P (t) M�4c8OHwN�4A6=T�:<;AN�oA8 Q�4W@ t ∈ (0, ε)

b

µ�¢  Ê� �kj Ø � �u:�8=6>:�8�4A@>8 I 6
@C8K;76>H,4WN�F]J�6
:�8u8j�cBGHC6>8�N�TO8=4AQY6>:�8{P-@CBGoW:&6ZR�:�;AN�MrH>B]M�8u4AQ�6
:�8=HC4WF l 6>BG4WNT l @C?W8 (w∗(t), λ∗(t), µ∗(t))
4WN�6
:�8sB]N&6
8�@Z?7;AF

t ∈ [0, ε)
b,xiQ�6>:�8sHC6>@>B]TO6uTO4 I\U FG8 I 8ON�6
;A@>Be6�JrT�4WN�M�B]6>BG4WNBGH};AFGHC4�H
;�6
BGHZ|<8�M�Q�4A@\6
:�8�H>4WF l 6
B]4WN (δw′

∗, δλ
′
∗, δµ

s.act
∗

′
, δµw.act

∗
′
)
4AQ ;7N�BGN&?W8O@C6>8�M ?W8O@>H>B]4WN 4AQ96
:�8�sÝ ^~Úcb \ g�X<N<; I 8�FeJ}47Q

min
δw∈ Æ nw

1

2
δwT ∇2

wL δw +

(

− ∂

∂t
∇wL

)T

δw

H l E��C8OTO6w6
4














(

−∂G
∂t

)

+∇wG
T δw = 0

(

−∂Hs.act

∂t

)

+ (∇wH
s.act)

T
δw = 0.

(

−∂Hw.act

∂t

)

+ (∇wH
w.act)

T
δw ≥ 0,

^~ÚcbÉÈ&g

6
:�8�Nô;AFGHC4�6
:�8\P�FG8OQ­6ZR�:�;AN�M"H>B]M�8LH>4WF l 6
B]4WN�T l @C?A8 t ∈ (−ε′, 0] 7→ (w∗(t), λ∗(t), µ∗(t))
X
ε′ > 0

X
8S�cB]HC6
HOX�k=B]6>:�6>:�8s4WN�89H>B]M�8�M�M�8O@>B]?7;76>B]?A8

lim
t→0,t<0

1

t





w∗(t)− w∗(0)
λ∗(t)− λ∗(0)
µ∗(t)− µ∗(0)



 =













−δw′
∗

−δλ′
∗

−δµs.act
∗

′

−δµw.act
∗

′

0













.

�u:�B]HwB]H=;AN�B IVI 8OM�BD;76>8�TO4WN�H>8Om l 8�N�TO8v4AQ�6
:�8s6>:�8�4W@C8 I X�; U�U F]BG8OM�6
4r6
:�89@>8S?W8O@>H>8OM U @C4WE�FG8 I Qq; I BGFeJ
P ′(t) := P (−t) b

µ�¢  Ê� �kj ¶ � xiQy6
:�8\@C8OQ�8�@C8�N�TO8 U 4WBGN&6 (w∗(0), λ∗(0), µ∗(0))
B]6>H>8�FeQ�H>;76
B]HC|<8OH 6>:�8VHC6
@CBGTS6�TO4 IVU FG8jh

I 8�N&6�;A@CB]6�J%T�4WN�M�B]6>BG4WN�X!6
:�8ON[N�4�k�8�;A��F]J[;7TO6
Be?W8vTO4WN�HZ6
@
;7BGN&6
H Hw.act 8j��B]HC6�X�;AN�M�6
:�8n4W@>B]oWBGN<;7F�;7N�MBGN&?A8�@C6>8�MÀ�sÝ�X=^qÚ�b \ gv;AN�Mâ^~Ú�bSÈ&g�X{M�4�½�¿�·�T�4WN&6
;ABGN�;AN&J(B]N�8�m l ;AF]B]6�J_T�4WN�HC6
@>;ABGN&6>H�b��u:�8O@>8SQ�4W@>87X{6
:�8;AHCH l�IVU 6
B]4WN 4AQvHZ6
@CBGTO6�TO4 IVU FG8 I 8ON�6
;A@>Be6�J�B]N 6>:�8»�sÝ H>4WF l 6
B]4WN BGHL6>@>B]?�BG;AFGFeJôH>;76
B]HC|<8OMáQ�4A@LEY4A6>:
U @C4WE�FG8 I HOX!;AN�M%6>:�8�HC4WF l 6
BG4AN%T l @C?A8v8S�cBGHZ6
H54WN*E!4A6
:%H>B]M�8�HOX!Q�4W@ t ∈ (−ε′, ε) bwÙ l @C6
:�8�@ I 4W@C8AX<Q�@>4 IHCJ IVI 8S6
@ZJ�Q�4WFGF]4#k=H�6
:<;�6u6
:�8��sÝ H>4AF l 6>BG4WN�H�T�4WB]N�T�B]M�8V^ l�U 6
4V;nH>B]oWN�T�:<;AN�oA8#gSX





δw∗

δλ∗
δµs.act

∗



 =





−δw′
∗

−δλ′∗
−δµs.act

∗
′



 ,

H>4n6>:<;76y6>:�8sM�8�@CB]?7;76>B]?W8�4AQ	6
:�8sT l @C?A8 t ∈ (−ε′, ε) 7→ (w∗(t), λ∗(t), µ∗(t))
8j�cBGHC6>H=;AN�M�BGH�T�4WN&6
B]N l h4 l H=8S?W8�@ZJ�k=:�8�@C8AX�;7FGH>4r;�6u6
:�8 U 4WBGN&6 t = 0

b
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−3

−2

−1

0
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w
* (t)

t

δ w
*
 ⋅ t 

−δ w’
*
 ⋅ t 

Ù�B]o l @>80Ú�b `�Û,��k{4}HCBGM�8OM�M�8�@>Be?7;76
Be?W8s4AQ�6
:�89HC4WF l 6>BG4WN I ;AN�BeQ�4WFGM w∗(t)
4AQ,����; IVU FG89Úcb]dWb

������  }�¡�¢ Ø ¤]£�dK�V°�¢[®�§n�	¢Ê� ¦�§Ë�p¢���¢�°Y©#§ � ×�§q¡~§­©��Dl
Ð	¶S·�¸&¹[º#»&ºA¼­½Þ¾�¿�½�¹S¼qÀ�¶SÁ�·­Â<¶ ÇOºAÄn¼­ÆËà

P (t)
¿-Ç�¹S¼­Ä�Å!ÆG¶�¿�Å!·q¼­Än¼eé#ºA·q¼a¿�½ÊÅ!Á�¿AÔ�ÆG¶SÄ�¹�¿-Ç2Ì�Ã�ºAÄ�Å!ÆG¶�Á �ËÍ��ê�¿�Á

t = 0
·�Â<¶�Á
¶�ÇK¶SÁ�¶S½�¾�¶\¹#¿�ÆË¸c·q¼a¿�½ ¼G¹

w∗(0) = µ∗(0) = 0
Í�ºA½!À�·­Â<¶@B�¸�º&ÀAÁCºA·~¼a¾vÅ!Á
¿>»AÁCºAÄnÄn¼­½�»

¹S¸�ÔZÅ!Á�¿AÔ�ÆG¶SÄ ^qÚ�b \ g�º�¹9¼­½�ß�Â<¶�¿�Á
¶SÄÎÁ � æ�¼G¹

min
δw ∈ R

1

2
δw2 H l E��C8OTO6w6
4 −1 + δw ≥ 0,

Î,¼­·­Â�·�Â<¶s¹#¿�ÆË¸�·~¼a¿�½

δw∗ = 1
ºA½!À

δµw.act
∗ = 1,

Î�Â�¼a¾�Â�¾�¿�ÁjÁ
¶�¹�Å<¿�½!À�¹s·�¿V·�Â<¶(Ï­Áj¼e»�Â�·GÐuÂ�ºA½!Àn¹S¼qÀ�¶�À�¶SÁj¼­Ì�ºA·~¼­ÌA¶�¹v¿-Ç
w∗(t), µ∗(t)

ÇK¿�Á
t→ 0, t > 0 �½ ¿�½<ÌA¶SÁ
¹#¶SÆËà�Íp·­Â<¶ ¼­½<ÌA¶SÁj·-¶>À~B�¸�º&ÀAÁCºA·q¼a¾uÅ!Á�¿>»AÁCºAÄnÄn¼­½�»v¹S¸�ÔZÅ!Á
¿AÔ�ÆG¶SÄ ^~Ú�bSÈ&gs¼G¹

min
δw ∈ R

1

2
δw2 H l E��C8OTO6w6
4 1 + δw ≥ 0,

Î�Â�¼a¾�Â�Â�º�¹9·­Â<¶s¹#¿�ÆË¸�·~¼a¿�½

δw′
∗ = 0

ºA½!À
δµw.act

∗
′
= 0.

ß�Â�¼G¹=¹#¿�ÆË¸c·q¼a¿�½�¾�¿�ÁSÁ
¶�¹�Å<¿�½!À�¹5·�¿v·­Â<¶�Ãi¼­½<ÌA¶SÁj·�¶>À Å À�¶SÁS¼­Ì�ºA·q¼­ÌA¶�¹9¿-Ç w∗(t), µ∗(t)
ÇK¿�Á

t→ 0, t < 0 � ß�Â<¶·qÎ�¿n¹S¼qÀ�¶�¹v¿-Çs·­Â<¶�À�¶SÁS¼­Ì�ºA·q¼­ÌA¶�ºAÁ
¶ ¼­Æ­ÆË¸&¹S·~ÁCºA·�¶>À}¼­½%êp¼e»A¸�Á�¶�Á �ÒÑ��
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�! G� Ó(��Ô( 2��;x1436),+.ÕÖ >),=2�D)R143#'×����%,Ø,�D)�5 5 36;2Ø
� 8Om l 8�N&6
BG;AF°� l ;AM�@>;76
B]TvÝ,@>4AoW@
; IVI BGN�o�^ � �sÝ�g5BGH0;AN�B]6>8�@
;�6
B]?A8�6
8OT�:�N�B]m l 8r6>4�|<N�M[;2LMLs� U 4WB]N�6
(w∗, λ∗, µ∗)

4AQz;7N*35Ü�Ý

min
w ∈ R

nw
F (w)

H l E��C8OTO6w6
4
{

G(w) = 0
H(w) ≥ 0

� 6
;A@C6>BGN�ovk=Be6
:�;AN�BGN�Be6
BD;7FYo l 8�H>H y0 = (w0, λ0, µ0)
X<;AN � �sÝ I 8O6>:�4�M�Be6
8O@
;76>8�H

yk+1 = yk + αk∆yk
^~ÚcbÉN&g

k=:�8O@>8
αk ∈ (0, 1]

;AN�M

∆yk =





∆wk

∆λk
∆µk



 :=





∆wk

λ̃k − λk
µ̃k − µk





BGHu4AE�6�;AB]N�8�MLQ�@C4 I 6>:�89H>4WF l 6
B]4WN U 4ABGN&6 (∆wk, λ̃k, µ̃k)
4AQ�6
:�8sQ�4WF]FG4#k=BGN�o�m l ;AM�@
;�6
BGT U @>4WoW@>; I

min
∆w ∈ Ωk

1

2
∆wT Ak ∆w + ∇wF (wk)

T∆w

H l E��C8OTO6w6
4
{

G(wk) +∇wG(wk)
T∆w = 0

H(wk) +∇wH(wk)
T∆w ≥ 0

^~Ú�bed#f&g

���cBGHC6>BGN�o � �9Ý I 8S6
:�4�M�H�M�B
	Y8�@ I ;ABGN�F]J"E&J�6
:�8�T�:�4WBGTO8�4AQ96
:�8�HZ6
8 U FG8ON�oA6
: αk

Xw6
:�8�T�:�4WBGTO8�4AQ
6
:�8*H>4_TK;AF]FG8OMÀ¾w8�H>HCBD;AN I ;76>@>B � Ak

;AN�M�6
:�8%T�:�4WB]T�8*47Q�6
:�8*H>8S6
Ωk ⊂ R

nw
b �u:�8%B]6>8�@
;�6
8�H

yk;ATOT�4W@CM�BGN�ov6>4r�,m!b�^qÚ�bSN&g�Q�4W@ I ;vHC8�m l 8�N�T�8�6>:<;76uB]Hy8S� U 8�TS6
8�M�6
4nTO4WN&?W8�@CoW8s6
4#k�;A@>M�Hw;�LMLs� U 4WB]N�6
y∗ = (w∗, λ∗, µ∗)

4AQ{6
:�8\3�Ü	Ý�b�x�N U @>;ATO6>BGT�87X�6>:�8rB]6>8�@
;�6
BG4AN�H9;A@>8rHZ6
4 U�U 8�M�k=:�8�N�; U @C8�H U 8OT�B]|�8�MT�4AN�?A8�@CoW8�N�TO8�TO@>B]6>8�@CBG4WNLB]HyQ l F]|<F]FG8OM�b�Ê8�k=BGF]F�B]N�6>:�BGH�H>8OTO6
B]4WNvB]N�6>@>4�M l TO8�4WN�FeJ94WN�8 � �sÝ I 8O6>:�4�M�6
:�;76zB]H�6>:�8�4W@C8O6>BGTK;7FGF]J�?W8�@ZJv; U�U 8�;AFehBGN�o�Û�6>:�8�Q l F]FYHZ6
8 U 8j��;ATO6�¾w8�HCH>BD;7N � �sÝ I 8O6>:�4cM�X�6>:<;76�k�;AH�|�@>HC6yBGN&6
@C4cM l T�8�M}E�J!� BGF]H>4WNÇQÙ� B]FD�WÚOTab
Ú�Û§Ú�Û�Ü Ý�Þ 1àß�á�/-/~â�ãc1häæå2çu)[è�ãêéÞ1�2�2Êë-)°ìÄâwíïî ð 1ªã Þyñrò
�u:�8�Q l FGF&HZ6
8 U 8S��;ATO6�¾58OH>H>BG;AN � �9Ý I 8O6>:�4�M�BGH	M�B]HC6>BGN�o l BGH>:�8�M E�J96>:�8{T�:�4WBGTO8�H αk := 1

X
Ωk := R

nw
X

;AN�M�X I 4WHZ6=B IVU 4A@C6�;7N�6�X

Ak := ∇2
wL(wk, λk, µk).

��4�HC8�8=k=:�Jr6>:�BGHpT�:�4WB]T�8=BGH�;AMc?A;7N�6
;AoW8O4 l H�X�F]8O6 l H,|<@>HZ6�@C8�o&;7@>M\;AN\8Om l ;AFGBe6�JnT�4AN�HC6>@
;AB]N�8�M U @>4AE�FG8 I bx�N�6
:�B]HuTK;AHC8AX<6
:�89N�8OT�8OH>H
;7@CJ�4 U 6>B I ;AFGBe6�JVT�4WN�M�B]6
B]4WN�H�Q�4A@y6
:�8��sÝ H>4AF l 6>BG4WN (∆wk, λ̃k)
;A@C8

∇2
wL(wk, λk)∆wk +∇wF (wk)−∇wG(wk)λ̃k = 0,

G(wk) +∇wG(wk)
T∆wk = 0.
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Z{JLH l E�HZ6
B]6 l 6
B]N�o λ̃k = λk +∆λk

k{8 T�;AN�k=@>B]6>806
:�B]H=8�m l B]?7;AF]8�N&6
FeJ�;7H

∇wL(wk, λk) +∇2
wL(wk, λk) ∆wk −∇wG(wk) ∆λk = 0,

G(wk) +∇wG(wk)
T ∆wk = 0

k=:�B]T�:%TO4W@>@C8�H U 4WN�M�Hw6>4r6>:�8 358Sku6
4WNchöõ5; U :�H>4AN%Be6
8�@>;76
B]4WNL@ l FG8
(

∇wL(wk, λk)
G(wk)

)

+
∂

∂(w, λ)

(

∇wL(wk, λk)
G(wk)

)(

∆wk

∆λk

)

= 0,

Q�4W@y6>:�89H>4WF l 6
B]4WNL4AQ�6
:�8,LMLs�ÞHCJ�HZ6
8 I
(

∇wL(w, λ)
G(w)

)

=

(

∇wF (w)−∇wG(w)λ
G(w)

)

= 0.

�u:�B]H�8�m l Be?A;7FG8�N�T�8 U @C4#?W8�HL6>:<;76}6>:�8*Q l F]F5HZ6
8 U 8j��;ATO6@¾w8�H>HCBD;AN � �9Ý I 8O6
:�4cM�HC:�4#k=HL6
:�8�H>; I 88S�cTO8�FGF]8�N&6 FG4�TK;AF�T�4WN&?W8O@>oW8ON�T�8\EY8O:<;K?�BG4 l @ ;AHs6>:�8V358Oku6>4WNchöõ5; U :�H>4WN I 8S6
:�4�M�X�B]N[6>:�8r?cB]T�B]N�B]6�J%4AQ;LH>4WF l 6
B]4WN (w∗, λ∗)
47Q{6>:�8xLML9� HCJ�HZ6
8 I bn3w4A6
87X�:�4#k�8S?W8�@OX�6>:<;769Be6sBGH0N�8�T�8OH>H>;A@CJ�6>4�HZ6�;A@Z60k=B]6>:;�oW4�4cM(B]N�B]6>BD;AF�o l 8OH>HrN�4A6r4WN�F]JÊQ�4A@�6
:�8 U @CB I ;AF{?7;A@CBD;AE�FG8�H w XpE l 6V;AF]H>4�Q�4W@v6>:�8 Ivl Fe6
B U FGBG8O@>H λ bÙ<4W@C6 l N<;76>8�FeJWX�Be6�6 l @>N�Hu4 l 6y6
:�;76y6
:�8sBGN�Be6
BD;7F<o l 8�HCH λ0 4AQ�6>:�8 Ivl Fe6
B U FGBG8O@>HpBGH�N�4A6=;AHuTO@ l TOBD;AF�;AHy6
:�8BGN�B]6
BG;AF�o l 8�H>H w0

Q�4W@=6
:�8 U @>B I ;7F�?A;7@>BD;7E�FG8OH�X�M l 8 6
4\6>:�8�H U 8OT�BG;AF�HZ6
@ l TO6 l @>8�4AQz6
:�8÷LMLs� HCJ�HC6>8 I b�u:�B]HwB]Hu8S� U @C8�H>HC8�M�B]NL6
:�8sQ�4WF]FG4#k=BGN�o�6
:�8O4W@>8 I ^�Q�4W@=; U @C4c47Q�k{89@>8OQ�8O@u6
4VÙ�FG8S6
T�:�8O@,Q Ù�F]8XÈ \ T­gjb
´�¯	¢ | ��¢   Ø ¤ ô dj³ | °c�!¢���±�¢�°�¨W¢ | ²=©#¯�¢ �5��� ¨A©!ø%¢��X�K§ � °á®��rÖùª ¢&©�¯ | ��lm�Ç"º"Å<¿�¼­½<·

(w∗, λ∗)
¹�ºA·q¼G¹poy¶�¹(·­Â<¶(¹S¸7� ¾S¼a¶S½<·�¿�Å!·q¼­ÄVºAÆË¼­·~à ¾�¿�½!ÀA¼­·q¼a¿�½�¹ ¿-Ç ß�Â<¶�¿�Á
¶SÄ Á � Á ¿-Ç�ºA½8�m l ;7FGB]6�J&hiT�4WN�HZ6
@>;ABGN�8OM%ÏwÐ�Ñ_Å!Á
¿AÔ�ÆG¶SÄ�Í�ºA½!À�¼ Ç w0

¼G¹u¹S¸�� ¾S¼a¶S½<·~ÆËàr¾SÆG¿#¹#¶w·-¿
w∗ ÍpºA½!À�¼ Ç λ0 ¼G¹s¾�Â<¿#¹#¶S½¹S¸<¾�Â�·�Â�ºA·�·�Â<¶ ÄVºA·qÁj¼ Ã

(

∇2
wL(w0, λ0) −∇wG(w0)
∇wG(w0)

T 0

)

¼G¹L¼­½<ÌA¶SÁj·q¼qÔ�ÆG¶�Í ·�Â<¶S½ô·�Â<¶\¹#¶CB�¸�¶S½�¾�¶%¿-Ç�¼­·�¶SÁCºA·-¶�¹r»�¶S½�¶SÁ>ºA·�¶>ÀÊÔ�à[·­Â<¶0Çj¸�Æ­Æ�¹S·�¶�Å ¶CÃ�º�¾S·w� ¶�¹�¹S¼qºA½�È��{Ñ
Ä}¶S·­Â<¿�À�Íp¼ � ¶ � Íp·­Â<¶s¹#¶CB�¸�¶S½�¾�¶ (wk, λk)

¿-Ç9¼­·�¶SÁCºA·-¶�¹ ·­Â�ºA·p¹�ºA·q¼G¹poy¶�¹
(

∇2
wL(wk, λk) −∇wG(wk)
∇wG(wk)

T 0

)(

wk+1 − wk

λk+1

)

= −
(

∇wF (wk)
G(wk)

)

¾�¿�½<ÌA¶SÁ~»�¶�¹�B�Ò�B�¸�º&ÀAÁ>ºA·q¼a¾>ºAÆ­ÆËàr·-¿
(w∗, λ∗)

Íp¼ � ¶ � Í
∥

∥

∥

∥

(

wk+1 − w∗

λk+1 − λ∗

)∥

∥

∥

∥

≤ C

∥

∥

∥

∥

(

wk − w∗

λk − λ∗

)∥

∥

∥

∥

2

Î,¼­·­ÂL¹#¿�Ä}¶v¾�¿�½�¹S·iºA½<·
C ≥ 0 �
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Ú�Û§Ú�ÛIù ú è¸ãÊëöûp1üây1ªãþý 1ªã�1�+]ÿ ësì�)�ãÊë ñ ì
x�N}�u:�8�4W@C8 I Ú�b��cX�FG4�TK;AF<TO4WN&?W8�@CoW8�N�T�80B]H{4WN�F]J U @C4#?W8�N\Q�4W@{8Om l ;AFGBe6�JnT�4AN�HC6>@
;AB]N�8�M U @>4WE�FG8 I H�b�x�N}6
:�8
U @C8�H>8ON�T�8�4AQzB]N�8�m l ;AF]B]6�JLTO4WN�HZ6
@
;7BGN&6
HOXY:�4#k{8O?A8�@�X!k�8 I ;KJ�;AHCH l�I 896
:<;765T�F]4WH>8s6>4\6
:�8�HC4WF l 6>BG4WN�6
:�8;ATS6
B]?A89H>8O6wM�4�8�H=N�4765T�:�;AN�oW87X<H>4r6
:<;76u6>:�89@>8�;AH>4WN�BGN�onQ�4W@u8Om l ;AFGBe6�JLT�4WN�HC6
@>;ABGN�8�M U @>4AE�FG8 I HuB]HuHC6
B]FGF; U�U FGBGT�;AE�F]8Ab��u:�BGH=;AHCH l�IVU 6
B]4WN�B]H�?7;AFGB]M�BGN}6>:�80?�BGTOBGN�Be6�J}4AQ�;�LMLs� U 4WB]N&6 (w∗, λ∗, µ∗)

6
:<;76yH
;76>BGHZh
|<8OH�6
:�8�H>8OT�4WN�M[4W@CM�8�@5H l zVTOBG8�N&6sTO4WN�M�Be6
B]4WN�Hw4AQp�u:�8�4A@>8 I Ú�b Ú�ºA½!À�6>:�8vHC6>@>B]TO60TO4 IVU FG8 I 8ON�6
;A@>Be6�JT�4AN�M�B]6>BG4WN�b
�u:�8vHZ6
@>8ON�oA6>:�4AQz6>:�8��sÝ�Q�4W@ I�l FD;76>BG4WN�^qÚ�bed#f&guM l @>B]N�o\6>:�8 � �9Ý�Be6
8O@
;76>BG4WN�H=B]Hw6>:<;760Be65;AFGF]4�k=H6
4nM�8O6
8O@ I BGN�856
:�8 I�l F]6>B U F]BG8�@CH�;AN�ML6
:�80;ATO6>B]?W8sHC8O6yk=Be6
:�4 l 6 U @CBG4W@{��N�4�k=F]8�M�oA8s4AQ	6
:�8 I b,��4nH>:�4#k6
:�BGH�X&F]8O6 l H�;AHCH l�I 8u6
:<;76pk{85:�;#?A8wQ�4 l N�M\;,LMLs� U 4WB]N�6 y∗ = (w∗, λ∗, µ∗)

6
:<;76�H>;76
B]HC|<8OHp6>:�8u|<@>HZ6
4W@CM�8�@=N�8OT�8�HCH
;A@ZJ�T�4WN�M�B]6>BG4WN�Hu47Q��u:�8O4W@>8 I Ú�bedWÛ

∇F (w∗)−∇wG(w
∗)λ∗ −∇H(w∗)µ∗ = 0

G(w∗) = 0

H(w∗) ≥ 0

µ∗ ≥ 0

µ∗
j H(w∗)j = 0, j = 1, 2, . . . , nH .

Ü�8O6 l H�N�4#kã;AH>H l�I 8*6
:<;�6}k{8*Q�4W@ I�l FD;76>8L6
:�8*|�@>HC6>�9Ý Ú�bed#f[Q�4W@\6>:�8�M�8S6
8�@ I B]N<;76>BG4WN�4AQ ∆y0 XBGN�B]6
BG;AFGB]t�8OM9;76
y0 = y∗

X�k=B]6>:vH>4 I 8*¾w8�HCH>BD;7N I ;�6
@>B � A0

b��u:�8yN�8OT�8OH>H
;7@CJnTO4WN�M�Be6
BG4AN�H�47Q<4 U 6>B I ;AFGBe6�JQ�4W@y6>:�8��9ÝôH>4WF l 6
B]4WN (∆w0, λ̃0, µ̃0)
;A@>8

A0 ∆w0 +∇F (w∗)−∇wG(w
∗)λ̃0 −∇H(w∗)µ̃0 = 0

G(w∗) +∇wG(w
∗)T∆w0 = 0

H(w∗) +∇wH(w∗)T∆w0 ≥ 0

µ̃0 ≥ 0

µ̃0,j (H(w∗) +∇wH(w∗)T∆w0)j = 0, j = 1, 2, . . . , nH .

xi6LT�;AN EY8*H>8�8ONá6>:<;76
(∆w0, λ̃0, µ̃0) = (0, λ∗, µ∗)

H
;�6
BGHZ|<8�H\6
:�8OH>8�T�4AN�M�B]6>BG4WN�H�Xw;AN�M ;AHCH l�I BGN�o
U 4WH>Be6
B]?A8}M�8S|<N�Be6
8�N�8�H>Hn47Q A0

4WN�6>:�8�N l FGF�H U ;AT�8L4AQu6>:�8�8Om l ;AFGBe6�J_TO4WN�HZ6
@
;7BGN&6
H ∇wG(w
∗)T
X�6
:�B]H

H>4AF l 6>BG4WN"BGHV;AF]H>4�6
:�8 l N�BGm l 8�4 U 6
B Ivl�I 47Q�6
:�8Ç�sÝuÛ Ivl Fe6
B U FGBG8O@>Hn;7N�M ;7TO6
Be?W8�H>8S6�;A@C8�M�8O6>8�TO6>8�MQ�@>4 I ��N�4#k=F]8�M�oW8%4AQ
w∗ 4WN�F]JAb_�_8 I ;KJ(6
:�8O@>8SQ�4W@>8�B]N�Q�8�@r6
:�;76�8S?W8�N B]N ;_N�8�BGoA:�E!4W@C:�4c4�M 47Q9;FG4�TK;7F�4 U 6>B Ivl�I w∗ X&6>:�8 I�l F]6>B U F]BG8�@CHz;AN�M};ATS6
Be?W8=H>8S6�T�;AN}E!8=M�8O6>8�@ I BGN�8�MVE�Jn6>:�8 � �sÝ�;AFGoA4W@>Be6
: I X

l N�M�8�@�;�k�8�;A� U 4WH>Be6
Be?W8�M�8S|<N�Be6
8�N�8�H>H�;AHCH l�IVU 6>BG4WN 4WN 6>:�8 I ;�6
@>B � A0
bð�u:�BGHLT�;AN BGN�M�8O8�M E!8

U @C4�?A8�N�X l N�M�8O@�6>:�8wT�4WN�M�B]6
B]4WNn6
:<;�6 (w∗, λ∗, µ∗)
H
;76>BGHZ|<8�Hp6
:�8=HC8�T�4AN�M�4W@CM�8�@�H l zVTOBG8�N&6{T�4WN�M�B]6>BG4WN�H4AQ��u:�8�4A@>8 I Úcb�Úr;AN�M�6
:�8 HZ6
@CBGTO6=TO4 IVU FG8 I 8ON�6
;A@>Be6�J�TO4WN�M�Be6
BG4AN�b,Ù<4W@=;nM�8O6
;ABGF]8�M�M�B]H>T l H>H>B]4WN�;AN�M%;

U @C4c4AQ�k{8 @C8OQ�8O@=6>4(õw4WE�BGN�HC4WN&QSõ=4WE \ ç^Tab
�! �� Ó@ÕÖ� �^%M� ) �_)M�D)�5 �*14�*��3��*��= �à�D%,�>+6��5 �¡),5 36+�8
Ü�8O6 l HzBGN�6
:�8{H>8�m l 8OF�T�4AN�H>B]M�8�@�6>:�8 U ;7@
; I 8O6>8�@>B]t�8OM�Qq; I BGFeJs4AQ!; l o I 8ON�6>8�Mv4 U 6
B I B]tK;76>BG4WN U @C4WE�FG8 I H
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P̆ (t̆) : min
t ∈ R, w ∈ R

nw
F (t, w)

H l E��C8OTO6�6>4






t− t̆ = 0
G(t, w) = 0
H(t, w) ≥ 0

^~Ú�bedKç�g

k=:�8O@>8v6
:�8vQ l N�TO6>BG4WN�H F : R × R
nw → R

X
G : R × R

nw → R
nG
X�;7N�M

H : R × R
nw → R

nH;A@C8VB]N
C2 b��u:�BGHsQq; I BGF]J%BGH98Om l B]?7;AFG8ON&6 6>4�6>:�8rQq; I B]F]J P (t) 4AQ U @>4WE�F]8 I H\^~Ú�b �&g�BGN � 8OTO6
B]4WN_Ú�b `�Xk=B]6>:�6
:�8�4WN�F]J%M�B�	�8O@>8�N�T�8v6
:�;76

t
BGH0N�4�kðBGN&6>@>4�M l T�8OM[;AH9;AN[;AM�M�B]6>BG4WN<;7F	?7;A@CBD;AE�FG89k=:�BGT�:[BGH5|��c8�ME&J[6
:�8};AM�M�Be6
BG4AN<;AF,T�4AN�HC6>@
;AB]N�6

t − t̆ = 0
b��u:�BGH�;AM�M�B]6
B]4WN�4AQ

t
6
4�6
:�8 � �sÝ ?A;7@>BD;7E�FG8OH :�;AH�6>:�8

T�4AN�H>8Om l 8�N�TO8�6
:<;�65M�8�@>Be?7;76
Be?W8�Huk=Be6
:�@>8�H U 8OTO6w6
4 t ;A@C898O?7;AF l ;76
8OM%B]N�6>:�8 � �sÝ�;AFGoA4W@>Be6
: I X�k=:�BGT�:;AF]FG4#k=H�6>4 U 8O@CQ�4W@ I 6
:�8}6
@>;AN�H>Be6
B]4WN�E!8O6�k{8�8�N�M�B�	�8O@>8�N&6r4 U 6
B I BGt�;76
B]4WN U @>4WE�FG8 I H�B]N(H l T�:ô;*k�;#J6
:�;76u;�|<@CHC6u4A@>M�8O@y; U�U @>4K�cB I ;76
B]4WN}4AQ�6>:�80HC4WF l 6>BG4WN I ;7N�B]Q�4WF]MV;AHyBGN}�u:�8�4W@C8 I Ú�b ç�BGH U @>4#?�BGM�8OMLE�J6
:�89|�@>HC6wBe6
8�@>;76
87b
Ü�8O6 l HuQ�4W@uE�@C8O?�B]6�JLM�8O|<N�8

w̆ :=

(

t
w

)

, λ̆ :=

(

λt
λ

)

,
;AN�M

Ğ(w̆) :=

(

t− t̆
G(t, w)

)

,

H>4r6
:�;76u6
:�8 Ü	;AoW@>;AN�oWBG;AN�Q l N�TS6
B]4WN L̆ 4AQ U @>4WE�FG8 I P̆ (t̆)
TK;AN�E!80k=@>B]6C6
8ON*;AH

L̆(w̆, λ̆, µ) := F (w̆)− λ̆T Ğ(w̆)− µTH(w̆)
= F (t, w)− λt(t− t̆)− λTG(t, w)− µTH(t, w)
= L(t, w, λ, µ)− λt(t− t̆),

k=:�8O@>8
L(t, w, λ, µ) = F (t, w)− λTG(t, w)− µTH(t, w)

BGH=6
:�8vÜ	;AoW@>;AN�oWBG;ANLQ l N�TO6>BG4WN�Q�4W@u6
:�8 U ;A@>; I 8S6
8O@>BGtO8�M�Qq; I B]F]J}4AQz4 U 6
B I BGt�;76
B]4WN U @C4WE�FG8 I H P (t) 4AQ� 8OTO6
B]4WN�Ú�b�`cb�Ê8Vk=BGF]F,N�4#k�H>:�4#k 6
:�;76�6>:�8r|<@>HZ6�Q l F]F,HC6
8 U 8S��;ATS6�¾w8�H>HCBD;AN � �sÝ B]6
8O@
;76>8nQ�4W@ 6>:�8V8�N�FG;A@>oW8OM
U @C4WE�FG8 I P̆ (ε)

X�k=:�8ON*HC6
;A@C6>8�M%;76u6
:�8 HC4WF l 6
BG4AN (w̆∗(0), λ̆∗(0), µ∗(0))
4AQ
P̆ (0)

X<BGHuTOFG4WHC8�F]J}@>8OFD;76>8�M
6
4[6
:�8%4WN�8%HCBGM�8OM M�8O@>B]?7;76>B]?A8�47Q06
:�8�H>4AF l 6>BG4WN I ;AN�B]Q�4AFGM (w∗(·), λ∗(·), µ∗(·)) 4AQ06
:�8 U @C4WE�F]8 I H
P (t)

X<;AH=BGN��u:�8O4W@>8 I Ú�bèç�b
´�¯	¢ | ��¢   Ø ¤ � d 	 §p�U�O©2�x�U��¢��}Ö,��¢���§q¨A©�§ | °"×ª� ����� ¨A©(ø�¢��X�K§ � °â®��nÖxl
Ð	¶S·�¸&¹�º�¹�¹S¸cÄ}¶ ·­Â�ºA·�Î�¶sÂ�ºAÌA¶pÇK¿�¸c½!À�º!HRH�ß*Å<¿�¼­½<·

(w̆∗(0), λ̆∗(0), µ∗(0))
¿-ÇyÅ!Á
¿AÔ�ÆG¶SÄ

P̆ (0)
·­Â�ºA·

¹�ºA·q¼G¹poy¶�¹�·­Â<¶�¹S¸�� ¾S¼a¶S½<·w¿�Å!·q¼­ÄVºAÆË¼­·~à�¾�¿�½!ÀA¼­·~¼a¿�½�¹r¿-Ç�ß�Â<¶�¿�Á�¶SÄ Á � Á � m�Çvº0Çj¸cÆ­Æ�¹S·-¶�Å_È��{Ñ ºAÆè»�¿�Áj¼­·­Â�ÄÎ,¼­·­Âá¶CÃ�º�¾S·,��¶�¹�¹S¼qºA½�ÇK¿�Á�·�Â<¶�¹#¿�ÆË¸c·q¼a¿�½ ¿-Ç*·­Â<¶rÅ!Á
¿AÔ�ÆG¶SÄ
P̆ (ε)

ÍVÎ,¼­·­Â
ε > 0

¹S¸�� ¾S¼a¶S½<·qÆËà_¹SÄVºAÆ­Æ�Í
¼G¹n¹S·aºAÁS·�¶>À�Î,¼­·�Â�·­Â�¼G¹r¹#¿�ÆË¸c·q¼a¿�½�º�¹�ºA½(¼­½<¼­·~¼qºAÆ�»A¸<¶�¹�¹�Í5·�Â<¶S½"·­Â<¶V½�¿�½<·~Áj¼­Ì#¼qºAÆ�Å�ºAÁj· ¿-Çr·­Â<¶�opÁ
¹S·wÈ��{Ñ
¹S·�¶�Å<Í

(∆w,∆λ,∆µ)
Í�¼G¹w¼qÀ�¶S½<·q¼a¾>ºAÆ�·�¿

ε
·q¼­Ä}¶�¹w·�Â<¶s¿�½�¶u¹S¼qÀ�¶>À�À�¶SÁS¼­Ì�ºA·q¼­ÌA¶0¿-Ç=·­Â<¶u¹#¿�ÆË¸c·q¼a¿�½�ÄVºA½<¼ ÇK¿�ÆeÀ

(w∗(·), λ∗(·), µ∗(·)) ¿-ÇyÅ!Á
¿AÔ�ÆG¶SÄ�¹ P (t) º�¹5»A¼­ÌA¶S½�¼­½�ß�Â<¶�¿�Á
¶SÄ Á � æ�Í�¼ � ¶ � Í
1

ε





∆w
∆λ
∆µ



 =





δw∗

δλ∗
δµ∗



 = lim
t→0,t>0

1

t





w∗(t)− w∗(0)
λ∗(t)− λ∗(0)
µ∗(t)− µ∗(0)




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BG4AN U @>4#?�BGM�8OM%E&J�6>:�898S��;ATS6w¾w8�HCH>BD;7N � �sÝ�BGHu8�m l Be?7;AFG8ON�6u6>44WN�8sHZ6
8 U 4AQ	6>:�8<Ì{¸cÆG¶SÁ�Å!Á
¶>ÀA¼a¾S·�¿�Á U ;76>:�Q�4WF]FG4#k=BGN�o I 8S6
:�4�MLBGN U ;A@
; I 8O6>@>B]T�4 U 6>B I BGt�;76
B]4WNWQ ¹ ºs�PNWfcX� 8OTAb�Ú�b Ú�X U b \ ÚUTab

Ö,� |ª| ²C� Ù<4W@V; U @>4�4AQ�|<@CHC6VN�4A6>8�6>:<;76 ∇2
w̆ L̆ = ∇2

w̆L
M l 8�6>4�6>:�8%F]BGN�8�;A@>Be6�JÊ47Q�6
:�8%TO4WN�HC6>@
;AB]N&6

t− ε = 0
X�H>4V6
:<;76=6>:�8�?7;AF l 894AQ�6>:�8�;7M�M�B]6>BG4WN�;AF Ivl Fe6
B U FGB]8�@ λt U FG;#J�HwN�4}@C4WFG89B]N�6>:�8÷�sÝ¬^qÚ�b]dKf&gjbÙ l @C6>:�8�@ I 4A@>8AX�Be6{T�;AN}8�;AH>B]F]JnE!8�HC8�8ON}6
:<;�6 (w̆∗(0), λ̆∗(0), µ∗(0))

H
;�6
BGHZ|<8�H�6
:�8wH l z\TOBG8ON�6�4 U 6>B I ;AFehB]6�J\T�4AN�M�B]6>BG4WN�Hy4AQ	�u:�8O4W@>8 I Ú�b Ú�Q�4W@ U @C4WE�FG8 I P̆ (0)
BeQ�;7N�ML4WN�FeJ}BeQ

(w∗(0), λ∗(0), µ∗(0))
H
;76>BGHC|�8�H

6
:�8 I Q�4W@ U @>4WE�F]8 I P (0)
X�;AN�M

λ∗t (0) =
∂
∂t
L(0, w∗(0), λ∗(0), µ∗(0))

b
�u:�8<�9Ý ^~Ú�bed#f&g�Q�4A@y6
:�8s|<@CHC6 � �sÝ B]6>8�@>;76
8sT�;AN%E!8sk=@>Be6>6
8ON�BGNL6
:�8sQ�4W@ I

min
∆t,∆w

1

2
∆wT∇2

wL∆w +∆t
∂

∂t
∇wLT∆w +∇wF

T∆w +
∂F

∂t
∆t +

1

2

∂2L
∂t2

∆t2

H l E��C8�TS656>4






∆t− ε = 0
G+ ∂G

∂t
∆t+∇wG

T∆w = 0
H + ∂H

∂t
∆t +∇wH

T∆w ≥ 0,

k=:�8O@>8=;AF]F�Q l N�TO6
B]4WN�H�;AN�MnM�8O@>B]?7;76>B]?A8�H,;A@C8y8O?7;AF l ;76>8�Mn;76�6
:�8 U 4WB]N�6 t = 0
X
w∗(0)

X
λ∗(0)

;AN�M
µ∗(0)

b
�u:�8y?7;A@>BG;AE�F]8

∆t = ε
TK;ANnM�BG@>8OTO6>F]J EY8�8�FGB I B]N<;76>8�M�X�;AN�M l H>BGN�o�6
:�8{Qq;ATO6z6>:<;76 G(0, w∗(0)) = 0;AN�M

Hact(0, w∗(0)) = 0
;AHyk�8OFGF	;AHu6>:�8sQq;ATO6u6>:<;76

∇wF (0, w
∗(0)) = ∇wG(0, w

∗(0))λ∗(0) +∇wH (0, w∗(0))µ∗(0)

k{80TK;AN\Q�4W@ Ivl FD;76>8w6>:�8�8Om l B]?7;AFG8ON&6��sÝá^qM�@C4 U�U B]N�o�6>:�80T�4AN�HC6
;AN&6 ∂F
∂t
ε+ 1

2
∂2L
∂t2
ε2
B]N}6
:�8�4WE��C8OTO6>B]?W8Kg

min
∆w

1

2
∆wT∇2

wL∆w + ε
∂

∂t
∇wLT∆w + (∇wGλ

∗(0) +∇wHµ
∗(0))T ∆w

H l E��C8OTO656
4






∂G
∂t
ε+∇wG

T∆w = 0
∂Hact

∂t
ε +∇wH

actT∆w ≥ 0

H inact + ∂Hinact

∂t
ε +∇wH

inactT∆w ≥ 0,
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�u:�8vTO4WN�M�Be6
B]4WN�H�^~Ú�b Ú&g=;AT�TO4W@>M�BGN�o}6>4}�u:�8O4W@>8 I Úcb]d Q�4W@�;V6
@>B U FG8 (∆w, λ, µ) 6
4}EY8�;~LMLs� U 4WB]N&64AQ�6
:�B]H��sÝ U @>4AE�FG8 I ;A@C8AX l HCBGN�o λ = λ∗(0) + ∆λ

;7N�M
µ = µ∗(0) + ∆µ

Û

∇2
wL∆w + ε

∂

∂t
∇wL −∇wG∆λ−∇wH∆µ = 0,

^~Ú�bed��A;Wg
∂G

∂t
ε+∇wG

T∆w = 0,
^~Ú�bed��7E<g

∂Hs.act

∂t
ε +∇wH

s.actT∆w ≥ 0,
^~Ú�bed��7TKg

∂Hw.act

∂t
ε +∇wH

w.actT∆w ≥ 0,
^~Ú�bed��7M<g

H inact +
∂H inact

∂t
ε +∇wH

inactT∆w ≥ 0,
^~Ú�bed��78Kg

µ∗,s.act(0) + ∆µs.act ≥ 0,
^qÚ�bed���Q
g

∆µw.act ≥ 0,
^~Úcb]d���o�g

∆µinact ≥ 0,
^~Ú�bed��7:<g

(µ∗(0) + ∆µ)s.actj

(

∂Hs.act

∂t
ε+∇wH

s.actT∆w

)

j

= 0,
^qÚ�bed��7B­g

∆µw.act
j

(

∂Hw.act

∂t
ε+∇wH

w.actT∆w

)

j

= 0,
^~Úcb]d��
�
g

∆µinact
j

(

H inact +
∂H inact

∂t
ε +∇wH

inactT∆w

)

j

= 0.
^qÚ�bed��7�cg

Z{J9;7H>H l�I B]N�ou6
:<;76 ∆w X ∆µ TK;7N E!8 I ;7M�8p;A@>E�B]6
@>;A@>B]F]JwH I ;AF]FAE&JsT�:�4�4WH>B]N�o ε H I ;7FGFaXOk�8�TK;AN ;AHCH l�I 86
:�;76
H inact + ∂Hinact

∂t
ε +∇wH

inactT∆w > 0
;AN�M�6>:�8�@C8OQ�4W@C8vM�@C4 U ^~Ú�bed��78KgjX�;AN�M�@>8 U FD;7T�8L^qÚ�bed��7�cgE&J

∆µinact
j = 0

b �uM�M�Be6
B]4WN<;AF]F]JWX{k�8[T�4AN�T�F l M�8�6
:�;76 (µ∗(0) + ∆µ)s.actj > 0
X5HC4�6
:<;76_^qÚ�bed��7B­g

;AN�MÊ^~Úcb]d���T#g�TK;7N%E!8s@>8 U FD;ATO8�M�E&J

∂Hs.act

∂t
ε +∇wH

s.actT∆w = 0.

Z{J�;nM�Be?�BGH>B]4WNLE&J
ε
;7N�M�;r@C8�M�8S|<N�Be6
BG4AN

δw∗ :=
∆w

ε
, δλ∗ :=

∆λ

ε
,

;AN�M
δµ∗ :=

∆µ

ε
,
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:�89N�8OT�8�HCH
;A@ZJ�T�4WN�M�B]6>BG4WN�H=;7H

∇2
wLδw∗ +

∂

∂t
∇wL −∇wGδλ∗ −∇wHδµ∗ = 0,

∂G

∂t
+∇wG

T δw∗ = 0,

∂Hs.act

∂t
+∇wH

s.actT δw∗ = 0,

∂Hw.act

∂t
+∇wH

w.actT δw∗ ≥ 0,

δµw.act
∗ ≥ 0,

δµ∗
w.act
j

(

∂Hw.act

∂t
+∇wH

w.actT δw∗

)

j

= 0,

δµinact
∗ = 0,

k=:�B]T�:L;A@>8w8S��;ATS6
FeJV6>:�8tLMLs� T�4AN�M�B]6>BG4WN�HpQ�4A@�6>:�8R�sÝá^~Ú�b \ gz6
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8OM\B]N}�u:�8O4W@>8 I Úcb ç�bZ{JL6>:�8 l N�BGm l 8 8S�cB]HC6
8ON�T�8�4AQ�6>:�BGH=HC4WF l 6>BG4WN�k{8�TO4WN�|<@ I 4 l @w;AHCH l�IVU 6
B]4WNL6
:<;�6 ∆w ;AN�M ∆µ
T�;AN

E!8 I ;AM�89;7@>E�Be6
@
;7@>BGFeJrH I ;AFGF�E�J�T�:�4WH>B]N�o ε H l zVT�BG8ON&6
F]J�H I ;AFGF~b

Ú�Û�
�Û�Ü � ),+�
p1 ý ë-2�ãÊáw+�.0)°ìyè�1�2�)[ì ò ú è¸ãÊëöûp1üây1ªã�� Þ )°ì�
p1�2
x�N}6>:�8 U @C4c47Q�4AQ��u:�8O4W@>8 I Úcb���k{80:<;K?A8 I ;7M�8 ε H l zVT�B]8�N&6
FeJ}H I ;7FGF�6
4�8�N�H l @>806>:<;76�6
:�8�;ATO6>B]?A8�H>8S64AQY6
:�8=|<@>HZ6r�sÝ�TO4W@>@C8�H U 4WN�M�H{6
496
:�8�;ATS6
Be?W8wH>8O6{BGNr6
:�85B I\I 8�M�BG;76
8�?�BGT�B]N�B]6�Jv4AQ�6>:�85HC4WF l 6
BG4AN U 4WB]N�6
w∗(0) V BGN�6
:�BGH�k�;KJLB]6yk�;AH U 4WH>HCBGE�F]8�6
4nHC:�4#kÞ6>:<;76y6>:�80|<@>HZ6=B]6>8�@
;�6
804AQ	6>:�8s8S��;ATS6w¾w8�HCH>BD;7N � �9Ý
I 8O6
:�4cM�X&k=:�8ON�HC6
;A@C6>8�ML;�6y; H>4WF l 6
B]4WN y∗(t) M�8�F]B]?W8O@>H{; U @C8�M�B]TO6>BG4WN y∗(t)+∆y(ε)

47Q�6
:�85H>4WF l 6
B]4WN
y∗(t+ ε)

6
:<;76{BGH ‖y∗(t+ ε)− (y∗(t)+∆y(ε))‖ = O(‖ε‖2) l N�M�8�@{@
;76>:�8�@ I BGFGMrTO4WN�M�Be6
BG4AN�H�X�8O?A8�N;76u6>:�8 U 4WB]N&6
Hyk=:�8O@>896
:�8 ;ATS6
B]?A89H>8O6wT�:<;7N�oW8�HOX!;AHu6
@>8�;76
8OM%B]NL�u:�8�4A@>8 I Úcb ç�b
x�N U @>;ATO6>BGT�;AF=; U�U F]BGT�;76
B]4WN�H�X�:�4#k{8O?W8O@�Xuk=:�8ON k�8�k�;AN&6}6
4�H>4AF]?W8%; U @>4WE�F]8 I P (t2)

HZ6�;A@Z6
BGN�o
k=B]6>:�6>:�8VH>4WF l 6
B]4WN[4AQu; U @>4AE�FG8 I P (t1)

X	k�8rk=BGF]Fz6�J U BGT�;AFGFeJ�8�N�T�4 l N&6>8�@�6>:�8VTK;AHC8V6>:<;7696
:�8VN�4WN�hM�B�	�8O@>8�N&6>BD;AE�F]8 U 4ABGN&694AQ�6>:�8VH>4WF l 6
B]4WN�T l @Z?W8 w∗(t)
FGBG8OH9H>4 I 8Ok=:�8O@>8VBGN�6
:�8\B]N�6>8�@Z?A;7F,EY8S6�k�8O8�N t1;AN�M

t2
bpxi6wBGHy?W8O@CJ�B IVU 4W@C6
;AN&6�6
4VN�4A6>8s6
:<;76=6>:�8 � �sÝ I 8S6
:�4�M�BGH=BGN U @>;ATO6>BGTO89;AFGHC4\;7E�FG8s6
4n6>@>8K;�66
:�BGH=TK;AHC8AXY;AH=B]6=T�;AN*8S?W8�N*@>8 U @>4�M l T�8}ÀA¼G¹S·aºA½<·=;ATO6>B]?W89HC8O65T�:<;AN�oW8OH�X�k=:�BGT�:�k=BGF]F�EY8 BGF]F l HZ6
@>;76
8OMLE�J6
:�89Q�4AFGFG4#k=B]N�ov8S��; IVU F]8Ab
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P̆ (t̆)
q
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−5 0 5
−3

−2

−1

0

1

2

3

w
*  +

 ∆
 w

t* + ε

t*=0.5 
w*=0.48 

Ù�B]o l @>8�Ú�b Ú�ÛpÙ�BG@CHC6uHZ6
8 U ∆w
47Q�8j��;ATO6y¾58OH>HCBD;AN � �sÝ I 8S6
:�4�M�Q�4W@u����; IVU FG8sÚcb]dWX�;AHu;�Q l N�TS6
B]4WNL4AQ

ε
X�Q�4W@y6>:�89BGN�Be6
BG;AFGB]tK;76>BG4WN

t∗ = 0.5, w∗ = 0.48 = arcsin(0.5)
b

min
t ∈ R, w ∈ R

1

2
w2 H l E��C8�TS6�6
4

{

t− t̆ = 0
−t + sinh(w) ≥ 0

mS½<¼­·q¼qºAÆË¼eé�¶>À}ºA·{ºr¹#¿�ÆË¸�·q¼a¿�½
t∗ = t̆

Í
w∗ = max(0, arcsin(t∗)

Í
µ∗ = w∗/ cosh(w∗)

¿-Ç
P̆ (t̆)

Íp·­Â<¶(�{Ñ
¿-Ç9·­Â<¶©opÁ
¹S·=¶CÃ�º�¾S·©��¶�¹�¹S¼qºA½%È��{Ñá¼­·-¶SÁCºA·q¼a¿�½vÇK¿�Á ·­Â<¶s¹#¿�ÆË¸�·~¼a¿�½_¿-Ç

P̆ (t̆+ ε)
¼G¹

min
∆t ∈ R,∆w ∈ R

1

2
∆wT (1− tanh(w∗)w∗ ∆w + w∗ ∆w

H l E��C8�TS6�6
4
{

∆t − ε = 0
−t∗ + sinh(w∗)−∆t + cosh(w∗) ∆w ≥ 0,

Î�Â�¼a¾�Â�Â�º�¹9·­Â<¶s¹#¿�ÆË¸�·~¼a¿�½

∆t = ε,

∆w = max(− w∗

1−tanh(w∗)w∗
, t

∗−sinh(w∗)+ε
cosh(w∗)

),

µ̃ = w∗+(1−tanh(w∗)w∗)∆w
cosh(w∗)

º�¹�À�¶�Å!¼a¾S·�¶>À(¼­½ êp¼e»A¸�Á
¶�Á � ÁLÇK¿�Á[ºA½á¼­½<¼­·~¼qºAÆË¼eé#ºA·q¼a¿�½ t∗, w∗ ·�Â�ºA·n¼G¹�¼­½Þ·­Â<¶�½�¶S¼e»�Â�ÔS¿�Á
Â<¿#¿�Àô¿-Ç�·­Â<¶Ïa¾�¿�Áj½�¶SÁUÐ
t = 0, w = 0 �
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²EO �#Ul�#U����2��~)R��/~)�#O'��~�I&N3I,���1K#�)I,�`U��1��¬�K+K#�/I,N%È$��O xl�EI,N «���K(O ��U1x¹��O
	5�/K(P+�#U��/K(�2����K(�CO'~B��²4��O'xB�5��K6�`I,~)�K#�2P#�;�/����P�Û

• ¿���K(�/P6��K#O �2����U��T~D¬1xcS5�2K.�,�VP(��N'¬:��O'�,~lO%���/K#I&��O ��~�PY��U�I7�.I,K(���;�/K6����K#xB�/�Z���,K��/I,�`UQ��K#�,S�N'�2x¹����7���"���?�D�,Ì'�*Í���Îo�?�����(�,���$�7�i�:I,N N'�q²EO'~�«C�#�8K(�/��¬1�/�T�#U��*P�I,xB��N'O ~�«<O'~)�#�/K(R&I,N P
δi

���8I!xBO'~�O xc¬�xa­¾"U�O PfI,����K(�)I,�`U�O PW��~�N yC�5��P(P#O S�N'�rO%�1²����2~�P#¬�K(���#U�I&�W��U��+P#¬1S�P#�2ÏD¬1�/~)�r���1�#O'xBO'Ç/I&��O ��~C��K(��S�N'�2xlPI,K(���/I,K#����¬�N'N%y]O ~�O �#ObI,N O'Ç2�/�QO'~_��K#���2KT�#�QxZI,O ~)�`I,O ~a�#U�����Ã1�2�/N N'�/~)�<�2��~)R��2K#«��2~��/�A��K(���5�2K(�#O'�/PT�,��#U��^��O'K(�/�2�Ex�¬�N �#O'��N ��P#U1�:�,�#O'~�«AxB�2�#U��:�QO ~Q��U��!I,S�P(�/~��2�8�&�k��O P(�#¬�K#S�I&~��/�2P/­
• ¯D�/�/�,~���N y,��²4�8��O RDO'�1�^�#U��!~��/�2�/P#P#I,K(y]�/�,xl��¬:�`I&�#O'��~�PE��¬1K#O'~1«l�/I,�`U_K(�MI,NÐÈ-��O xl��O ���2K�I&�#O'��~eO ~0�#�I\´�N'��~1«0µTÑ;�`��Ñ1�,�(�,���$�7�JÑ�Ò1�7�q�Z�#U�I&�8�MI,~\S;�Z�;�/K6����K#xB�/�z²EO ��U1��¬1�c³0~��q²EN �/��«��Z�,�

x0
�rI,~1�\I�2��~�P#O ���/K#I,S�N%y@P#U1��K(�#�/KXÓM�`�#�)Ô`�D�KJ�Ñ�Ò1�7�q�C��U�I&�*I&N'N'�q²EP4�#�AxZI,³&�C��U��<�1�/NbIMyQ��R��2~]P(U���K(�#�/K"��U�I,~�#U��4P#I,xl�1N'O'~1«*�#O'xB�

δi
­kËTPi�#U�O'PiK#�/xlI,O ~�O'~�«E���2NbIMy!O'Pf��y:�1O'�MI&N'N yC��K#���2K#PX�&��xZI&«�~�O �#¬����+P#xlI,N'N �/K�#U�I,~

δi
�&²��.²EO'N NDO ~8�#U��4����N N'�q²EO'~�«*~��2«�N'�2�2�XO%�XI&~��AI,P#P(¬�xB�4��U�I7�k��U1�4K#�2P#¬�N%�r�,�9�/I,�`ULK#�/I,N%È$��O'xB�O%���/K#I&��O ��~jO'PA�?ÕLÕZ�#�,���,����ÌËàjIMR&I,O'N'I,S�N'�&�VI,~��z��U�I7�!�#U��BP�I,xB��N'O ~�«@��O xl�

δi
O P^��~�N yJ~��/�2���/�p�#���K(�/��I&K#�<��U��"ÓM�7Ì?Ì'�7Ör�?�D�ZK(�MI,NÐÈ-��O xl�TO �#�/K�I7��O'�,~3­

Z4�,�#UzI,N'«��,K#O �#U�xBO'�<���MI&�#¬�K#�2P^I,K#�LS�I,P#�2�z�,~�I&~zO ~�O �#ObI,N O'Ç/I&��O ��~QP(�#K�I&�#�/«,y]��U�I&�^�/I,~ÀS5�L¬1~����/K(P(�#�:�D�I,P*I,~À�?���?�����,ÌV×7�,Ì��9�c��ÕBÔ��#�)�,�?�D�;�:²EU�O �`Ua²EO N'N�S;�^���/P(�/K(O'S;�/�aO'~Q��U��<����N N'�q²EO'~1«�P#�2�2�#O'��~3­
�2 i� HÙØ2�ÛÚ¸;2371436)M+GÜ )M+6 >�ÞÝu5 ����=>=23#;2Ø
Á�~Q¾"U��2��K#�2xwß1­áà��,�i¯D�/�,­�ß1­áâ8²4�CU�IqR,�<P#U��q²E~Q��U�I&�4�#U���Ä�K(P(�"O%���/K#I&���*�,�fI8��¬1N'N;P(���2�Q��Ã1I,����¾T�/P(P#O'I,~¯]�<ãäI,N «���K#O%��U�xå��U�I&�!O'P^O'~�O%��O'I,N'O Ç/�/�JI&�8Ia~��2O'«�U0S;��K#O ~�«eP#��N ¬1��O ��~À���/N O R,�/K#P8IQÄ�K#P6����K(���/K8I,���1K#�MÃ0ÈO'xlI&�#O'��~j�,�4��U��l��Ã1I,�2��P#��N ¬1��O ��~3�WO �.I,~[I&¬�«�xB�/~)���2�p��K(��S�N'�2xæ����K#x�¬�NbI&�#O'��~G´�ß1­%®Mâ0µ<O'P!¬�P#�2�3­e¾"U���/K(¬��/O'I,N:���/I&��¬1K#�"�,�9��U1O'PrI,¬1«�xl�2~)���/�L����K(xc¬�N'I&��O ��~8O Pk��U�I&�X��U1�EI,�2�#¬�I,N1R&I,N ¬��4�,�9�#U��"��I,K#I,xl�����2Kk��U�I7���O P(��O ~�«�¬�O P#U��2P�S;�2��²��/�2~Q��O
	5�/K(�/~)����K#��S1N'�/xBP+O'PYO'~)��K(�:�1¬��/�2�QI,P�I,~@I,�1��O �#O'��~�I&N�=�çWã[R&I,K#O'I,S�N'�&����U�I7�O'P*Ä1Ã:�/�jS)y_IB��K(O RDObI&Nf�2Ï0¬�I,N'O%��ye�/��~1P(��K#I,O'~)�/��P#�l��U�I&�����/K(O R&I&�#O R��2PT²EO%��U_K(�/P(�5�2�2�C�#�Z��U�����I,K�I&xl�����/KI,K(����K(�/P#�2~)�<O'~a��U��c¯]�<ã���K#I,xB�2²���K#³9­*è���K(�#¬�~�I&�#�/N y,�9O'~]�#U����1O'K#�2�2��xc¬�N �#O'��N �<P#U��D�,�#O'~�«l=�çWã�����K6Èxc¬�N'I&��O ��~J�,�4¯:�2�,­fé:­hé:�3�#U��A��O'P6��O'~1«�¬�O'P(U�O'~1«Z��I,K#I,xB�2���2K<�,�Y��U��B=TçfãrP

P (x0)
O PC��U��LO ~�O �#ObI,NWR&I,N'¬��

x0
�:�#U�I&�"O P.O �#P#�2N �W�/�,~�P(�#K�I,O ~�O'~�«

sx0
S0y@I���K(O RDObI,N9�2ÏD¬�I,N'O%��yZ�2��~�P(�#K�I,O ~)�

sx0 − x0 = 0
­X¾"U��2K#�2���,K#�,��²��xlIqyZK#�2«)I,K#�e��U1�8=TçWão����K#x�¬�NbI&�#O'��~J´$é:­%®qê)µ.I&PTI&~a�2xcS;�/�����2�_��K(��S�N �/x����,K#xc¬�N'I&��O ��~Z�&�k��U1�^���,K#x

min
sx0∈ Æ nx ,w̃∈Æ (nw−nx)

F (sx0 , w̃)
P#¬�S0°(�/�2�*���







sx0 − x0 = 0,

G̃(sx0 , w̃) = 0,
H(sx0 , w̃) ≥ 0,²EO �#U

w = (sx0 , w̃)
´�����­^¯:�2�,­VéD­ëé�µ�­<±4��xB��I,K(O'~�«B²EO �#U_��U���~��,�`I7��O'�,~_�,�c´�ß1­%®Mâ0µ`�

sx0
U�I&P��`I,³&�/~j��U1���N'I,�/�<�,�

t
�9I,~��

x0
��U��^��N'I,�/�<�,�

t̆
­çV�2�E¬�P*I,P(P#¬�xB�C��U�I7�"²4�^U�IMR��<����¬1~��aIAP(��N'¬:��O'�,~

y∗(x0) = (w∗(x0), λ
∗(x0), µ

∗(x0))
�,�f��K#�,S:ÈN'�2x

P (x0)
­BÁ-����U��l¯]�<ã·I&N'«���K(O �#U�xÆ����K<��U��AP#�,N'¬1�#O'��~j�,�.IQ~��/O «�U0S5��K(O'~�«Q�1K#��S�N �/x

P (x0 + ε)
O PO'~1O ��O'I,N'O Ç/�2�A²EO%��UZ�#U�O'P�P#��N ¬1��O ��~3�)��U1��Ä�K#P6�.��¬�N N;P6���2�a��Ã1I,�2��¾*�/P(P#ObI&~a¯]�<ãGO%���/K#I&���*��K(�dRDO ���/P"I&N'K#�/I,�1yI,~l��Ã:�/�2N'N'�2~)�^´�Ä�K#P(�4��K#�1�/K`µYI,���1K#�MÃ:O'xlI&��O ��~A�,�3��U1��P#�,N'¬1�#O'��~

y∗(x0+ ε)
­r¾"U�O'PYÄ�K#P6�.O%���/K#I&���*O'PY��R��/~I,S�N �"���8I,����K(�qÃ:O xZI&�#�E��O'P6�`I,~)��I,�2�#O R,�TP(�2�.�`U�I,~�«��2P/�:I,P+²4I,P�P#U��q²E~@O ~ZÂkÃ1I,xB��N'�*ß1­áß1�DI,~��B²EO'N'N�I,N'P(�S;�!O N'N ¬�P(�#K�I&�#�/�@O ~e�#U��<����N'N �q²EO'~�«c��Ã1I,xl�1N'�C����KEIL��I,K#I,xB�2���2K#O Ç/�/�e���:��O'xlI,N5�/��~)��K(��N3��K(��S�N �/xa­
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èkO «�¬�K#�4â�­ëéDókèkO K#P6�r��K#�1�/KY�/��K(K#�2�2��O ��~LO'~
q10

I,~��
q20

I&�?�#�/KXO ~�O �#ObI,N0R&I,N'¬��4�/xcS;�/���1O'~�«!I,PYIC��¬�~�����O ��~L�,�
ε
������K.��²��Z��O�	��2K#�2~0�TO'~1O ��O'I,N'O ÇMI&�#O'��~1P/óW��~]�#U��^N'���?�EU�I,~��]P#O'�1�^�#U��8I,N'«��,K#O �#U�xô².I,P*O'~1O ��O'I,N'O Ç/�2�l²EO �#U��U1�CP(�#�MI,�1yZP(��I&�����#K�Id°(�2�2�#��K(y,����~@��U1�CK#O «�U)�.U�I,~1�QP#O'�1��²EO �#U@��U��C�,¬1���2��xl�T�,�W��U��TÄ�K#P6�"O �#�/K�I7��������K
ε = 1

��K#��x{��U��^N �2�?�EU�I,~1�]P(O'���&­r¾"U��8��Ã1I,�2�*P#�,N'¬1�#O'��~QxlI,~�O%����N'�À´��2��­YèkO «�­�®,­hß)µ4O P"���,�(���/��­

ð�õV �¨`}k¤�¦ ¶f� ì d�� ª £�¢q£� �¤Xî! �¤�ïf¦]ð<¨jñr¦����f£ ªWò löW���"�0�A�q�)�,�?�n�`�7�1�����D���8��Ò��B�`�7�����?���9�7�)�������?���`�#�e�-�,��JZ���#�D�����7��Ör�?��Òj�_�,�'�����:�2Ô��#�Q�?���?�����,Ìi×7�,Ì��9�
x0�7�e�?�êÌk÷0�,Õ�Ñ;Ì'�cø �ËÍ��w� �eÖr�?Ì?Ì.���$�)�,�(�[��ÖkÒ��7Ì'�CÓ2�,ÕL�?Ì�ù\��Ó]�`Ñ;���?ÕL�%úq�,���$�7�zÑ;���,Ô/Ì'��Õ��

P (xε)
Ör�?�?ÒÑ��������D�2Ô��#�Z�?���?�����,Ì�×7�,Ì��9�`�

xε := xS + ε(x0 − xS),

�?Ò1�,�*�?�������-Ñ��7Ì%�,���AÔ�����Ö4�`������Ò��������#�)�,ù@���$�,���
xS

�,�;�]��Ò��A�,�'�����D�2Ô��#�]�?���?�����,Ìk×7�,Ì����
x0

Ã(��Ó � Ìk÷0�,ÕLûÑ;Ì'� Í��ËÍ7Åa� öW���.�)�c�?���?�����,Ì��%ú7�!�?Ò��8Í���Îä�,Ìü�D�7���?��ÒDÕåÖr�?�?Ò]��Ò��!�����#�)�,ùA���-�,���8���(�GFM�`�����7��ùdý4ÖkÒD�$�`Ò]�'���?Ò���q�7Ì��D���$�7�o��Ó
P (xS)

Ã
ε = 0 Åa�\þ Ò��A���:ÕBÔ����

nw

��Ócÿ*öWÎÉ×7�,�����)Ô/Ì'�`�c�'������ø1ý��7�l�,�'�q���)�`�q�#�a�?�»Ìk÷�û�,Õ�Ñ;Ì'� Ñ��ËÍ��À� �c���`�������$�����7�D�L�,�����������$�7�\�7��Ì�ùQ���Z�?Ò���oY�����T�`�7�������7Ìi×,�`�����7��ý
q0 � A �`�7Õ�Ñ1�,���'�q�7�p��Ó�?Ò��°oY�`���E�`�7���`�`�����$�7�j�?�

q0
�(Ó������^��Ò��!�?���?�����,ÌV×7�,Ì����L��ÕBÔ��#�)�,�?�D�lÖr�?��Òa�?Ò��L�(÷0�D���r�q�7Ì��:���$�7�jÕB�,��� ÓM�7Ì%�Ã(��Ó � Ìk÷0�,Õ�Ñ;Ì'� Í��ËÍ7Å �'�!�`Ò��7Ör�[�7���?Ò��cÌ'��Ó��+Ò1�,�;�Z�����D�B��Ó��Y�%� � ø �ÒÑ ÓM�7�c�,� �C���������4×7�,Ì����`�l��Ó

ε � �?ÒD�'��?Ì?Ì��)�����(�,���`���?Ò1�,�4�?Ò��!�?���?�����,ÌV×7�,Ì��9�A��ÕBÔ��#�)�,�?�D�A�����(�,���$�,ù^Ñ;�`�7×q���D�`�!�yoY�`���E�7�(�D������Ñ)Ñ;���2÷��?ÕB�,���$�7����Ó�?Ò��8�(÷0�D���i�q�7Ì��D���$�7�]ÕB�,��� ÓM�7Ì%�7ýi�?Ò1�,�r�-�UJ)�`�<�D�����?×,�E�q���4�`Ò1�,�D�D�`�T�?�����A�D�`�`�7�D���rÃ(��Ó � Ì'�7Ö4���*Ì'��Ó��f�,�(��Ñ�Ò��Ó��r�%� � ø �ÒÑ#Åa�
	 �l�?Ò��"���%�7ÒD��Ò1�,�;�������D����Ó��Y�%� � ø �ÒÑ Ö4�"�?��×,�`�����%�)�,���.ÖkÒ1�,��Ò1��Ñ)Ñ����1�4� Ó4Ö4�T�`Ò��q�q�q�.�?Ò��oY�����"�?�����(�,���L�?�?�q��Ì ÓL�7�L�,�z�?���?�����,Ì��%úq�,���$�7�n��Ó8�?Ò��B�,Ìü�D�7���?��ÒDÕ�ý+�q�Q�?Ò1�,�"Ö4�B�,Ô/�-�,�?�p�@�q�`�`�7�;�Q�?�����#�,��� �ÿ!�7���8�?Ò1�,�4�?Ò��°oY�`�����?�����(�,���!�?���q��Ì Ó^�'�*~1�,�L�?Ò��<�q�7Ì��:���$�7�p��Ó8�,��ù!Ñ;���,Ô/Ì'��Õ�ýX�q�B�?Ò1�,�4�?Ò��!ÕB�,��� ÓM�7Ì%�e��Ó�q�`�`�7�;�Q�?�����(�,���`�B�D�q�`�L���7�"���7���`Òj�?Ò��Z�(÷0�D���4�q�7Ì��D���$�7��ÕB�,��� ÓM�7Ì%�]�,�*�e�`��ÓM���������`�*Ñ��7�?����ý*�7�BÔ���ÓM�7��� ��E�D�3�?�k�#�,�ZÔ����q�`���A�?Ò1�,�V�?�l�?Ò��.×q�$���?���?��ù8��Ó
ε = 1

�?�1Ñ;���7×q���D�`�"�,Ì����#�)�,ù^�,B/�D�?���r�D�q�/�8��Ñ)Ñ;���2÷��?ÕB�,���$�7���Ó^�?Ò��c�(÷0�D���Y�q�7Ì��D���$�7�JÕB�,��� ÓM�7Ì%� �
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¯:�e��I,KC²��lU�IMR,�ZI,P(P#¬�xB�/�z��U�I7�!�#U��AO'~�O%��O'I,N'O ÇMI&�#O'��~e�,����U��l¯]�<ãäI,N «���K#O%��U�xåO P!«,O R��2~3­AÁ�~[IQK#�/I,N%È��O xl�"P(�/�2~�I,K#O ���)��U��2K#�EO'PY�2P#P#�2~)��ObI&N'N y���~�N%yL��~��EP#�,¬�K#�2�*²EU�O �`UZ�/I,~l�1K#�qRDO'���TI,~BO'~�O%��ObI&N:«�¬1�/P#PY����Kr��U1��/¬1K#K#�2~)�c��K(��S�N'�2x]ó!��U��l��¬1�#�/��xB�l�&�.��U��l��K#��RDO'��¬�P8O �#�/K�I7���,­��T�/�;�/~���O ~�«J��~z��U��l��K#�,S�N'�2x �/NbI&P#P/���O�	��2K#�/~)�8P(�#K�I&�#�/«�O �/P��2��xB�B�#�]xBO'~��À���]¬�P#�B��U��l��K#��RDO'��¬�P8K#�/I,N%È$��O'xB�cO%���/K#I&��O ��~j���]O'~�O%��ObI&N'O'Ç2����U1��/¬1K#K#�2~)����~1�,­

Á�~l�#U����/I,P#�*�,�3P(U�K#O ~�³0O'~�«!U���K(O'Ç2��~l�1K#��S�N �/xBP/�)��U1�/K#�T��Ã:O'P6��P�I^R,�/K6yZ~�I7��¬�K#I,N�O'~�O%��O'I,N'O ÇMI&�#O'��~^��U�I7�O'PiS�I,P(�/�c��~8��U��.�1K#O'~1�/O'�1N'�Y�,�9���1�#O'xlI,N'O%��y;ó�O ��I�P#��N ¬1��O ��~
x∗(t)

�
z∗(t)

�
u∗(t)

O'Pf���1�#O'xlI,N)��~��#U����#O'xB�U���K(O'Ç2��~
t ∈ [ti, tf ]

����KYI&~lO ~�O �#ObI,N0R&I,N'¬��
x0(ti)

�DO%��PrK(�/P(�#K#O �2��O ��~L���^��U��EP(U�K#¬�~1³LU���K#O Ç/��~
[ti+1, tf ] =

[ti + δi, tf ]
O'P�P6��O N'NW���1�#O'xlI,N3����KT�#U���O ~�O �#ObI,N3R&I,N ¬��

x0(ti+1) = x∗(ti+1)
­�¾"U�O PC�MI&~JS5�!��K#I,~�P#N'I&���2�O'~)�#�Z��U�����O'K(�/�2��xc¬�N%��O'�1N'�^P#U��D�,�#O'~�«l�/��~)����ÃD�M�VO �k��U��cN �/~�«&��UJ�,�r�#U��cxc¬1N ��O ��N'�<P(U��D�,��O ~�«@O'~)�#�/K(R&I,N P/�

T (τi+1 − τi)
���/�,K#K#�2P#�;��~���PE���A��U1�!N �/~�«&��Ua�,�i�#U��!P�I,xB��N'O ~�«LO'~)�#�/K(R&I,N P/�

δi = ti+1 − ti
­4çV���T¬1P*����K��U1O'PCP(�/���;�cK#�2«)I,K(�ÀI@��K#��S1N'�/x ��O P#�/K(�2�#O'ÇMI7��O'�,~]²EO �#U

N
xc¬1N ��O ��N'�!P#U1�:�,�#O'~�«ZO'~)���2K(R&I,N'P2�3I,~1�jN'�2��¬�PI,P(P#¬�xB�4��U�I&�i���,Ki��U1�4���1�#O'xBO'Ç/I&��O ��~^��K#��S1N'�/x

P (x0(t0))
��~��#U��4��¬�N N0U���K#O Ç/��~

[t0, t0+T ]
I�P(��N'¬:��O'�,~

w∗ = (q0, . . . , qN−1, s0, . . . , sN)
U�I,P<S;�/�2~À���,¬�~��3­cË.�<�#O'xB�

tk = t0 +
∑k

i=1 δi = t0 + Tτk
�WIK#�2��¬��2�/�A��K#�,S�N'�2x �/I,~LS5������K#xc¬1NbI&�#�/�3�&��~AICP#U�K(¬�~�³8U���K#O Ç/��~8²EO ��UL�,~�N y

N−k xc¬�N �#O'��N �YP#U��D�,��O ~�«O'~)�#�/K(R&I,N P/�V����K<��U1�BO ~�O �#ObI,NfR&I,N'¬��
xk := x0(tk)

­A¿��B²EO N'NX���2~��,�#�B�#U�O'P^��K(��S�N'�2xæS)y
Pk(xk)

­@çV���¬�P^I,�1���1�<��U1�L�/��~)R��2~)��O'�,~z�#U�I&�<��U1�Lxc¬�N �#O'��N �8P(U��D�,��O ~�«@R&I,K#O'I,S�N'�2P
wk

�&�+�#U��AK#�2��¬��/�2�p=TçWãÅI,K(�~0¬�xcS;�/K(�/�ZP(�8�#U�I&�Y��U��*O'~1��O'�2�/PYP(��I,K(�Y²EO �#U
k

�0O$­ü�,­%�
wk = (qk, . . . , qN−1, sk, . . . , sN)

�0P#�^��U�I&�+��U1���K(��S�N'�2x
Pk(xk)

�
k = 0, . . . , N − 1

�MI,~aS;�^²EK(O �(���/~aI,P2ó

Pk(xk) : min
qk, . . . , qN−1,

sk, . . . , sN

N−1
∑

i=k

Li(s
x
i , s

z
i , qi) + E(sxN , s

z
N)

´�â�­%®qI)µ

P#¬�S0°(�/�2�*���
sxi+1 − xi(τi+1; s

x
i , s

z
i , qi) = 0, i = k, . . . , N − 1,

´�â�­%®MS9µ
g(sxi , s

z
i , qi) = 0, i = k, . . . , N,

´�â1­ ®M�Mµ
sxk − xk = 0,

´�â�­%®M�9µ
re(sxN , s

z
N) = 0,

´�â�­%®M�qµ
ri(sxN , s

z
N) ≥ 0,

´�â�­%®/�`µ
h(sxi , s

z
i , qi) ≥ 0, i = k, . . . , N.

´�â�­%®M«Dµ

=T�&���<��U�I7�
P0(x0)

�2��K#K(�/P(�5��~1��P"���A��U��<��K(O'«�O ~�I,N5��K#��S1N'�/x
P (x0)

����K#x�¬�NbI&�#�/�QO ~z´$é:­%®qê)µ�­
±4N'�/I,K#N%y��)O ��²��*U�IMR��"����¬�~��BI<P#�,N'¬1�#O'��~

y∗k = (w∗
k, λ

∗
k, µ

∗
k)

�,�;��K(��S�N �/x
Pk(xk)

�0I&~��AO �9��U��EP6�`I&�#�
xk+1

�/��K(K#�2P#�;��~���P+���<��U��*��K(�/��O �2���2�l�,�1��O xZI,NDR&I,N'¬��E��~A��U1O'Pr��K#Id°(�/������K6y��0O$­ü�,­%�
xk+1 = (sxk+1)

∗

k

�)��U1�K#�2P(�#K#O'����O ��~8�&�1��U1�4P#�,N'¬1�#O'��~<���E��U1�4K#�2xZI&O'~�O ~�«"U���K(O'Ç/�,~8��K(�qR:O ���/Pf��U��+P#�,N'¬1�#O'��~
y∗k+1

����KV��U1�4P#U1K#¬�~�³��K(��S�N'�2x
Pk+1(xk+1)

�)²EU�O'�`UlO'P+I^«��:�D�AO'~�O%��O'I,N'O ÇMI&�#O'��~!I,N P#�^����Kr��O'P6��¬�K(S5�2�ZO ~�O �#ObI,N0R&I,N'¬��2P
xk+1+ ε

�
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Sk
���U�I&��°(¬�P(�BK(�/xB�dR,�/PL��U1�eÄ�K#P(�A�2��xB�5��~1�/~)��P

qk
�
sk

I&~��G�#U��Q�/�,K#K#�2P#�;��~���O ~�«Àxc¬�N%��O'�1N'O'�2K#P^��K#��xÞIR��2�2�#��K
yk = (wk, λk, µk)

�rO$­ü�,­%�k��U1�Q���5�2K�I&�#��K^��U�I&�c��K#�7°(�2�2�#Pc��U��ZR&I,K(ObI,S1N'�/P8I,~��\x�¬�N �#O'��N O'�/K(P<�,�
Pk(·)

���Q�#U��cR&I,K#O'I,S�N'��I,~��Àxc¬�N%��O ��N'O �/K*P#��I,�2�A�,�
Pk+1(·)

­��TP(O'~�«
Sk

�3�#U��AI,S;�qR��AP(��I&���2xl�2~0�!�/I,~S;�!��Ã:��K#�2P#P#�2�jI,P
y∗k+1 = Sky

∗
k.
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Á�~j��U���K#�MI&N%È-�#O'xB�8O%���2K�I&�#O'��~]�/��~)����ÃD�M�V��U��AI&N'«���K(O �#U�x ²4�,¬�N'�j��K(�:�2�/�2��I&PC����N'N �d²EP2óT¯D�`I,K6��O ~�«Z²EO �#UI,~lO'~�O%��ObI&N1«�¬��2P#P

y00 = (w0
0, λ

0
0, µ

0
0)

���,K+�#U��T�1K#��S�N �/xBP
P0(·)

��K#�2��I,K#�E��U1�TÄ�K(P(�.K(�MI,NÐÈ-�#O'xB�.O �#�/K�I7��O'�,~I,P!��I,K�I&P��;��P#P(O'S�N �B²EO%��U���¬:��³0~��q²EN'�2��«��@�&�
x0

­]¾"U1�/~\�;�/K(���,K#xæ����K^����K
k = 0, . . . , N − 1

��U������N N'�q²EO'~�«��2yD�/N �,ó
®�­EË.�.�#U��<xB��xl�2~)�

tk
�#U�I&�

xk
O P.³0~��q²E~3���;�/K(���,K#xô��U��<��K(�/��I&K#�/�eK(�MI,NÐÈ-��O xl�EO%���/K#I&��O ��~j´�S�I,P(�/���~ZI8N O'~��/I,K#O ÇMI&�#O'��~AI&�

ykk
I&~��l�#U���O ~�O �#ObI,NDR,I&N'¬��*�/xcS;�/�1��O'~�«!O'�1�MI)µX���q²4I,K#��P+��U��TP#��N ¬1��O ��~A�,�

Pk(xk)
­Y¾"U�O P"y:O �/N ��P.��U��<Ä�K(P(�*��K(���/K"�2��K#K(�/�2�#O'��~

yk+1
k

­
é:­ ¹ O R,�C��U��^K#�2P#¬�N%��O ~�«cR&I,N'¬��<�&�i�#U��<Ä�K#P6�T�2��~)��K(��N�R��2�2�#��K

(qk)
k+1
k

´�²EU1O'�`UaO'P.�2��~)�`I,O ~��/�aO'~Q��U1�R,�/�2�#��K
yk+1
k

µ.O'xBxl�2��ObI7���/N%yBI,P*IL�/��~)��K(��N3���L�#U��^��NbI,~)�/­
ß1­T¯:U1K#O'~1³C��U��YÄ�K#P6�k�,K#���2Ki�2��K#K(�/�2�#O'��~

yk+1
k

���T�#U��YR,I&K#ObI&S�N'�rP(��I,�/�+�,���#U��+~��2²\�1K#��S�N �/x
Pk+1(·)

�O�­á�&­ ���1�2Ä�~��^��U1�!~1�2²·O%���2K�I&�#�
yk+1
k+1 := Sky

k+1
k .

â�­*ãrK#�2��I,K(�c��U��cÄ�K(P(�<O%���2K�I&�#�c�,�+��K#�,S�N'�2x
Pk+1(·)

I&PC��I,K<I,PC�;��P(P#O'S1N'��²EO%��U���¬:�C³0~��q²EN'�2��«��L�,�
xk+1

��¬�P#O ~�«L��U��^P#U1K#¬�~�³@R,�/������K
yk+1
k+1

I,P*I,~eO'~�O%��ObI&N'O'Ç/I&��O ��~3­
� ­EÁ�~��2K#�/I,P#�

k
S0y@��~��!I,~��e«��L���a®�­

=T�&�����#U�I&�.O ~@��¬�K4I,N'«,��K#O%��U�xÉ�#U���Ä�K(P(�.��²��AP(�#�/��P.�1�L��~�N yB~��2�/�eI�R,�/K(yZP#U��,K(�.�2��xB��¬1�`I7��O'�,~l��O xl��/�,xl��I&K#�/�Q�#�A�#U��<����¬�K6��UaP(���2�[´��2��­�±4U�I,��­9à)µ�­
ð�õV �¨`}k¤�¦ ¶f��� d6¥@¦0 �¤Ëg(¢d£�¨p¦a£�¢M¦��d 1¢q£ |;ª �Ul
þ Ò��c��Ì'�q�q�#�,û�Ì'�q�`ÑJ���(�GFM�`�����7��ùB���`���:Ì����?�D�TÓ����7Õ �?Ò��!�`�#�,Ì�û����?ÕZ�^�?�����(�,���$�7�À��Ñ)Ñ;���/�D�`Ò<ÓM�7�<�?Ò��<�q�`���;�,���$��?Ò1�,�LÖ+�7�lÑ;���`�q�������#�n�?��Í3�`� ��Í��ÒÑ �'�a�`Ò��7Ör� �?���Y�%� � ø � Á �Êþ Ò��]���DÕBÔ����z��ÓJÕL�DÌ����hÑ;Ì'�]�`Ò��q�7���?�D��?��������×7�,Ìh�<�'�

N = 100
ý+Ör�?��Òa�?��������×7�,Ìh�c��Óc�CB/�1�,Ì3Ì'���D�,��Ò

δk = 20
�q�`�YÓM�7�

k = 0, . . . , N − 1 �lþ Ò���?���?�����,Ì��%úq�,���$�7�
y00

Ö+�7���`Ò��q�q���B���!Ô��"�?Ò��.�����#�)�,ù����$�,���E���(�GFM�`�����7��ùdýf� � � � ýW�?Ò��.�q�7Ì��D���$�7�e��Ó
P (xS) �B� ��7�`���DÕZ�A��Ò1�,�*�?Ò��CÑ;����Ñ1�,�#�,���$�7�[���?ÕZ�CÑ����L���#�,Ì�û����?ÕZ�L�?�����(�,���$�7�[�'�@�(÷0�D����Ì�ù Ñ �@�q�`�`�7�;�7�2Ã-�?�[���#�,Ì��?��ùqý�?Ò��L�`�7Õ�Ñ;�:�$�,���$�7�_���?ÕZ�"Ñ����<�?�����(�,���$�7�jÖ+�7�8�,Ì�Ö+�,ùq�!Ì'�`�`�^�?Ò1�,� Í �q�`�`�7�;�7ý.��Ó � �r�%� � ø � � Åa�m��C�#�,�pÔ����q�`���p�?Ò1�,�E��Ò��c���#�,Ì�û����?ÕZ�c�?�����(�,���$�7�\��Ñ)Ñ;���/�D�`ÒÀ�D��Ì��?×,�����A�a���#�GFM�`�����7��ùQ��Ò1�,�E�'�c���#�,��Ì�ù���D�������$�#�,ÌDÖr�?�?Òc�,�e�`Ñ;���?ÕB�,Ì`ÓM�`�#�)Ô`�D�KJ<�`�7�������7ÌcÃ��D�7�����#�CÌ��?��� Å�� ��Ñ1�,���&Ó����7Õ|��Ò��yÏ$�7�D��Ì��$���UÐ+��Ó
u1

�?�B�?Ò��oY�����r�?��������×7�,Ì;ÖkÒD�$�`Òl�'�^�,���<���LÌ��?���#�,���%úq�,���$�7�j�������7���`ýY�,�;�LÖkÒD�$�`Òa�`�7�����`��Ñ��7�;�7�T���L�?Ò��DoY�����r�?�����#�,����?� �Y�%� � ø �ÒÑ�� m��À��Ò��!�q�`�`�7�;�@���#�,Ì�û����?ÕZ�8�?�����#�,���$�7�1ý4ÖkÒ����z���7��Ì��?���#�,���?���$�`�c�,�`�8�$�UJ)�����?�����@�D�`�`�7�:���?ý
u1

�'�^�,Ì��`�#�)�,ùA×,����ùZ��Ì'�q�q�<���A�?�?�c�`Ñ;���?ÕB�,Ì�×7�,Ì���� �Bþ Ò��.Ñ����?ÓM�7��ÕB�,���`�C�?�;�D�(÷B�'���7��Ì�ùA�?�������#�7�q�#�lÔ/ù(Á
� �`�7Õ�Ñ1�,���#�B���Q�`Ñ;���?ÕB�,Ì&ÓM�`�#�)Ô`�D�KJ@�`�7�������7Ì �
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y00
O'P��#U��CP(��N'¬:È��O ��~Z�&�fI@���7ÕL�?�;�,Ì3��K#�,S�N'�2x

P0(x̄0)
��I,~1�@��U�I&����U�����K#�2��O'�����/�Q�,�1��O xZI,N��#K�Id°(�2�2���,K(yl«��:�2P��#U�K#��¬1«�U��U1�L�5��O ~)��P

x̄1, . . . , x̄N
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uk = ūk −Kk(xk − x̄k)
�1²EU1�/K#�

ūk
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��K#�qRDO'���2PI]P(��N'¬:��O'�,~p�,�.�#U��ZP(U�K#¬1~�³��1K#��S�N �/x
Pk+1(xk+1)

�XO%�
xk+1

�/��K(K#�/P(�5�,~���P��#�]��U1�Z��K(�/��O �2���2�[R&I,N'¬��
(Inx|0)sxk+1

­ôÁ-�c��O P(��¬1K#S�I,~1�/�/Pa�D�/�/¬1K/���#U��ÀO'~�O%��ObI&N*R&I,N ¬��À�/xcS;�/���1O'~�«GI,~�� K#�/I,N%È$��O xl�]O ���2K�I&�#O'��~P#�`U1�/xB�<�MI,~eS;�<I,����N O'�2�Z²EO �#U���¬1�"xB�D��O Ä��/I&��O ��~�P87DU1�d²��2R,�/K2�;O%�.P(U���¬�N �QS5�<³&�/�1�EO ~QxlO ~��Z��U�I&�.��U1�O'~)�#�/K(R&I,N���¬�K�I7��O'�,~�P"xZIMyZ~��q²ä�`U�I,~�«,�!�1¬�K#O ~�«L��U��^K#�/I,N%È$��O xl�TO ���2K�I&�#O'��~1P/­Ë���I&K(�C��K(��x �#U��LP#U1K#O'~1³DO ~�«@��K(��S�N �/xå����K#xc¬1NbI&�#O'��~]I,PC���2P#�2K#O'S;�/�zI,S;�qR��&�3��U��2K#�c��Ã1O P(�#P^I,~jO'~:È���2K#�2P(��O ~�«LP#�2�/��~1�]�;��P#P(O'S�O N'O%��yB�#�c����K#x�¬�NbI&�#�T�#U��<P#�2K#O'�2P"�,�f���1�#O'xBO'ÇMI7��O'�,~l��K(��S�N �/x{��~eILP#U�K(O'~�³0O'~1«U���K(O'Ç2��~@²EO �#UZ��K#�2�CÄ�~�I,N��#O'xB�,óiO'~�P6���MI&�Q�,�W��U��<��K(��S�N �/xBP
P0(x0), P1(x1), . . . , PN−1(xN−1)

²EO �#UP#U1K#O'~1³DO ~�«axc¬�N �#O'��N ��P(U��:�&��O'~1«]O ~0�#�/K6R,I&Nr~D¬1xcS5�2K#P2�f²��Z�/I,~��2��~�P(O'���2K�I,N%².IMyDP^��U��Q�/�,ÕZ�Bxc¬�N%��O'�1N'�P#U1�:�,�#O'~�«B��O P#�/K(�2�#O'ÇMI7��O'�,~JI,~��]K#�2«)I,K#�_��~�N ye�,~��8��yD�;���,�Y��I&K�I,xB�2�#�/K#O Ç/�2�_��K(��S�N'�2x]�
P (·) = P0(·)

�O$­ü�,­%�0²4�*��K#�/I&��P#¬��2�/�/P(P#O%R��/N%y
P (x0), P (x1), . . . , P (xN−1)

­XÁ�~B��U�O P��/I,P#�TO ��O'PY~��,�4P(��K#I,O'«,U0�(����K(²4I,K(�U��q²Ù���@O ~�O �#ObI,N O'Ç2����U���P#¬�S�P(�/Ï0¬��2~0�!K(�MI,NÐÈ-��O xl�^O%���/K#I&��O ��~�P2­ v ~���²4IMy]²���¬�N �JS;�����Z��I,³,�8��U���R&I,K(O%ÈI,S�N �BI,~��zxc¬�N �#O'��N O'�2K#P���K(��x ��U1�l��K(�2RDO'�,¬�P8O%���2K�I&�#�A²EO%��U��,¬1�8I,~)yÀxl�D��O Ä��MI&�#O'��~3��O$­ü�,­%�f�#�]�;�/K6����K#xP#¬1�/�/�2P#P(O R��LÖ+�,��Õg���-�,���?�^I,~1�l����K#�/N%yA��~l�#U��CI&����K#�MÃ:O'xlI&�#O'��~A�MI&��I,�/O%��O �/P+�,�3��U1��O'~1O ��O'I,N1R&I,N ¬��T�2xAÈS;�/����O ~�«Q´��2��­Y¯D�/�,­Dâ�­üâ�­hé�µ�­i¾"U���¬�«�UZP#¬��`UQI!P#�`U��2xl�T�MI,~ZS5�*P#¬��2�/�2P#P(��¬1N�O'~l��K�I&�2��O �MI,N9I&����N'O �MI&�#O'��~1P/��/P(�5�2�/O'I,N'N%ya���,K�P#U1��K(�<P#I,xB��N'O ~�«l�#O'xB�/P/�;O ��O'PC�1O
zB�/¬�N%�T�#�Q��K#�qR,�L�/��~)R��2K#«��2~��/�&�fI,PCO �T²EO'N NiS;�c����~1�����K.�#U��^P#U�K(O'~�³0O'~1«B�1K#��S�N �/x{����K#xc¬1NbI&�#O'��~@O ~a±4U�I,�3­ � ­
�2 �� FÎ��)M+K¢;H�3#5 �ÛÚ�14�*�D)R1436%�;>?Î%<; 9 %;:~36;2Ø ��%,��32��%<;>?
Á�~»I,����N O'�MI7��O'�,~�PZ�,�8~���~1N'O'~1�MI,K@xB�D���/NC�1K#�/�1O'�2�#O R,�z�2��~)��K(��NB´�=�>_ã+±"µQ�#�G�2��~)��O ~D¬1��¬�Pe��K#�D�/�2P#P(�/P��U1�z�,�1��O xlO ÇMI&�#O'��~o��K#��S1N'�/xBPeI,K(�À��yD��O �MI,N N yo����K#xc¬1NbI&�#�/����~ xl�qRDO'~1«GU1��K#O Ç/��~�P2�T²EU�O �`UÅI&O'x �#�I,���1K#�MÃ:O'xlI&���lI,~\O'~:Ä�~�O �#�l�1K#�/�1O'�2�#O'��~pU���K#O Ç/��~�­_¾"U�O PcK#�2P#¬�N%��PcO ~[��K#�,S�N'�2xlP^²EU�O'�`UnI&N'N+U�IMR��@��U1�P�I&xl�@U1��K#O Ç/��~\N �/~�«,�#U3�+I,~��[²EU�O �`UGI,K#�Q��~1N y���O'P6��O'~1«�¬�O'P(U��/�\S)y���U��QO ~�O �#ObI,NrR&I,N'¬1�

xk
­À¿p�@²EO N'N��U1�/K#������K#�T��~�N%yB�#K#�/I&�.��~1�T��yD�5�T�,�W���1�#O'xBO'Ç/I&��O ��~L��K#�,S�N'�2x

P (·) �DI,~1�QI,�����:�4��U1���/�,~0R,�/~)��O ��~@��U�I&���U1�!P(¬�S)R��2�2���,K#P*�,�i�#U��^��K#O xZI&N;R&I,K(ObI,S�N �/P
w

I&K#�<���2~��,���2�]S)y
q0, . . . , qN−1

I,~1�
s0, . . . , sN

O ~eI,N'N��K(��S�N'�2xlP2��O$­ü�,­%�,²��"��O'P(K#�2«)I,K#�c�#U��EI,S�P(��N'¬:���.�;��P#O%��O ��~��,�9�#U��"xl�qRDO'~1«CU���K(O'Ç/�,~cO'~c�#O'xB�,�,O ~c�/�,~0�#K�I,P6����L�#U��^P#U�K(O'~�³0O'~1«BU1��K#O Ç/��~e�MI&P#�,­
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¾"U��.�1K#O'~1�/O'�1N'�Y�,�9���1�#O'xlI,N'O%��y��1�:�2PX~��,�kU���N'�!����KWÄ�~�O �#�4xB�qR:O ~�«�U1��K#O Ç/��~�P2�,S�¬:�XO �iO'PiI,���1K#�MÃ:O'xlI&���2N yR&I,N'O ��O%����U��4U���K#O Ç/��~�N'�/~1«,��UcO PkN ��~�«C�2~���¬�«�Uc�#�+°(¬�P6��O �?y^�#U��"I,P(P#¬�xB�1��O ��~��#U�I&�X�#U��.K#�2xZI&O'~�O ~�«T�2��P(�#P��~z��U��lO'~1Ä�~1O ���AU��,K#O'Ç2��~p�/I,~pS;�Z~1�/«�N �/�2�#�/�3­e¾"U�O P8xB�,�#O R&I&���2P!I,~[I,��I,�1�`I7��O'�,~��,�4��U��lP#U�K(O'~�³0O'~1«U���K(O'Ç2��~eO'~�O%��ObI&N'O'Ç/I&��O ��~AP(�#K�I&�#�/«,y@�#�Axl�qRDO'~�«LU1��K#O Ç/��~�P"�#U�I&�"²��!�/I,N'N5��U��c�`ÒD� Ó��r�����(�,���$�,ù;­è���KX��U��*O'~1O ��O'I,N'O ÇMI&�#O'��~^�,��I^��K#��S1N'�/x

P (xk+1)
O �Y¬1P#�/PY��U1�TO%���/K#I&���

yk+1
k = (wk+1

k , λk+1
k , µk+1

k )
���U�I&�cO P!�#U��@��¬1�#�/��xB�Z�&�.��U��Z��K#��R:O ��¬�P8O ���2K�I&�#O'��~À���q²4I,K#�1P���U��ZP#��N ¬1��O ��~��&�E��K#��S1N'�/x

P (xk)
�k�#�O'~1O ��O'I,N'O Ç/�E��U��<~1�2²ä��K(��S�N �/x�²EO%��U

yk+1
k+1

I,P"����N'N �d²EP2­
� íi£ - ¢l£ ª ¢díf¦@?��7£�¨p �¤rî! ]�7£� �ñi¤�¦Ê�
Á-�f��U��^��K(O'xlI,N5R&I,K(ObI,S�N �/P

wk+1
k

I,K#�^���2~��,�#�/�aS0y
wk+1

k = (q0, q1, . . . , qN−2, qN−1; s0, s1, . . . , sN−2, sN−1, sN)��U1�/~e��U��^P#U1O �?�EO'~1O ��O'I,N'O ÇMI&�#O'��~AP(�2��P
wk+1

k := (q1, q2, . . . , qN−1, q
new
N−1; s1, s2, . . . , sN−1, s

new
N−1, s

new
N ),²EU��2K#�^��U��^~���²ÅR&I,N'¬1�/P

qnewN−1

�
snewN−1

�9I,~1�
snewN

�/I,~eS5�^P#�;�/�2O Ä��2�]O ~e��O
	5�/K(�/~)�E².IMyDP/ó
• v ~��^P6��K�I&O'«�U)�#���,K(²4I,K#�Q²4Iqy@O'P"���A³,�2�/�a��U��^��N �@R,I&N'¬��2PTI7�"��U��2O'K"��N'I,�/�&��O$­ü�,­%�����AO'~1O ��O'I,N'O Ç/�

qnewN−1 := qN−1, snewN−1 := sN−1,
I,~��

snewN := sN ,²EU�O �`U]U�I,P.��U��!I,�:R,I&~0��I,«��C�#U�I&�"��U1�<��~�N yZO'~1���/I,P#O S�O'N O ��yL�#U�I&�EO'P4O'~)��K(�:��¬1�/�/�aO'~)�#�AIL���/I,P#O S�N'��#K�Id°(�2�2���,K(yBO'PY��U��*RDO'��N'I&��O ��~A�,�3��U1�T�2��~)��O'~0¬�O%��yB�/��~��1O ��O ��~lI&���#U���P6�`I,K6�.�,����U��TNbI,P6��O ~)���/K6R&I,N$�O�­á�&­ ��I7�
τN−1

­
• Ë�P#�2�/��~��n�;��P#P(O'S�O N'O%��yJ²4�,¬�N'�[S;�Z�#�_P#�,N R��l��U����"Ë�Â|��~[�#U��Z~1�2²{NbI,P6�cO ~0�#�/K6R,I&N$�kP6�`I,K6��O ~�«²EO%��U

sN
��I,~��@�2xl�1N'�qyDO'~�«!��U��<�2��~)��K#�,N

qN−1

�:²EU1O'�`UQyDO'�/N ��P��#U���Ä�~�I,N5R&I,N ¬��
snewN (sN , qN−1)����K"�1O
	5�/K#�2~)��ObI&NVI,~��aI,N «��/S�K#I,O'��P(�`I7���/P2��O$­ü�,­%��²4�^O ~�O �#ObI,N O'Ç/�&ó

qnewN−1 := qN−1, snewN−1 := sN ,
I&~��

snewN := snewN (snewN−1, q
new
N−1).Á�~B��U�O P+�/I,P#�&�:S;�,�#UB�#U��T�2��~)��O ~D¬1O ��yL�2��~���O%��O'�,~lI&~��l�#U���I&N'«��2S�K�I,O �.�/�,~�P#O P(���2~��2yB�2��~���O%��O'�,~lI7�

τN−1

I&K#�8��¬1N'N Ä�N'N'�2�3��O%�k��U1����K(�2RDO'��¬1P�P#�,N'¬1�#O'��~e².I&PT���MI&P#O'S1N'�,ó+����KE��U��8�/��~)��O ~0¬�O ��ye�2��~���O%��O'�,~�#U�O'P^O'PC�#K#O%R:O'I,N'N%ye��K#¬1�,�iI,~��À����K<��U��A�/�,~�P#O P(���2~��2yz�2��~���O%��O'�,~j~��,���L�#U�I&�!��K#��RDO'��¬�P(N y,�kI&�
τN

�
0 = g(sN , qN) = g(sN , qN−1)

�kI&P
qN−1

��K#�qRDO'���2P8�;�/K!����Ä�~�O �#O'��~j�#U��A�/��~)��K(��N
qN

I&�^��U1�Ä�~�I,N0xc¬�N �#O'��N �XP#U1�:�,�#O'~�«E~��D���&­�¾T�q²��2R,�/K/�,��I&��U�I,~��^���2K#xBO'~�I,N,�/��~�P6��K#I,O'~)��PfxlIqy^S;�rRDO'��N'I&���2�S)y@�#U��^~��2²·Ä�~�I,N�R&I,N ¬��
snewN

­
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• A ���"I,~1�,��U��2K��;��P(P#O'S1O'N'O%��ycO P+�#��P#�,N R��*��U����"ËCÂn��~l�#U���N'I,P(��O'~)���2K(R&I,N9P(��I,K(�#O'~�«8I&�
sN

�1S1¬1���#��2xl��N �qy�IT��O
	5�/K(�/~)�r�/�,~0�#K#��N0��U�I,~
qN−1

­X¾"U���¬1«�U���U1O'PXxlIMy8P#I,�/K(O Ä��2�"I,N «��/S�K#I,O'�Y�2��~�P#O P(�#�/~���yI&�
τN−1

�0��U1O'PrP(�#K�I&�#�/«,yAxlIMyLS;�TI&�1R&I,~)�`I,«��2��¬�P2�:�&­á«�­i����KY�5�2K#O'�D��O �.��K#�D�/�2P#P(�/P/�D²EU��/K(��I<��O xl����2�5�2~����2~0�i~���xBO'~�I,N,�2��~)��K#�,N�xZIMy�S5�r�`I&³,�/~�­k¾"U�O PVP(��K#I&���2«,yC²4I,Pf�/xB��N'�qy��2�<����K3��U��Y�;�/K(O'�D��O'��2��~)��K#�,NV��Ã1I,xB��N'�<�,�X±4U�I,��­�È1­
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zB�/¬1N ��ynO'~n��U1�]����N N'�q²EO'~�«�¯]�<ãO �#�/K#I&��O ��~�P/­B��¬�K#O ~�«c��U1�<K#�MI&N%È-�#O'xB�TO%���2K�I&�#O'��~�P+��U��<�,¬1���2��xl�<�&�f�#U��<��K(�2RDO'��¬1P"O ���2K�I&�#��²EO'N N�¬�P(¬�I,N N y~��,��S5�!���MI,P(O'S�N �!I,~)yD²4IMy��WI,~1�JI,���1O ��O ��~�I,NVO ~1���MI&P#O'S1O'N'O%��y@O PTO ~0�#K#�D��¬��2�/�JS)y]O'~�O%��ObI&N�R&I,N'¬��2P

xk
��U�I7�I,K(�!~1�,�EO'~aI,�2�/��K(��I,~��2�^²EO%��UQ��U1�!�1K#�/�1O'�2�#O'��~1P/­
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k+1

I,K(�c�/N ��P#�!���eIZP(��N'¬:��O'�,~_�,�
P (xk+1)

O �
yk+1
k

²4I,P^IZP(��N'¬:��O'�,~_�,�
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xk+1 = sx1
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k
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yk+1
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yk+1
k

².I,PW��U1�+P(��N'¬:��O'�,~^�#�T�1K#��S�N �/x
P (xk)

�d��U1�/~8�#U��Y��~�N%y<O'~1���/I,P#O S�O'N O ��y*O'~!��K(��S�N'�2x
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xk+1 6= xk
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O P^O'���2~0�#O'�/I,NX���a��U��AÄ�K#P6���,K#���2K8�2��K#K(�/�2�#O'��~À���a��U��B���1�#O'xlI,NXP(��N'¬1�#O'��~��iI&P
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k+1 − y∗k+1‖ =
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P (xk + ε(xk+1 − xk))
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ε = 0

��Ã:O P(��P2�rI,~��[�#U��P#�,N'¬1�#O'��~_���,K
ε = 1
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xk, xk+1�/�,O'~��2O'���L��¬1K#O'~1«aP(��xB�BO%���2K�I&�#�/P
k, k + 1, . . .
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O�PRQTSJU"VXW

-

x0(tk)�
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N
�2yD�2N'�/P2�)²EU��/~A��U��.�#O'xB�4U��,K#O'Ç2��~L�,�;O'~)�#�/K#�2P(�YO PX�qR��/K2­
àPN



b · © |;ª ¢O�d �¡,¢d£Ë�W£?¢�� |L- ¢qíf¦J¥Z¦D �¤Ëg�§�£�¨p¦>��¢M¦��d 1¢q£ |;ª �
¾"U��À��K#O ~��/O ��I,N*K#�2P#¬�N%�eO'PZ�#U�I&�Q��U1�jK#�MI&N%È-�#O'xB�]O%���2K�I&�#O'��~�P(�`U��/xB�j��~�P#U1K#O'~1³DO ~�«\U���K(O'Ç2��~�P@O P�/�,~0�#K�I,����O ~�«^¬�~����2K+�#U��EP�I,xB�"P#¬�zB�2O'�/~)���/��~1��O �#O'��~�PYI&PY�#U��E�/��K(K#�2P#�;��~���O ~�«^�a	;È-N'O ~��.P#�`U1�/xB�,­r¾"U�O PK#�2P#¬�N%�+�MI,~B�/��~1�/�/�:��¬�I,N N y�S5�E«��2~��/K#I,N'O Ç/�/�L�#�!�#U��EP#U�O%�?�YP(��K#I&���2«,yL��~BO'~:Ä�~�O �#�"xl�qRDO'~1«<U���K#O Ç/��~1P�I&~��I,N N'�q²EP!�#�J�/�,~��/N ¬����Z�#U�I&���#U��ZK(�MI,NÐÈ-�#O'xB�BO%���2K�I&�#O'��~zP#�`U��2xl�QN �MI,�1P8���_I_�/�,~0R,�/K(«��/~)�B�/N ��P#�2�:È�N �:���S;�/U�IMRDO'��¬1KrO'~L��U�O Pr�MI,P(�,­YèkO ~�I,N N y��&O'~B¯:�2�,­ � ­áßC²4�EO'~)R,�/P(�#O'«)I7���EU��q²m��I,KX�#U��"K#�2P#¬�N%�+�,�5�#U��EK#�/I,N%È$��O'xB�O �#�/K#I&��O ��~�P.����RDObI&�#�/P"��K#��x{��U��<�#U��/��K(�2�#O'�MI&NV���1��O xZI&N5P(��N'¬1�#O'��~1P/­¾"U�K#�,¬�«�U���¬:�<��U��L�`U�I&�1���2KC²4�c²EO N'NiI,P#P(¬�xl�c�#U�I&�C�#U��LO �#�/K#I&���2P<I,K#��P(�`I&K(���2�ÀP#¬�zB�/O �/~)��N%yJ�2N'��P(����BI(LML^¾ �;��O'~)�"��U�I&�*P�I&�#O'P(Ä��/P"��U��^P(¬�zB�/O'�2~)���2��~���O%��O'�,~�P"�,�i¾"U��/��K(�/xåß1­áßAI,~��e��U��^P6��K#O �2�E�2��xAÈ��N �/xB�/~)�`I,K(O ��yÀ�2��~���O%��O'�,~3�iP(�_��U�I&�8²��@�/I,~[I,P(P#¬�xB�Z�#U�I&�!��U��ZI,�2�#O R��lP#���cO'P!³0~��q²E~nI,~��p²��@�/I,~K#�2P(�#K#O'���E��¬�K"I7�#���2~)��O'�,~e�#�L�/Ï0¬�I,N O ��yZ�/��~�P6��K#I,O'~��2�e��K#��S1N'�/xBP/­Xè9¬1K(��U1�/K#xB��K(�,�:²��<²EO'N N3I,P(P#¬�xB�C��U�I7���U1�BR&I,K(ObI,S�N �/P

w
�MI,~�S5�BP#�1N'O �^O ~)���e��K#�/�AR&I,K#O'I,S�N �/P

q ∈ R
nq

I,~��p�1�/�;�/~����2~)�L��~��2P
s ∈ R

ns
�kP(���U�I&�"��U��^�a	9È�N O'~������1��O xlO ÇMI&�#O'��~l��K#�,S�N'�2xw��~e��U��<��¬�N N3U���K(O'Ç2��~e�,�kO ~)���/K(�/P6�T�/I,~aS5�<����K(xc¬�NbI7���/�eI&P����N N'�q²EP/ó

P (x0) : min
q,s

F (q, s)
P/­ �M­

G(q, s) = 0
´ � ­%®dµ

²EO �#U
F : D̂ ⊂ R

nq × R
ns → R

I,~��
G : D̂ ⊂ R

nq × R
ns → R

ns
��²EO �/�À�/��~)�#O'~0¬���¬�P(N y��O�	��2K#�/~)�#ObI,S�N �,��²EU��2K#�*²4��I,P#P(¬�xl�E��U�I&���#U��*�/��~�P6��K#I,O'~)�Y��¬�~�����O'�,~

G
O P+P(¬��`UZ�#U�I&� ∂G

∂s

O PYO'~)R��2K(��O S�N'�
����KAI,N N

(q, s) ∈ D̂
­\¾"U�O PLNbI,P6�A��K#���;�/K6��y\�MI&~G~�I&��¬�K#I,N'N%ypS;�eI,�`U�O �2R,�/�o���,Kc��U��Q��O K#�2�2�Bxc¬�N%��O'�1N'�P#U1�:�,�#O'~�«�xl����U��D�3�EI,PZ��O'P(�/¬�P(P#�/��O ~�¯:�/�&­"é:­hé:­%®��"²EU��/K(�

q
I&K#�]�#U��J�2��~)��K#�,N'P/�*I,~1�

s
��U��JP6�`I&�#�R&I,K#O'I,S�N �/P/­ ¾"U�O PZP#�2��I,K#I&��O ��~�U��2N'��PB���p����K(xc¬�N'I&���e��U��]P#U�K(O'~�³0O ~�«[�,�C�#U��_�#O'xB�]U��,K#O'Ç2��~mO ~m��U1�K#�/I,N%È$��O xl�EP#���#�#O'~�«R70��U1�CP#U�K(O'~�³0O ~�«�²EO'N N9S5�T��Ã:��K#�2P#P(�/�aS0yl���2�/K#�/I,P#O ~�«LP(�#�/�:È-S)y0È-P(�#�/�Q��U������/«�K(�/�2P.�,���K#�2�/���,xw����K.��U1�!�2��~)��K(��N'P2­

fx #" HÙØ2� -ü�W¢]$»36;2� �à�D%,�>+6��5
g*ÛGÜ°Û�Ü & sh#eã:¼°ì Ý =*ä8sji¼ä�ã�ë�ÿ ë"%�t�ãÊë�¼°ì�ð sªã Þ ¼ ò !
�TP(O'~�«L�#U��!çfI&«�K�I,~1«�ObI,~@��¬1~��2�#O'��~ L : D̂ × R

ns → R

L(q, s, λ) := F (q, s)− λTG(q, s)

²��<�MI,~@����K(xc¬�N'I&���*~��/�2�/P(P�I,K6yQ���1�#O'xlI,N'O%��yc�/�,~���O �#O'��~1P4�,�VÄ�K(P(�E��K(���/K2��I,�2�/��K(��O'~1«����c¾"U1�/��K(�/x ß:­ ®�ó

∇(q,s,−λ)L(q, s, λ) =





∇qF (q, s)−∇qG(q, s)λ
∇sF (q, s)−∇sG(q, s)λ

G(q, s)



 = 0.
´ � ­ëé,µ

çV�2�B¬�PB���2Ä�~��a���,KLNbI&�#�/KA�/��~)R,�/~�O �/~��2�]��U1�eR,�/������K
y ∈ R

n ²EO ��U
n := nq + ns + ns

I,~1�o��U1�
��¬�~�����O ��~

R : D ⊂ D̂ × R
ns → R

n I,P

y :=





q
s
−λ





I,~��
R(y) :=





∇qF (q, s)−∇qG(q, s)λ
∇sF (q, s)−∇sG(q, s)λ

G(q, s)



 ,
´ � ­hß)µ
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P#�l��U�I&�*��U1�cI,S;�qR��cP6y:P6���2x ´ � ­ëé,µ*O'P*�/Ï0¬�O%R&I,N'�2~0�*���

R(y) = 0
­*¾f�ZP#�,N R��8��U�O PTP6y:P6���2x]�;��U��8��Ã1I,�2�=T��²"����~DÈsõ*I,��U�P(��~oxB�2�#U��D�[²4��¬1N'�nP(��I,K(�BI&�BI&~GO ~�O �#ObI,NY«�¬1�/P#P
y0

I,~��G�/��xB��¬1�#�eIÀP(�/Ï0¬��2~��/�a�,�O �#�/K#I&���2P
y1, y2, . . .

I,�2�/��K(��O'~1«A�#�
yk+1 = yk +∆yk,

´ � ­áâ0µ
²EU��2K#�!�MI,�`U

∆yk
O P.��U��^P#�,N'¬1�#O'��~Q�,�f��U1�!N O'~��/I,K#O Ç/�2�QP(yDP(�#�/x

R(yk) +
∂R

∂y
(yk)∆yk = 0,

´ � ­ � µ
��K2�1��¬�N'N%yl²EK(O �(���/~��





∇qL
∇sL
G(q, s)



 +







∂2L
∂q2

∂2L
∂q∂s

T ∂G
∂q

T

∂2L
∂q∂s

∂2L
∂s2

∂G
∂s

T

∂G
∂q

∂G
∂s

0











∆qk

∆sk

−∆λk



 = 0.
´ � ­hà�µ

¿��"U�IMR��EP#�2�/~ZO ~B¯:�/�&­)ß1­áß1­%®E�#U�I&�X�#U��/P(�*=T�2²"�#��~:ÈöõTI,�1U�P#��~BO �#�/K#I&���2PrI,K#�"O ���/~)�#O'�MI&N:���<�#U��.��¬�N'N:P(�#�/���Ã1I,���y¾T�/P(P#O'I,~J¯��^ãoxl����U��D�3­¾"U��a=T��²"����~\��yD�5�QxB�2�#U��D��Pc�/�,~�P#O ���/K(�/�GO'~p�#U�O'Pc�`U�I,�1���2KA��O
	5�/K!��K#��x ��U��@��Ã1I,�2�l=T��²"����~DÈõ*I,��U�P(��~\xl����U��D�pO ~p��U1�l²4Iqy���U�I7����U1�@��Ã1I,���x¾T�2P#P#O'I,~ ∂2L
∂(q,s)2

O'P!K#�/�1NbI,�2�/�\S)y[I[´�P(yDxBxl����K(O'�qµI,���1K#�MÃ:O'xlI&��O ��~

A(y) =

(

Aqq AT
qs

Aqs Ass

)

,

P#�A��U�I&�"²4�!�MI&~a�1�2Ä�~��8I,~]I,����K(�MÃ1O xZI7���C���2K#O%R,I7��O R,�<�,�
R

S)y;ó

J(y) :=







Aqq AT
qs

∂G
∂q

T

Aqs Ass
∂G
∂s

T

∂G
∂q

∂G
∂s

0






.

´ � ­ \ µ

è���K"��¬�KE=*�2²"�#��~a��yD�;�8xB�2�#U��D�3��ÂrÏ9­f´ � ­ � µ4O'P"K(�/��N'I,�/�2�]S)y@�#U��!I,����K(�MÃ1O xZI7��O'�,~
R(yk) + J(yk)∆yk = 0.

´ � ­ÉÈ�µ
g*ÛGÜ°ÛIù Ý�Þ s �z¼°ì�!�ãDv�t°ësì�s òml t°á�!n!)¸ & sh#eã:¼°ì ð sªã Þ ¼ ò
Ë�~ÀO xl�;��K(��I,~)�<P#�;�/�2ObI,Nk�MI,P(�B�&�+�#U��B=T��²"����~À��yD�5�AxB�2��U1�:��P<�2��~�P(O'���2K#�/�zO'~J�#U�O'P<�`U�I,�1���2K^O'PC��U1��/�,~�P(�#K�I,O ~��/� ¹ I,¬�P(P6È�=T�2²"�#��~JxB�2�#U��:���;²EU�O �`UJO'PTI,���1N'O'�/I,S�N �^���,KT��K(��S�N �/xBP*²EO%��UjIBN'�MI&P(�TP#Ï0¬�I,K(�/P����K(xw�,�f��U��^��S0°(�/�2�#O R,�!��¬�~1�2��O ��~

F
ó

F (q, s) =
1

2
‖l(q, s)‖22

´ � ­ÉN)µ
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l : D̂ → R
nl

�
nl ≥ 1

�9IAR,�/������K*R,I&N'¬��2�a��¬�~1�2��O ��~3­�è���K.��U�O PE�MI,P(�,����U���¾T�2P#P(ObI,~_I,����K(�qÃ:O xZI7È��O ��~
A

O'P"����Ä�~��2�]���AS;�

A(q, s) :=

(

∂l

∂(q, s)

)T (
∂l

∂(q, s)

)

.
´ � ­%®qê)µ

¾"U��^�/K(K#��K ∂2L
∂(q,s)2

− A
�MI,~aS5�<Ï0¬�I&~0�#O Ä��2�_S)yQ�/I,N'�2¬�NbI&�#O'��~Z�,� ∂2L

∂(q,s)2

∂2L
∂(q, s)2

−
(

∂l

∂(q, s)

)T (
∂l

∂(q, s)

)

=

nl
∑

i=1

li
∂2li

∂(q, s)2
+

ns
∑

i=1

λi
∂2Gi

∂(q, s)2
.

Ë.�TILP#��N ¬1��O ��~
y∗ = (q∗, s∗, λ∗)

���#U��^~��/�2�/P#P#I,K(ya���:��O'xlI,N O ��yA�/�,~���O �#O'��~1P^´ � ­hé�µ4K(�/Ï0¬�O'K(�<��U�I&�

∇sF −∇sGλ
∗ =

(

∂l

∂s

)T

l(q∗, s∗)−∇sGλ
∗ = 0,

P#�A��U�I&�

λ∗ = −∇sG
−1 ∂l

∂s

T

l(q∗, s∗) = O (‖l(q∗, s∗)‖) ,
²EU�O �`U_I,N N'�q²EP4�#�l�2��~��/N ¬����<��U�I&�

∥

∥

∥

∥

∂2L
∂(q, s)2

− A(q∗, s∗))

∥

∥

∥

∥

= O (‖l(q∗, s∗)‖) .

¾"U0¬�P�²��c��Ã:�;�/���C��U�� ¹ I&¬�P#P�È�=T��²"����~jxB�2�#U��D�]���B²4�,K#³e²4�2N'NW����KTP(xZI&N'NVK#�2P#O ��¬�I,NWR��2�2���,K#P
l(q, s)

­=T�&���<��U�I7�
A(q, s)

O P"O'~��1�/�;�/~����2~)���,�f��U1�!x�¬�N �#O'��N O'�/KYR��2�2�#��K
λ

­
¥@¦D¨p ]�kj�� ¾"U��pN �MI,P6�aP#Ï0¬�I,K(�/P]��¬1~��2�#O'��~

l(q, s)
~��/�2��P_~��&�a�#�oS;��IGxlI,����O ~�«nO'~)���oI\Ä�~�O �#���O xl�2~�P#O ��~�I,N�P(��I,�/�

R
nl

�DS�¬1�.xlIMyAxl�,K#�*«��/~��2K�I,N N yAS;�CI!xZI,�1��O'~�«!O'~)�#�cI,~)y!¾TO N'S;�/K(�+P(��I,�/�
H

­XÁ-�
〈·, ·〉H

O'PT��U��cO ~�~��2KC��K#�D��¬����<O'~
H

�5��U1�LN'�MI&P(�<P(ÏD¬�I,K#�2P!�,SD°(�/����O R,�c��¬�~�����O'�,~J�,��ÂrÏ;­r´ � ­SN)µTO PT��U1�/~²EK#O%�#�#�/~aI,P
F (q, s) =

1

2
〈l(q, s), l(q, s)〉H,

I,~��^��U1� ¹ I,¬�P(P6È�=T�2²"�#��~8I,����K(�qÃ:O xZI&�#O'��~��,�1�#U��[¾T�/P(P#O'I,~8O ~!ÂYÏ9­D´ � ­ ®Mê)µ�O'PV«�O%R��2~8S)y<��U1�+P6yDxlxB�2�#K#O'�xlI&��K(O%Ã

A(q, s)ij := Re

〈

∂l

∂(q, s)i
,

∂l

∂(q, s)j

〉

H

,

²EU��2K#�8�#U��!O'~���O �/�2P
i, j

K(¬�~]�#U�K#��¬1«�UJI,N N3�/�,xl�;��~��2~0�#PT�&�
(q, s)

­.=*�,���^��U�I7�*�#U�O'PExlI&��K(O%Ã@O'P"Ä�~�O%�����O xl�2~�P#O ��~�I,N��&²EU�O �`UZI,N N'�q²EPk�#�^�#K#�/I&�Y��U�O Pr«��/~��2K�I,N1�MI,P(�*²EO%��UL��U��E��K(�/P(�/~)���2�Z~0¬�xB�/K#O �MI,N1xl����U��D��P/­Á�~z¯:�2�,­3à:­áâ@O%��O P�P(U��q²E~zU1�d²Ù�#�@�/��xB��¬1�#�
A(q, s)

�7zB�/O'�2~)��N y]O'~a��U�����K#�2P#�/~1�/�A�,�YO'~)�#�/«�K#I,NWN'�MI&P(�P#Ï0¬�I&K#�/PE���2K#xBP*I,P"O'~)��K(�:�1¬��/�2�]O ~_¯D�/�,­V®,­ ®�­
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g*ÛGÜ°ÛnÚ ârá*o0ècë�s�ì
ã��z¼°ì ò ë ãÊë�¼°ì�!p<`¼Yv � ¼rè5t+uZ�z¼°ì�ûYs3v1
Ys�ìwè�s
çV�2�!¬�P^~��q²¹P6�`I&�#�AP#¬�zB�/O �/~)�8�/��~��1O ��O ��~�PC����K<�2��~)R��2K#«��2~��/�l�,�.IQP(�/K#O �/P!�,��«��/~��2K�I,NY=*�2²"�#��~z��yD�;�O �#�/K#I&���2P

(yk)
�
k = 0, 1, . . .

O ~aIAP(��I,�2�
R

n �1�2Ä�~��2�]S)y
yk+1 = yk +∆yk = yk − J(yk)−1R(yk),

´ � ­%®�®dµ
���q²4I,K#�1P�ILP#�,N'¬1�#O'��~Q�,�f��U1�!P6yDP(���2x

R(y) = 0.
´ � ­ ®qé�µ

§�íW¦ | �7¦D¨ ô3��� d �°| ¡� �¤*© |;ª �;¦�� ò ¦ ª ¡�¦ |L-�q ¦��B¢ |5ª §w��}r¦ 2 ¦)¢dí | ���klöW���.�)�A�7�`���DÕZ�8��Ò1�,�
R : D ⊂ R

n → R
n �'�B�`�7�����?�����7�)��Ì�ùQ�,� �C�������������)Ô/Ì'�c�,�;�@�?Ò1�,�.��Ò��L��Ñ)Ñ;���2÷��?ûÕB�,���$�7����Ó<�?Ò��8�D�����?×7�,���?×,�

J : D ⊂ R
n → R

(n×n) �'�c�`�7�����?�����7�0�8�,�;�LÒ1�7�8�e�`�7�����?���9�7�)�^�?��×,�����q��7�
D � ���D���?Ò�����ÕZ�7���`ýYÌ'�����)�!ÕB�UJ)�^�?Ò��rÓM�7Ì?Ì'�7Ör�?�D�@�7�`���DÕ�Ñ;���$�7�1�#q

∥

∥

∥

∥

J(y1)
−1

(

J(y2)−
∂R

∂y
(y2)

)∥

∥

∥

∥

≤ κ < 1, ∀ y1, y2 ∈ D
´ � ­%®qß�I)µ

�,�;�
∥

∥J(y1)
−1 (J(y2)− J(y3))

∥

∥ ≤ ω‖y2 − y3‖, ∀ y1, y2, y3 ∈ D.
´ � ­%®qß,S9µ

A �)�,�?���$�7�;�,Ì?Ì�ùqý<Ö4�A���qÑ)Ñ��q�q�Z�?Ò1�,�C�?Ò��woY�����T������Ñ
∆y0 := −J(y0)−1R(y0)

���-�,�����?�D�z�,�<�,�o�?���?�����,Ì�,���`�`�
y0

�'�C���7�����$������Ì�ùA��ÕB�,Ì?Ìhýk�q�B��Ò1�,�
δ0 := κ+

ω

2
‖∆y0‖ < 1

´ � ­ ®qß&�qµ
�,�;�l�?Ò1�,�

D0 :=

{

y ∈ R
n| ‖y − y0‖ ≤ ‖∆y0‖

1− δ0

}

⊂ D.
´ � ­%®qß,��µ

[W�;�D���_�?Ò��`�q�z�`�7�;�,�?���$�7�1�]��Ò��e�q�CB/�������`�À��Óaÿ!��Ör���7����ù�Ñ��_�?�����#�,���`�
(yk)

�D�poY���#�\Ô/ù»Ì*B � ´ � ­%®�®dµ����ÕB�,�?�1�"�?�1�����D�
D0

�,�;�A�`�7��×,�����D�`�"���7Ö+�,�#�7�E�
y∗ ∈ D0

�/�,���'��Ó�ù7�?�D�8�?Ò��.��ù&����Õ Ã�� �ËÍaÑ#Å ý R(y∗) = 0 �
?,� |ª|N- � ¯:N O'«�U)��N%yAxl�D��O%�?y:O ~�«cI8��K#�D�,�V��U�I&�"�MI&~QS5�����,¬�~��QO'~¡Z4�:�`³ÇQSZ��:�#È \ T��1²��CÄ�K#P6�"P#U��q² ��U�I7���U1�8~��,K#xÆ�,�i��U��^P(�#�/��P

∆yk
�/�,~0�#K�I,����P2��I,~1�]P(U��q²ä��U��2~]��U�I&�

(yk)
O'P*IZ±.I,¬��`U)yaP#�/Ï0¬��2~��/�&­E¾"U���/�,~0�#K�I,����O ��~e�MI,~aS5�^P(U��q²E~_I,P"����N N'�q²EP/ó

‖∆yk+1‖ = ‖J(yk+1)−1 ·R(yk+1)‖
= ‖J(yk+1)−1 · (R(yk+1)− R(yk)− J(yk) ·∆yk)‖
= ‖J(yk+1)−1 ·

∫ 1

0
(∂R
∂y
(yk + t∆yk)− J(yk)) ·∆yk dt‖

= ‖J(yk+1)−1 ·
∫ 1

0
(∂R
∂y
(yk + t∆yk)− J(yk + t∆yk))∆yk dt

+J(yk+1)−1 ·
∫ 1

0
(J(yk + t∆yk)− J(yk))∆yk dt‖

≤
∫ 1

0
‖J(yk+1)−1 (∂R

∂y
(yk + t∆yk)− J(yk + t∆yk))‖‖∆yk‖ dt

+
∫ 1

0
‖J(yk+1)−1 (J(yk + t∆yk)− J(yk))‖‖∆yk‖ dt

≤ κ‖∆yk‖+
∫ 1

0
ωt‖∆yk‖2 dt

=
(

κ+ ω
2
‖∆yk‖

)

‖∆yk‖ =: δk‖∆yk‖.

´ � ­%®Mâ0µ
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Á-�
δk ≤ 1

�r�#U��/~ ‖∆yk+1‖ ≤ ‖∆yk‖ �+I,~1�
δk+1 ≤ δk ≤ 1

­\¾"U��/K(�2����K(�,��²��a�MI,~nO'~1��¬��2�#O R,�/N y���2��¬��/�^��U�I&�
‖∆yk+1‖ ≤ δ0‖∆yk‖, ∀ k ≥ 0P#�A��U�I&�

‖yk+m − yk‖ ≤ 1

1− δ0
‖∆yk‖ ≤ δk0

1− δ0
‖∆y0‖, ∀ k,m ≥ 0.

´ � ­ ® � µ
Á�~a��I,K(�#O'�2¬�NbI,K2�

‖ym − y0‖ ≤ 1

1− δ0
‖∆y0‖, ∀m ≥ 0.

¾"U��2K#�2���,K#�,�
(yk)

O P!I]±.I&¬��`U)y�P(�/Ï0¬��2~��/�Z�#U�I&�!K#�2xZI&O'~�P<O ~�P#O ���c��U��B�/�,xl��I&�2�^P#���
D0

I,~���U��/~��2��/�,~0R,�/K(«��/P*���q².I&K#��P*IAN'O'xBO ���;��O'~)�
y∗

­°Z�yQ�2��~)��O ~D¬1O ��yQ�,�
R

I,~��
J−1 �

0 = lim
k→∞

∆yk = lim
k→∞

−J(yk)−1R(yk) = −J(y∗)−1R(y∗)

P#�A��U�I&�
R(y∗) = 0

­
¿p�C²EO N'N;P(��I&���<IcP(�/�2��~��3��P6��K#O �2�#�/K4����K(xô�,�W��U��<I&S5�qR��C�#U��/�,K#�/xa�1²EU�O �`UQO'P"I&����N'O �MI,S1N'�E���L���1�#O%ÈxBO'ÇMI7��O'�,~c��K#�,S�N'�2xlPY��~�N%y��0I,~1�lO xl��N O'�2PkN'�D�MI&N��/��~)R,�/K#«,�/~��2�C�,�;��U��T=T��²"����~A��yD�5�*O �#�/K�I7���/Pr�#�d²4I,K(��PIZP6��K#O �2��N'�D�MI,NWxBO'~�O xc¬�xa­rZ4�2���,K#���#U�O'PTP#�/�2��~��JR,�/K#P(O'��~j�&�X��U��8��U��2��K#�2x½�/I,~JS;������K#x�¬�NbI&�#�/�3��²��U�IMR��^���A«�O%R��!I,~e��Ã:��N O'�2O �.����K(xc¬�N'I�����K.��U��^O ~0R,�/K(P#�!�,�i�#U��!I,����K(�MÃ1O xZI7���C���2K#O%R,I7��O R,�

J(y)
­

� ¦:¨p¨p  ôV� ì d�� ª �;¦��U�/¦ |L- ¢díW¦�fÇf]§ 2  1¢O�7£?õDlöW�����)���7�`���DÕZ�^��Ò1�,�
J(y)

�'�8�ZÕB�,�����Ð÷Q�7���D�poY���#�B�?�ÇÌ*B � ´ � ­ \ µ#ý+� � � � ý

J(y) =







Aqq AT
qs

∂G
∂q

T

Aqs Ass
∂G
∂s

T

∂G
∂q

∂G
∂s

0







Ör�?�?Ò ∂G
∂s

�?��×,��������Ô/Ì'�`ý+�,�;�ZÌ'���+�0���,Ìh�q�B�7�`���:ÕZ�^�?Ò1�,�+��Ò��<�q�Q�#�,Ì?Ì'�#�A�`�#�,���`�#�(�!�`�`�����,�JÕB�,�����Ð÷

Ar(y) :=
(

I −∂G
∂q

T (∂G
∂s

)−T
)

(

Aqq AT
qs

Aqs Ass

)

(

I

−
(

∂G
∂s

)−1 ∂G
∂q

) ´ � ­%®qà)µ
�'�"Ñ��q���?���?×,�8�D�poY���?��� �Aþ Ò����J��Ò��<�?��×,���`�q����Ó

J(y)
�(÷��'�����!�,�;�Z�'�T�,�?×,���ÀÔ/ùB��Ò��YÓM�7��ÕL�DÌ%�

J(y)−1 = C1(y)Ar(y)
−1C1(y)

T + C2(y)
´ � ­ ® \ µ

Ör�?�?Ò

C1(y) :=







I

−
(

∂G
∂s

)−1 ∂G
∂q

−
(

∂G
∂s

)−T
(

Aqs − Ass

(

∂G
∂s

)−1 ∂G
∂q

)







´ � ­%®OÈ)µ
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C2(y) :=







0 0 0

0 0
(

∂G
∂s

)−1

0
(

∂G
∂s

)−T −
(

∂G
∂s

)−T
Ass

(

∂G
∂s

)−1






.

´ � ­%®ON)µ

¥@¦D¨p ]�kj�� =T�,�#�L��U�I&�<�#U��lI,P#P(¬�xl�:��O'�,~�P<�,�+��U�O P!N �/xBxZIl�/��O ~��/O ���c²EO �#UÀ�#U���P(�l�,�4çV�/xBxZIQß:­ëé:�²EO �#Up��U1�@�/��~1P(��K#I,O'~)�LxlI&�#K#O%Ã
B

P(�2�c�#�
B = (∂G

∂q
|∂G
∂s
)
­j¾"U���y\I,K(�QI,N P#�J�2N'��P(�/N yzK(�/NbI7���/�����J��U1�P#¬Êzl�2O'�2~0�B���:��O'xlI,N O ��yz�/��~1��O �#O'��~�P��,��¾"U1�/��K(�/x ß1­áß1­[¾"U��a�;��P#O%��O R,�@����Ä�~�O �#�/~��2P#PB�,�

Ar

²EO'N N4S;�¬�P(�/�aO'~@��U1�<��K#�D�,�f�,�i¾"U��/��K(�/x � ­hß��#�BP(U��q²Å�#U�I&�.�#U��^=T��²"����~e��yD�5�^O �#�/K#I&���2P.�/��~)R,�/K#«,�!�#�d²4I,K(��PILN'�D�MI,N�xlO ~�O'xc¬1x]­
?,� |ª|N- � ¾"U��lO'~)R��2K(��O S�O'N O ��ye����N N'�q²EPC��K#��xæçW�2xlxlIeß1­hé:­l¾"U1�lO ~0R,�/K(P#O'�,~�����K(xc¬�NbIÀ´ � ­%® \ µ��MI&~pS;�R��2K#O%Ä��/�aS)ye�`U��/�`³0O'~1«l��U�I&�

J(y)(C1(y)Ar(y)
−1C1(y)

T + C2(y)) = I

I,~��a¬�P(O'~�«L��U1�^��I&�2�"��U�I&�

J(y)C1(y) =





Ar(y)
0
0





I,~1�
J(y)C2(y) = I−





C1(y)
T

0
0



 .

§�íW¦ | �7¦D¨ ô3��� d�����g � £ ª ¦�© |;ª �;¦�� ò ¦ ª ¡�¦]löW���8�)�]�7�`���DÕZ�e�?Ò1�,�
R : D → R

n �'�]�D�poY���#�[�D�`�`�7�(�,�?�D�À����´ � ­hß)µQ����Ô��e�?Ò��a�`�`�����,�1�,ÌT��ÓQ�?Ò�����`�`�`�`�/�,��ù@�`Ñ;���?ÕB�,Ì��?��ùe�`�7�;�,�?���$�7�1����Ó^�?Ò��L�CB/�1�,Ì��?��ùQ�`�7�1�����(�,�?���#�e�`Ñ;���?ÕL�%úq�,���$�7�BÑ;���,Ô/Ì'��ÕÛ´ � ­%®dµ �� �@�7�`���:ÕZ�B�?Ò1�,�C�?Ò��B�`�#�,���`�#���8�`�`�����,�G��Ñ)Ñ;���2÷��?ÕB�,���$�7�
Ar(y)

Ó����7Õ�Ì*B � ´ � ­%®qà)µA�'�!Ñ��q���?���?×,��D�poY���?���c�7�j��Ò��<ÖkÒ��7Ì'�8�D�7ÕB�,�?�
D

ýYÖr�?�?Ò_Ô��7�D�;�D�#�l�?��×,�����q�#q
‖Ar(y)

−1‖ ≤ βA <∞, ∀ y ∈ D.
´ � ­ëé,ê,I)µ

� �<�,Ìh�q�A�7�`���DÕZ�^Ô��7�D�;�D�#�,���`�`�^��Ó ‖C1‖
�,�;� ‖C2‖

�7�<�D�poY���#�c�?�@Ì*B�� � ´ � ­%®OÈ)µ<�,�;�z´ � ­%®ON)µ!�7�
D
q

‖C1(y)‖ ≤ βC1 <∞, ∀ y ∈ D,
´ � ­ëé,ê&S9µ

�,�;�
‖C2(y)‖ ≤ βC2 <∞, ∀ y ∈ D.

´ � ­ëé,ê&�qµ
öW�����)���D�poY���

β := βC1βAβC1 + βC2 � öf���+�)�<���dÑ)Ñ��q�q�^�?Ò1�,�"�Lök�hÑ��q�`ÒD�?�'úB�`�7�;�,�?���$�7�
β ‖J(y1)− J(y2)‖ ≤ ω‖y1 − y2‖, ω <∞, ∀ y1, y2 ∈ D,

´ � ­hé,ê,�9µ
Ò��7Ì%�7�rÓM�7�^�?Ò��8�D�����?×7�,���?×,�8��Ñ)Ñ;���2÷��?ÕB�,���$�7�

J(y)
�,�;�l�?Ò1�,�

β

∥

∥

∥

∥

A(y)− ∂2L
∂(q, s)2

(y)

∥

∥

∥

∥

≤ κ, κ < 1, ∀ y ∈ D.
´ � ­ëé&ê,�qµ
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èkO «�¬�K#� � ­%®�óY±4��~)R,�/K#«,�/~��2�<K�I&�#�/P4����K+�a	9È�N O'~��*=T��²"����~@��yD�;��xB�2�#U��:�1P/�:���,K+�#U��CP#�,N'¬1�#O'��~B�,�fÂkÃ1I,xAÈ��N � � ­%®�­e±4�,xl��I&K#O'P(��~z�,�"=*�2²"���,~\I,~�� ¹ I,¬1P#P6È�=T��²"����~�xl����U��D�3�W²EU��/~[P6�`I,K6���2�\I&�^��U��lP(�#�MI,�1yP(��I&���<�#K�Id°(�2�2���,K(y�­

A �)�,�?���$�7�;�,Ì?Ì�ùqý@Ö4�À�7�`���:ÕZ�À�7�j�?� þ Ò��`�7����Õ � �ËÍ �?Ò1�,�A��Ò���oY�����c������Ñ
∆y0 := −J(y0)−1R(y0)���$�,�����?�D�Q�,�4�,�J�?���?�����,Ì;�,���`�`�

y0
�'�C���������$������Ì�ùL��ÕB�,Ì?ÌhýX�q�A�?Ò1�,�

δ0 := κ+
ω

2
‖∆y0‖ < 1

´ � ­hé,ê&��µ
�,�;�l�?Ò1�,�

D0 :=

{

y ∈ R
n| ‖y − y0‖ ≤ ‖∆y0‖

1− δ0

}

⊂ D.
´ � ­ëé,ê&«Dµ

[W�;�D���l�?Ò��`�q�Q���?�����:Õ����$�,���`�`�B��Ò��Lÿ!��Ör���7�G��ù`Ñ��Z�?�����(�,���`�
(yk)

�D�`�`�7�(�,�?�D�_���2ÌrB � ´ � ­ÉÈ�µQ�`�7��×,�����D����7Ö+�,�#�7�j�»HRH þ Ñ��7�?���
y∗ = (q∗, s∗, λ∗) ∈ D

ÖkÒ��q�q�BÑ;���?ÕB�,ÌXÑ1�,���
(q∗, s∗)

�'�J�[�������$���LÌ'�q�#�,ÌÕL�?���?ÕL�DÕ½��Ó�Î����,Ô/Ì'��Õ ´ � ­ ®qµ �
ËÙ��K#�D�,�f�,�f��U��<�#U��/��K(�/xÆO P"«�O R,�/~eO'~eË��1�5�2~���O%Ã���­
ð�õV �¨`}k¤�¦ ôV��� d`© |;ª ¢q£ ª ï | ï�� � ¢d£p�U�d¦��m§�  ª jG¥@¦0 �¡,¢ | �PlöW���.�)�A�q�)�,�?�p�`�7�1�����D���!��Ò��A�`Ñ;���?ÕB�,ÌX�`�7�������7Ì�Ñ;�`�,Ô/Ì'��ÕÆ�?Ò1�,�.Ö+�7�8�?�����`�/�,���`�#�@�?�zÍ3�`� �DÑ��ËÍ ý4���`��Ñ��`��û���?×,��Ì�ùB�?�?�!ÕL�DÌ����hÑ;Ì'�C�`Ò��q�7���?�D�<Ñ1�,�(�,ÕZ���������%úq�,���$�7�J�7�8�D�`�q������Ô��#�B�?��Ìk÷0�,Õ�Ñ;Ì'� Ñ��ËÍ��Aþ Ò����q�7Ì��D���$�7�

w∗��ÓB��Ò��Lÿ*öWÎgÖr�?�?Ò��?���?�����,Ìr×7�,Ì����@�7�B�?�nÍ3�`� ��Ñ��ËÍ Ö+�7�A�`Ò��7Ör�\�?�.�Y�%� ��Ñ�� Á � ���`�7Õ�Ñ1�,���'�q�7�G��Ól�?Ò���`�7��×,�����D�����`�"�(�,���`�WÓM�7�*�?Ò��"ÿ!��Ör���7�a�,�;�rYE�,�)�`��û$ÿ!��Ör���7�QÕZ���?Ò��/���'���,�?×,���@�?�r�Y�%� � � �ËÍ ýkÖkÒ������E�?Ò���,Ìü�D�7���?��ÒDÕå�'�^���$�,�����#�e�,�.�?Ò��!�����#�)�,ùl���$�,���8���(�GFM�`�����7��ù �]þ Ò��*Ñ;Ì'�7�;ÓM�7�8�?Ò��rYE�,�0�`��û$ÿ!��Ör���7��ÕZ���?Ò��/��,Ì?Ì'�7Ök�^�)�!���Q�`�����?ÕB�,���^��Ò1�,�
κ ≈ 0.1 �
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¿��8²EO'N NV~��q²ÙK#�2«)I,K#�]K#�/I,N%È$��O'xB�<O �#�/K#I&��O ��~�PE��~_P(U�K#O ~�³0O'~�«lU���K(O'Ç/�,~�P�I&P�O'~)�#K#�D��¬��/�2�_O ~j¯:�2�,­;â�­ ®,­ëé:�O'~j�#U��c��K�I,xB�2²���K(³J�,�+��U��A�a	9È�N O'~��8���1��O xlO ÇMI&�#O'��~]��K#�,S�N'�2x]­8Á-�8O P<P#U��q²E~�O'~z¯:�2�,­ � ­hé:­ ®c�#U�I&�^��U1��/P(P#�2~0�#ObI,NW��O�	��2K#�2~��/�^���A��U��!�a	9È�N O'~��CO%���2K�I&�#O'��~�P"O P"��U�I&�TI&�?�#�/KE�MI&�`UJ=T��²"����~]��y:�;�!O ���2K�I&�#O'��~QP(��xB��/�,xl�;��~��2~0�#P��,�4��U��B��K#�/�BR&I,K#O'I,S�N'�2P

q
I,K(�lÄ1Ã:�2�3�XO$­ü�,­%�i�#U�I&�8��U��l���1��O xlO ÇMI&�#O'��~j�1K#��S�N �/x ´ � ­ ®qµ^O P�`U�I,~1«��/�B���8I^�1K#��S�N �/x¹O ~L��U��*P�I,xB�EP#��I&�/�,�DS�¬1�Y²EO%��UBP#��xB�"xl�,K#�8´��#K#O RDO'I,N?µW�/Ï0¬�I,N O ��yL�2��~�P(�#K�I,O ~)��P/­Á�~A��U��"����N N'�q²EO'~�«C¯:�/�&­ � ­ëéD­ëéT²��*²EO N'N:P#U��q²m�#U�I&�Y��U1�"~���~�N O'~��/I,K#O%��ycI,~1�lO ~��/��xB��I&�#O'S�O N'O%��y<�/��~1P(�`I&~0�#P

ω
I&~��

κ
����Kr�#U��T�^	;È-N'O'~1�.��K#�,S�N'�2xôI,K#�EP(�#O'N N�R,I&N'O'�c���,K4I^��K#�,S�N'�2xÉ²EO �#UZP#�,xl�"Ä1Ã:�/�Z�/��~)��K(��N'P2­X¾"U�O PI,N N'�q²EP<���_�2��~��2N'¬����lO'~�¾"U��/��K(�/x � ­áàa��U�I&�8�#U��ZK(�MI,NÐÈ-�#O'xB�LO ���2K�I&�#O'��~1P!�2��~)��K#I,�2��O �4�#U��ZP(¬�zB�/O �/~)��/�,~���O �#O'��~1PC����K^�a	;È-N'O ~��c�/�,~0R,�/K(«��/~��2�@�,�4¾"U��/��K(�/x � ­áßaI,K#�AP�I7��O'P6Ä��/���f²EU�O �`UpO P^�#U��BxZI,O ~jK#�2P#¬�N%��,�E��U1O'P��`U�I,�1���2K/­zÁ�~G¯:�/�&­ � ­áß_²4�QO ~)R��/P6��O «)I&���ZU��q²{��I&K���U��ZK#�/P(¬�N �c�,�E��U��@K(�MI,NÐÈ-�#O'xB�lO%���/K#I&��O ��~�P����R:O'I&���2P"��K#��x{��U��<��U1�/��K(�2��O �MI,NV�,�1��O xZI,N;P#�,N'¬1�#O'��~�P2­çV�2�!¬�P<Ä�K#P6�!��O'P(�/¬�P(P!²EU)yjÄ1Ã:O'~1«a�&�4P(��xl�c��K(�/�A�/�,xl�;��~��2~0�#P^O'P<�/Ï0¬�O%R&I,N'�2~0�^�#�e�#U��AK#�/I,N%È$��O'xB�O �#�/K#I&��O ��~QP#�`U��2xl�!I,PEO ~0�#K#�D��¬��2�/�aO'~a¯:�2�,­9â�­%®�­ëéD­

g*Û ù*Û�Ü Ý�Þ sàß~ë çEs ò �z¼°ì
ãDv�¼YuxßT¼rv]ÿ áTu�t©ãÊë�¼°ì
Á�~L��U��EK(�MI,NÐÈ-��O xl�+O �#�/K#I&��O ��~c��K�I,xB�2²���K(³8����KXP(U�K#O ~�³0O'~�«^U��,K#O'Ç2��~�Pr�,��¯:�2�,­)â�­áß1��²��EU�IMR��*K#�/�1¬��/�2�l��U1�~0¬�xcS;�/K!�,�.x�¬�N �#O'��N ��P#U1�:�,�#O'~�«e~��D���2P!��K(��xæ��~��B��K(��S�N'�2x ���e��U1�l~���ÃD�M�fO'~z��K#���2K<���a³,�/�2�[��I,�2�²EO �#UQ��U��^��K(�:�2�/P#P*����R��/N ����xB�/~)�M­¿p�*K#�2«)I,K(�ZI^��K#�,S�N'�2x¹��O'P(�/K(�2��O ÇMI&�#O'��~c²EO%��U

N
xc¬�N �#O'��N �4P(U��:�&��O'~1«!O ~)���/K6R&I,N'Pr��~ZI*of÷:�#�LÌ'���D�,�?Ò��O xl�+U���K(O'Ç2��~�²EO �#Uc��¬�K#I&��O ��~

T
��I&~��AI,P#P(¬�xB�4��U�I7�k��U1�.�/��xB��¬1��I&��O ��~8�#O'xB�+���,Kk��U��

k
È-�#UcK#�/I,N%È$��O xl�O �#�/K#I&��O ��~_O P

δk
�VI,~��]��U�I&� ∑N

k=1 δk = T
´��#U�O'PTO'PC�&­á«1­C��U��c�/I,P#�LO%�+I,N'NWO%���/K#I&��O ��~�PE�`I,³&�c��U���P�I,xB���O xl�

δ
I&~��z�#U��L��O xl�LU��,K#O'Ç2��~À�,�.O ~)���/K(�/P6�8U�I,P!�#U��AN'�2~�«,��U

T = Nδ
µ�­Z¾"U��Bxc¬�N%��O ��N'�8P#U��D�,��O ~�«�;��O'~)��PEI&K#�^�`U���P(�/~_P(�L��U�I&�E�#U��<��O'xB�/P

tk := Tτk
P�I&�#O'P(�?y

tk − tk−1 = δk
��O$­ü�,­%�

t0 = 0, tk =
k
∑

i=1

δi,
����K

k = 1, . . . , N.

çV�2�
x0, x1, . . . , xN

���/~1�,��� ��U�� ��O
	5�/K(�/~)��O'I,NQP(yDP6���/x P(��I&���2Pm�,�]��U�� K#�/I,NaP(yDP(�#�/x I&�G��O'xB�/P
t0, t1, . . . , tN

�<��U�I&�JP#�/K6R��nI,P]O'~�O%��O'I,NCR&I,N'¬��2P]����Ka��U�����I,K#I,xl�����2K#O'Ç2�/�·�,�1��O xlO ÇMI&�#O'��~���K(��S�N'�2xlP
Pk(xk)

�,�kP(U�K#O ~�³0O'~�«AN �/~�«,�#U3��I,PE����Ä�~��2�_O'~]¯:�2�,­�â�­áß1��ÂrÏ9­i´�â�­%®dµ`­Ë.�X��O xl�
t0

��U��"P6�`I&�#�
x0

O'Pi³D~1�d²E~��:I&~��c��U��4O'~�O%��ObI&N�R,I&N'¬����/xcS;�/���1O'~�«<P6��K�I7���/«&y�Ï0¬�O �`³DN%y8yDO �/N'�1P��U1�!�2��~)��K(��N3R&I,N'¬��
u0

��U�I7�"²EO'N'N�S5�^O'xB��N �/xB�/~)���2�Q��~Q��U��<Ä�K(P(�*��O'xB�CO ~0�#�/K6R,I&N$�1¬1�a�#�B�#O'xB�
t1

­YË.���O xl�
t1

��U��_~���ÃD�eO'xBxB�/��O'I&���Q���/�2��S�I,�`³oU�I,PQS;�/�2~���K#�2��I,K#�2�3�TI,~���O'PZI,����N O'�2�m���p�#U��jP#U1K#¬�~�³��K(��S�N'�2x
P1(x1)

­�Á-�E�#U��Qxl�D���2N.I,~��[�#U��QK#�/I,N4P6yDP(���2x �/�,O'~��2O'���&�X��U��Q~���²wP6yDP(���2x P(��I&���
x1

O PO'�1�/~)��O �MI,N��#�L��U��<Ä�~�I&N3R,I&N'¬��
x(t1)

�,�i�#U��^O'~�O%��O'I,N;R&I,N ¬��<��K(��S�N'�2x
B(·)ẋ(t) = f(x(t), z(t), u0), t ∈ [t0, t1],

0 = g(x(t), z(t), u0), t ∈ [t0, t1],
x0(t0) = x0,I,~��e��U1�!O ~�O �#ObI,N�R&I,N ¬��<�/��~1P(��K#I,O'~)�E����K.�#U��^��K#��S1N'�/x

P1(x1)
O'P

sx1 = x1.
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çV�2�*¬�PE~��q²·K(�/«)I&K#�e��U��^��K(O'«�O ~�I,N;��K#��S1N'�/x

P0(x0)
��~a�#U��<��¬�N'N5U���K(O'Ç/�,~3��S�¬1�E²EO%��UaI,~]I,����O%��O'�,~�I,N�/�,~�P(�#K�I,O ~0����U�I&��Ä1Ã:�/Pc��U1�@�/��~)�#K#��N

q0
��~[��U1�@Ä�K#P6�LO'~)���2K(R&I,N+���JS;�Q�/Ï0¬�I,N+���J�#U��@O'xB��N �/xB�/~)���2�R&I,N'¬1�

u0 = q00 +∆q00 = q10
­r¾"U�O P*�1K#��S�N �/x{��U��2~]�2��~)�`I,O ~�P"��U��^�/�,~�P(�#K�I,O ~0�#P

sx1 − x0(t1; s
x
0, s

z
0, q0) = 0,

g(sx0, s
z
0, q0) = 0,

sx0 − x0 = 0,

q0 − u0 = 0,

²EU�O �`Uz�2��~�P6��K�I&O'~
sx0

�
sz0

�
q0

I&~��
sx1

¬1~�O'Ï0¬��2N y�­!Á�~j��U��LP(��N'¬:��O'�,~3�
sx1 = x1

��S5�2�MI,¬�P(�L��U��LK(�/NbIdÃ1�2�O'~1O ��O'I,N9R,I&N'¬��<��K(��S�N �/x
B(·)ẋ0(t) = f(x0(t), z0(t), q0), t ∈ [t0, t1],

0 = g(x0(t), z0(t), q0)− e
−β

t−t0
t1−t0 g(sx0, s

z
0, q0), t ∈ [t0, t1],

x0(t0) = sx0 ,

O'P8�/Ï0¬�O%R,I&N'�/~)�c�#�_��U1�@K#�/I,N4P6y:P6���2x �1yD~�I,xBO'�2P�O �
sx0 = x0

�
q0 = u0

�
g(sx0, s

z
0, q0) = 0

�kP#�J��U�I&�
x0(t1; s

x
0 , s

z
0, q0) = x(t1) = x1

­ v ~��2�_��U��j�2��K#K(�/���@R&I,N'¬��2PZ����K
s0, q0

I,K(�_����¬�~��m��¬�K#O ~�«[��U1�O �#�/K#I&��O%R���P(��N'¬:��O'�,~Z��K(�:�2�/��¬�K(�,�D��U���yQI,K(��~��,�.�`U�I,~�«��2�eI,~)yDxl��K(�,�1I,~��@��U1�<I,S;�dR,�C�/�,~�P(�#K�I,O ~0�#P"I,K(��/�,xl��N �2�#�/N yl�/Ï0¬�O%R&I,N'�2~0�E�#�
sx1 = x1

­
è���K v �CÂ�xB�D���/N P/����U��!�/�,K#K#�2�2��P#��N ¬1��O ��~Q����K

sx0 , q0
O P*I,N'K(�MI,�1yQ���,¬�~��JI7�?���/KE��U1�!Ä�K(P(��O ���2K�I&�#�,���¬��C�#�c��U��<N O'~��/I,K#O%��yA�,�W��U��<O ~�O �#ObI,N�R&I,N ¬��C�2��~�P(�#K�I,O ~)�M��I,~1�Q��¬��C���c�#U��C��I,���.��U�I7�

u0
².I,PEP(�2�k°(¬�P6����B��U��8��¬1�#�/��xB�^�,�X��U1O'PEÄ�K#P6�CO �#�/K#I&���&­"¾"U��/K(�2����K(�,�9Ä1Ã:O'~�«l�,�

q0
O'P*�/��xB��N'�����2N yQ�2ÏD¬1O R&I,N'�2~)�T�#�l��U1�P#U1K#O'~1³DO ~�«Z�&�r��U��cU1��K#O Ç/��~3­ v ~��cP(N'O'«,U0�T�/�,xl��N O'�/I&��O ��~aI,K#O P#�/P2��U��q²��2R,�/K/�3���,K��"ËCÂ xl�D���2N'P/ó.I&�?���2K��U1�.Ä�K#P6�YO ���2K�I&�#�,�

sz0
xZIMy8P(�#O'N'N:~��,�rS;�EI&�rO%��Pr�2��K#K(�/�2�rR&I,N ¬��.O ~c��U��.Ä1Ã:�2�l�2��~)��K#�,N1����K#x�¬�NbI&�#O'��~Z´�O�­á�&­ �

g(sx0, s
z
0, q0) 6= 0

µ!I,~��[�#U�O'P8xZIMyzK#�2P#¬�N%�LO'~pI_R,I&N'¬��
x0(t1; s

x
0, s

z
0, q0)

�#U�I&��O'P�P(N'O «�U)��N yÀ�1O
	5�/K#�2~)���K#�,xÞ��U��a�/�,K#K#�2�2�BR&I,N'¬��
x(t1)

�4�1¬��a�#�z�#U��@�EË�ÂgK#�/N'I7Ã1I&��O ��~3­\¿��a²EO N'N.��O P#K(�/«)I,K(�G�#U�O'PAP(N'O'«,U0���O�	��2K#�/~1�/�E��U�I&�+O Pr��~�N yc��K#�2P#�/~)��O'~A��U��EK(�/NbIdÃ1�2�r�"Ë�Ân�/I,P#��´�I&~��B�#U�I&�+�/�,¬�N'�A�2R,�/~@S;�EO'~)���2K#��K(�2�#�/�I,P4I�P#N O'«�U)�+P#¬��;�/K(O'��K(O ��yA�,�V�#U���K(�MI,N;O'xB��N �/xB�/~)�`I&�#O'��~A�qR��2K4��U1�TÄ1Ã:�/�Q�2��~)��K(��N;���,K#xc¬�N'I&��O ��~3�,²EU1O'�`U²��8��~1N y@O ~)��K#�D��¬��2�<U��/K(�<����K.��U��2��K#����O �MI,NV��¬1K#�;��P#�2P`µ�­
çV�2�T¬�P*�#U��/K(�2����K(�cI,P(P#¬�xB�!O'~Q��U��8K#�2xZI,O ~�O'~1«L��I,K(�*�,�i��U�O PT�`U�I,�1���2K*�#U�I&�*��U��!K#�/I,N%È$��O xl�TO ���2K�I7È��O ��~�PY��~lP#U�K(O'~�³0O'~1«8U��,K#O'Ç2��~�P�I,K#�*O'�1�/~)��O �MI,N��#��I!P#¬�S�P(�/Ï0¬��2~0�"Ä:Ã1O ~�«!�,�3��U1�T�2��~)��K#�,N'P

q0, . . . , qN−1O'~a��U�����K#O «�O'~�I&NV�a	;È-N'O ~��^���1��O xlO ÇMI&�#O'��~Q�1K#��S�N �/xÛ´ � ­ ®dµ��5²EU�O �`U_²��L���/~��&���/�jS)y
P (x0)

�,K
P0(x0)

­è���K�~1�,�`I&�#O'��~�I,NY�/��~)R��2~�O'�2~��/�&�r²4�@²EO N'NYO'~z��U��Z���,N'N'�q²EO ~�«]�1�2Ä�~��
P 0 := P0(x0) = P (x0)

�#�JS;���U1�8��K(O'«�O ~�I,NY´��a	9È�N'O ~��qµ4�1K#��S�N �/xa�9I,~��]���/~��&����S)y
P k �#U��!��K#��S1N'�/xBPE²EO ��UaxB��K#�!I,~��_xl��K(�<Ä1Ã:�/��/�,~0�#K#��N P��#U�I&�"I&K#��«,�/~��2K�I&�#�/�Q��¬�K(O'~�«!��U���K#�MI&N%È-�#O'xB�"O �#�/K�I7��O'�,~�P4I&~��Z²EU�O �`UeI,K#�T�/Ï0¬�O R&I,N �/~)�4�#����U1�P#U1K#O'~1³DO ~�«�U1��K#O Ç/��~!��K#�,S�N'�2xlP

Pk(xk)
­iËGRDO'P#¬�I,N'O ÇMI&�#O'��~<�,�1��U�����¬1���2��xB���,�1��U��+Ä�K#P6�k��²��CK#�/I,N%È$��O'xB�O �#�/K#I&��O ��~�P.O P"«�O R,�/~aO'~eèkO «�¬�K#�2P � ­héBI,~1� � ­hß1­

¾"U��!P#�/K(O'�2P*�&�k��K(��S�N �/xBP
P k �

k = 0, . . . , N
I,K(�<«�O R,�/~aS)y

P k : min
q,s

F (q, s)
P(¬�SD°(�/�����#� {

G(q, s) = 0,
qi − ui = 0, i = 0, . . . , k − 1.
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q
1

0

q11
q12

q1N−1u
ux1

e e e e e e e e e e6

s
1

0
s11

s12
s13

e s1N

r
t0

r
t1

r
t2

r
t3

r r
tN

-

èkO «�¬�K#� � ­hé:ór=Tçfã\R&I,K#O'I,S�N �*�2��~)���2~0�*I7�?���/K+��U��TÄ�K#P6�"K#�/I,N%È$��O'xB�"O �#�/K#I&��O ��~3­k¾"U1�C~���ÃD�E���:��O'xBO'Ç/I&��O ��~��K(��S�N'�2x]�
P 1 �fO'PC����K(xc¬�NbI7���/�ÀS)yÀÄ1Ã:O'~�«e��U1�BÄ�K(P(�8�/��~)�#K#��NXR&I,N ¬��

q0
�W²EU�O'�`U�O'xB��N'O �/O �#N yQÄ1Ã:�2P8��U1�R&I,N'¬1�

x1
­

q
2

0

q
2

1

u
us2

1

x2

u
s22 s23e e e e e e e e e

6

s
2

0

e
r
t0

r
t1

r
t2

r r r-

èkO «�¬�K#� � ­hß1ói=�çWãpR&I,K(ObI,S�N �.�/�,~0�#�/~)�4I&�?���2KX��U��*P#�2�/��~��lK#�/I,N%È$��O'xB�4O%���2K�I&�#O'��~3­f¾"U��E��K(��S�N'�2x
P 2 �/I,~S;�^���,K#xc¬�N'I&���2�QS)y@Ä1Ã:O'~�«

q0
I,~��

q1
��²EU�O'�`UaO'xB��N'O �/O%��N y�Ä1Ã:�/P

x2
­
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q = (q0, q1, . . . , qN−1)
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1
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(q − uk) = 0.¾T�2K#�&����U��^xlI&��K(O'�/�2P
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1
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
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F (q, s)
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G(q, s) = 0
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1 (q − u) = 0
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Q1 ∈ R
nq×m �

m ≤ nq
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0
I(nq−m)
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∥

∥

∥

∥

∥

J̃(y1)
−1
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J̃(y2)−
∂R̃

∂y
(y2)
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∥

∥

∥

∥

≤ κ < 1, ∀ y1, y2 ∈ D,
�,�;� ´ � ­ëé&à�I)µ

∥

∥

∥J̃(y1)
−1
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J̃(y2)− J̃(y3)
)∥

∥

∥ ≤ ω‖y2 − y3‖, ∀ y1, y2, y3 ∈ D,
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�7�<��Ò��L�"�Eû�Ì��?���.Ñ;���,Ô/Ì'��Õ �
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‖∆yk+1‖ ≤
(
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ω

2
‖∆yk‖

)

‖∆yk‖
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J̃(y)−1 ­
� ¦:¨p¨p  ôV�
ô dGfÇf_§�� ª �;¦��U�/¦ -I| �l¢díf¦ 2�| �i£tGi¦Ê�u?,� | ñk¤�¦D¨þl
þ Ò��^�?��×,�����q�c��Ó^�?Ò��!ÕB�,�����Ð÷

J̃(y)
�7���D�poY���#�B�?�ÇÌ*B � ´ � ­ëé � µ^�'���,�?×,���ÀÔ/ùB�?Ò��YÓM�7��ÕL�DÌ%�

J̃(y)−1 = Q








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








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
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
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,
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


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I

I


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
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I
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


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2

I

I


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
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I

I


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J̃(y)J̃(y)−1 = I
­YèkO'K(P(�"~1�,���<��U�I&�
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








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∂q
Q2

∂G
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
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
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
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0




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= C̃1(y)Ã
−1
r (y)C̃T

1 (y) + C̃2.
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J̃(y)Q




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

I

C̃1Ã
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r C̃T

1 + C̃2


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
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C̃1(y)

I,~��
C̃2(y)

I,PW���2Ä�~1�/�cO ~8ÂrÏ0P/­1´ � ­ëéaÈ&S9µ3I,~��Z´ � ­héaÈ,�MµI,K(�!�1K#�7°(�2�2��O ��~�P"�,�
C1(y)

I&~��
C2(y)

��P(�A�#U�I&�E��U1�/O'K!´�P#�;�/����K�I&N?µ4xlI&��K(O%ÃZ~���K#x�P�I&�#O'P6Ä��/P
‖C̃1(y)‖ ≤ ‖C1(y)‖ ≤ βC1 , ∀y ∈ D,

I,~��
‖C̃2(y)‖ ≤ ‖C2(y)‖ ≤ βC2 , ∀y ∈ D.

¾i�o��K#�qRDO'�1��InS;��¬�~�� ��~»�#U��ÀO'~)R��2K#P(�
Ãr(y)

−1 ²��pU�IMR��À���G¬�P(�z�#U��z��I&�2�e��U�I7�
Ar(y)

O P�;��P#O%��O R,�T�1�2Ä�~�O%���&­YèkO'K(P(�+²4�CP(U��q²»�#U�I&�+��U����/O'«,�/~)R&I,N'¬��2P4�,����U��C�1K#�7°(�2�2��O ��~
Ãr(y) = QT

2Ar(y)Q2N'O �<S5����²4�2�/~_�#U��^xZIdÃ1O xc¬�xwI,~��axlO ~�O'xc¬1x��2O'«��2~0R&I,N ¬��/PE�,�
Ar(y)

­Y¾f�l��K(�qR��8�#U�O'P"²��8~1�,���<��U�I&�
Ãr(y)

O'PEILP(¬�S�xlI&��K(O%ÃQ�&�
Ar(y)

��I,P

Ar(y) =

(

QT
1

QT
2

)

Ar(y) (Q1|Q2) =

( v v
v

Ãr(y)

)

Z�y �#U�� O'~)���2K#NbI&�/O'~1« ��K#�,�5�2K(��y ´�P(�/� �,­ü«�­0Q ¿�O'Nbà � T��½�1�3­ ®Mê�ß V ®qê&â0µ��Æ��U1� �2O'«��2~)R,I&N'¬��2P
λ̃1(y), . . . , λ̃(nq−m)(y)

�,�l�#U��nP#¬�S1xZI&�#K#OÐÃ
Ãr(y)

xc¬�P6�zN'O'�pO'~·��U1�GP(�5�2�2�#K#¬�x �,�
Ar(y)

�8O$­ü�,­%�
λ̃k(y) ∈ [λ1(y), λnq(y)]

­oÁ�~G��I,K6��O'�2¬�NbI&K/�
λ1(y) ≤ λ̃1(y)

����KL��U��eP#xlI,N N'�/P6�A�/O «��/~)R&I,N'¬1�/P/­o¾"U��
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‖Ãr(y)
−1‖ =

1

λ̃1(y)
≤ 1

λ1(y)
= ‖A−1

r (y)‖ ≤ βA, ∀y ∈ D.

¾"U�O PTI&N'N'�q²EP4�#�LÄ�~��]IBS;��¬�~��e��~e��U1�!�2�/~)��K#I,NV��I,K6�E�,�k�#U��<O'~)R,�/K#P(�
J̃(y)−1 O'~Q����K(xc¬�N'Ie´ � ­hé \ µ`ó

∥

∥

∥C̃1(y)Ãr(y)
−1C̃1(y)

T
+ C̃2(y)

∥

∥

∥ ≤ βC1βAβC1 + βC2 = β, ∀y ∈ D.

è�K#��xwÂrÏDP2­i´ � ­hé&â0µ.I,~1�p´ � ­hé � µ4O �"���,N'N'�q²EP4�#U�I&�

J̃(y2)−
∂R̃

∂y
(y2) =









0
QT

2

I

I









(

J(y2)−
∂R

∂y
(y2)

)

I,~��

J̃(y2)− J̃(y3) =









0
QT

2

I

I









(J(y2)− J(y3))

I,~��e��K#�,x�����K(xc¬�NbIe´ � ­hé \ µ+�#U�I&�

J̃−1(y1)









0
QT

2

I

I









=





Q2

I

I





(

C̃1(y1)Ãr(y1)
−1C̃1(y1)

T
+ C̃2(y1)

)





QT
2

I

I



 ,

²EU�O �`U]U�I&PEIAP(�5�2�2�#K�I,NV~��,K#x N �/P#P"�,K"�/Ï0¬�I,NV���
β

­r¾"U�O P*I,N'N �d²EP����A�/P6�`I,S�N O'P(Ue�#U��<���2P#O'K(�/�aS5�,¬�~���P2ó
∥

∥

∥

∥

∥

J̃−1(y1)

(

J̃(y2)−
∂R̃

∂y
(y2)

)∥

∥

∥

∥

∥

=

∥

∥

∥

∥

∥

∥

∥

∥

J̃−1(y1)









0
QT

2

I

I









(

J(y2)−
∂R

∂y
(y2)

)

∥

∥

∥

∥

∥

∥

∥

∥

= β

∥

∥

∥

∥

∥

J(y2)−
∂R̃

∂y
(y2)

∥

∥

∥

∥

∥

≤ κ < 1, ∀y1, y2 ∈ D,
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∥

∥

∥J̃−1(y1)
(

J̃(y2)− J̃(y3)
)∥

∥

∥

= β ‖J(y2)− J(y3)‖ ≤ ω‖y2 − y3‖, ∀y1, y2, y3 ∈ D.

g*Û ù*ÛnÚ �z¼[ì
ûYs3v�
Ys�ìwè5s·¼s<!ã Þ s·¶osVt+u$¸ Ý ë�ÿ¹s»ºUã:s3v�t�ãÊë6¼°ì*!
Á�~Z�#U�O'P�P#¬�S�P(�/����O'�,~@²4��Ä�~�I,N'N%yL�/�,~�P#O ���/K4�#U���P(�/�2~�I,K#O ����U�I&��²��CP(¬�S�P#�2Ï0¬��/~)��N%y@Ä1ÃlxB��K#��I,~��@xB��K#���K#�2�_�2��xl�;��~��2~)��PZ�1¬�K#O ~�«��#U��j=T��²"����~o��y:�;�JO%���/K#I&��O ��~�P2­ ¾f�pS;�JI&S�N'�a���pP(�5�/I,³G�/��~)R��2~�O'�2~)��N yI,S;��¬1�+�/�,~0R,�/K(«��/~��2�,��I&~��l�#��S;��I,S1N'�"���!���2Ä�~��CI^N'O xlO%�r�5�,O'~)�

y∗
�,���#U��*K#�MI&N%È-�#O'xB�.O �#�/K#I&���2P

yk
�D²��²EO'N N�K#�2«)I,K(�@I,~lO'~1Ä�~1O ���"P(�/Ï0¬��2~��/�<�,�����1�#O'xBO'ÇMI7��O'�,~c��K#�,S�N'�2xlP

P k �
k = 0, 1, . . .

�)²EU��/K(�T²�������Ä�~��
PN+k := PN ����K

k > 0
­Yè���N'N �d²EO ~�«^��U��

N
È-��UQO%���2K�I&�#�,�1~1�B�1�/«�K(�/�/PE�,�V��K(�/�2����x K(�/xlI,O'~3�DS�¬1�"�#U��O �#�/K#I&���2P"xZIMyQP6��O'N N�S;�^�/��~)R��2K#«�O ~�«L���q²4I,K#��PE���MI&P#O'S1O'N'O%��y�­ �Ë�PE��O P#�/¬1P#P#�2�jI,S;�qR��,�9I7�"��U��

k
È$��UeO �#�/K#I&���C�#U��^��K#��S1N'�/x

P k

P k : min
q,s

F (q, s)
P/­ �M­ {

G(q, s) = 0

Qk
1
T
(q − uk) = 0

´ � ­héaN)µ
O'PL�#K#�MI7���/����²EU��2K#�e��U��axZI7��K#O �/�2P

Qk
1 ∈ R

nq×mk
I,~��n��U��2O'KA��K(�#U���~��,K#xlI,N4�2��xl�1N'�/xB�/~)�#P

Qk
2 ∈

R
nq×(nq−mk)

I&K#�^�,�f��U��<����K(x
Qk

1 :=

(

Imk

0

)

,
I,~��

Qk
2 :=

(

0
I(nq−mk)

)

²EO �#Ue~���~����2�/K(�MI,P(O'~�«BO'~)���2«��/K(P
mk

�#U�I&�EP#I&��O P(�?y
0 = m0 ≤ mk ≤ nq

­Y=*�,���<�#U�I&�

Qk+1
2 = Qk

2Πk

²EO%��U
Πk :=

(

0
I(nq−mk+1)

)

∈ R
(nq−mk)×(nq−mk+1).

¾"U��<R��2�2�#��K#P
uk

²EO'N'N5S5�^����Ä�~��2�_��¬�K(O'~�«L�#U��^O ���2K�I&�#O'��~1P4²EO �#UaO%���2K�I&�#�/P
yk = (qk, sk, λk)

�����AS;�
uk := qk, k = 0, . . .=T�&���c��U�I&�C��U1�cÄ�K#P6�^��K#��S1N'�/x

P 0 U�I,P<~��aI,���1O ��O ��~�I,NW�2��~�P(�#K�I,O ~)�M�VS;�/�MI&¬�P#�
m0 = 0

�WI,~��j�/�,K#K#��ÈP#�;��~��1PY�#�!�#U��"��K(O'«�O ~�I,N1�^	;È-N'O'~1�4��K(��S�N'�2xÆ´ � ­ ®qµi��U�I&�r²4I,PY��K(�MI&�#�/�BO'~B¯:�2�,­ � ­%®�­kÁ�~B�/��~)�#K�I,P6�+�#�
P 0 ���U1�<��K#��S1N'�/xBP

P 1, P 2, . . .
I,K(�C��~�N%yZ«��2~��/K#I&���2�e��¬�K#O ~�«��#U��<O �#�/K�I7��O'�,~�P.I,~1�@��U��2K#�2���,K#�<���2�5�2~��e��~��U1�!O ~�O �#ObI,N O'Ç/I&��O ��~

y0
I,~��a��~Q��U1�!�`U1��P#�2~J=T��²"����~e��yD�5�!xB�2��U1�:�3­ÂYI,�`U_��K(��S�N �/x

P k O'P"�2Ï0¬�O R&I,N �/~)�"���LÄ�~��1O'~�«L��U1�!Ç2�/K(�l�,�kIc��¬�~�����O'�,~
Rk I,P.���,N'N'�q²EP2ó

Rk(y) :=









Qk
1
T
(q − uk)

Qk
2
T∇qL
∇sL
G(q, s)









= 0.

£"w4´7­§¥yxU®k´K¨c¥{z7¥G¦{x#­§®}|K­h~ ´7¦���������´O¯O¥{�É¬�|�~ ¥�|7¬§³����S¥©¬§´y�É«O­§³É´7²w³É¬�|e�É¦§¥�|7¯��r´8�O­�|7³S²k¥C¯*|e~ ­§¥G¦h­§®k¥
N � ­§®t³S­§¥G¦�|�­§¥ µ
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=T�&���X��U�I&�V��U��Y~��2�/�2P#P�I&K(y^���1�#O'xlI,N'O%��yE�/��~1��O �#O'��~�P

R0(y) = 0
�2��K#K(�/P(�5��~1�!�#�E�#U��Y�a	9È�N'O ~��f�/��~��1O ��O ��~

R(y) = 0
��U�I7�T²4I,PC����Ä�~��2�jO'~]ÂYÏ9­X´ � ­áß)µ"O'~j¯D�/�,­ � ­%®�­%®�­E¾"U����1�/K#O%R&I&��O%R��8I,����K(�qÃ:O xZI&�#O'��~

Jk(y)O'P"�1�2Ä�~��2�JI,�2�/��K(��O'~1«A�#�BÂYÏ9­f´ � ­ëé � µ����AS;�

Jk(y) =









Qk
1
T

0
0
0









+









0

Qk
2
T

I

I









J(y),

²EU��2K#�
J(y)

O P.��U��^���2K#O%R,I7��O R,�^I,����K(�MÃ1O xZI7��O'�,~Q�,�
R(y)

­
��¬�K(O'~�«L��U1�<K#�MI&N%È-�#O'xB�TO%���2K�I&�#O'��~�P2�1�/I,�`UeP(���2�

∆yk = yk+1 − yk
O P.«��2~��/K#I&���2�]S)yeI,~aI&�(���2xl�1����BI&�(�`I,�`³Z��K#��S1N'�/x

P k ��P(��I,K(�#O'~�«BI&�"�#U��^�/¬�K(K#�2~0�TS;�/P(�*«�¬1�/P#P
yk

ó
∆yk := −Jk(yk)−1 Rk(yk).

´ � ­áß�ê)µ
§�íW¦ | �7¦D¨ ô3� � d�© |;ª �;¦�� ò ¦ ª ¡�¦ |L- ¢qíf¦J¥Z¦D �¤Ëg�§�£�¨p¦>��¢M¦��d 1¢q£ |;ª �UlöW�����)�8�7�`���DÕZ�^�?Ò1�,�+�?Ò��<�������`�����.�`�7�;�,�?���$�7�1�XÓM�7�<Ì'�q�#�,Ìi�`�7��×,�����D�����`�!��Ó þ Ò��`�7����Õå� � Á@�,���C�/�,���'��ûo.�#�^ÓM�7�L�?Ò��@�7���%�,�?�;�,Ì
Ã(�"�Eû�Ì��?��� Å Ñ;���,Ô/Ì'��Õ ´ � ­%®dµ �[þ Ò�������Ò����q�CB/�9�����`�l��Óc���#�,Ì�û����?ÕZ�c�?�����(�,���`�

(yk)�D�`�`�7�(�,�?�D�l����ÌrB � ´ � ­áß�ê)µ��`�7��×,�����D�`�^���7Ö+�,�(�7�8�TÓM�#�7����Ô/Ì'��Ñ��7�?���

y∗ ∈ D0 =

{

y ∈ R
n| ‖y − y0‖ ≤ ‖∆y0‖

1− δ0

}

⊂ D, δ0 = κ+
ω

2
‖∆y0‖.

¥@¦D¨p ]�kj�� ¾"U���¬�«,U»��U1O'PQ��U��2��K#�2x ¬�P#�2P]�#U��z�#�/K(x ���/�,~0R,�/K(«��/~��2�y�pI,~�� K#�2«)I,K(��Pa�#U��zO'~1Ä�~1O ���P#�2Ï0¬��/~��2�
yk

��O%��O P�~��,�T��U��8S5�2U�IMRDO'��¬�KT����K
k → ∞ ��U�I&�C�/I,¬�P#�2PC��U�����O
zB�/¬1N ��y���I,PT��K(��x

k = N��~a²4�!��K#�/I&�<I&N ²4IqyDPE��U��8P�I,xB�!���1��O xlO ÇMI&�#O'��~Q�1K#��S�N �/x
PN 7;�#U�����O�zB�/¬�N%��yeN'O'�2PEO'~_P(U��q²EO'~�«B��U�I7���U1��oY�����[O%���2K�I&�#�/P

y1, y2, . . . , yN
K#�/xlI,O ~QO'~@��U1�!P(�2�

D0
­

?,� |ª|N- � ¿��T²EO'N N�����N'N �d²G��U1��N'O ~��/P+�,�3�#U����1K#�D�,�V�,�V¾"U1�/��K(�/x � ­ ®,­r=T�,�#�*�#U�I&����U��*Ä�K#P6�.P(�#�/�
∆y0�,�W��U1�CK#�/I,N%È$��O'xB�EO �#�/K�I7��O'�,~�P4�2��O'~��2O'���2P�²EO%��U@��U1��Ä�K#P6�EP(�#�/�e�,�V��U1�<�a	;È-N'O ~��EO ���2K�I&�#O'��~1P/­X¾"U��2K#������K#�&�������K#�qR����/��~)R��2K#«��2~��/�<�#�d²4I,K(��PEI�N'O xlO%�r�;��O'~)�

y∗ = (q∗, s∗, λ∗)
�:²��C��~�N%yBU�IMR����#�cP#U��q² ��U�I7�4��U1��/�,~0�#K�I,����O ��~e��K#���;�/K6y

‖∆yk+1‖ ≤
(

κ+
ω

2
‖∆yk‖

)

‖∆yk‖ ´ � ­hß1®qµ
O'PTP�I&�#O'P6Ä��/�J����KE��U1�cK#�/I,N%È$��O'xB�^O �#�/K�I7���/P2­�Á�~ÀIZP(�/�2��~��jP(�#�/�3�5²4��²EO N'NWP#U1�d²|��U�I&���#U��c��K(O'xlI,NV��I,K6�
(q∗, s∗)

�,�f��U1�!N O'xBO ���5�,O'~)�"O'P.���/I,P#O S�N'�&­Á�~Z¾"U��2��K#�2x � ­áâ!O'~Z¯:�/�&­ � ­ëé:­héC²4�TU�IMR��CI&N'K#�/I,�1yLP(U��q²E~Z��U�I&��Ä:Ã1O ~�«!�,�V�/�,xl�;��~��2~0�#P��1�:�2P�~��&�O'~1�/K#�/I,P#�8��U��8�/��~�P6�`I,~)�#P
κ < 1

I,~��
ω

��U�I&�CI,K#�8¬�P#�2�J���@�1K#�qR����#U����2��~)��K#I,�2�#O'��~J�1K#���;�/K6��y]����KTIP#O ~�«�N �����1�#O'xBO'Ç/I&��O ��~l�1K#��S�N �/xa­k¾"U�O P"xl�/I,~�P4�#U�I&�EI&N'N;���/K(O R&I&��O%R���I,����K(�qÃ:O xZI&�#O'��~1P
Jk P�I&�#O'P6�?yZ��U1�S;��¬�~���P8´ � ­ ®Mß�I)µ.I,~���´ � ­ ®Mß,S9µ�­Z4¬1�AU��q²����À�/��xB��I,K(�Z��U1�QP(���2��P

∆yk
I,~1�

∆yk+1 ��U�I&�A�/��K(K#�2P#�;��~��\���À��O�	��2K#�/~)�AK(�/P#O ��¬�I,N��¬�~�����O ��~�P
Rk I,~��

Rk+1 ¿
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¾"U��T�#K#O �`³c���!��K#�qR��*��U��T�/��~)�#K�I,����O'�,~l��K(���;�/K(��yJ´ � ­hß1®qµrO Pr���8�#K#�/I&�Y��²4�cP(¬�S�P(�/Ï0¬��/~)�EP6���/�1P

∆ykI,~��
∆yk+1 �7�8� Ó8�?Ò���ù@Ö4�����cÔ���Ì'�7�D�,�?�D�l���@�?Ò��^�/�,ÕZ�B�`Ñ;���?ÕL�%úq�,���$�7�ZÑ;�`�,Ô/Ì'��Õ

P k+1 Ör�?�?ÒJ���`�����,�1�,ÌÓ��D�������$�7�
Rk+1 � Á-�T�#U�O'PLO P���K(¬��,��ÂrÏ;­*´ � ­%®Mâ0µ��MI&~G�1O'K#�2�2�#N y�S5�e¬�P(�/�n���À��K#�qR,�e�#U��Q�/�,~0�#K�I,����O ��~��K(���5�2K(��y,­+¾"U1O'P"��K(O'�`³ZO P"��I,K#I,���MÃ:O'�MI&N3S5�2�MI,¬1P#�!O �*I,P(P#¬�xB�/P"��U�I&�E��U��^�/�,~�P(�#K�I,O ~0�

Qk+1
1

T
(q − uk+1) = Qk+1

1

T
(q − qk+1) = 0

O'P.I,N'K(�MI,�1yl����Ä�~��/�eS;�2����K(�C��U���O ���2K�I&�#�
yk+1 = (qk+1, sk+1, λk+1)

O P.�/�,xl��¬:���/����O$­ü�,­%�1S;�2����K(�
qk+1O'P"³0~��q²E~3�è���K(�#¬�~�I&�#�/N y,�3O ���MI,~ÀS;�cP#U1�d²E~À��U�I&�C��U1�LP(���2�

∆yk
O PC~��,�C�`U�I,~�«��2�3�WO �YO%��²���¬�N'�ÀU�IMR,�LS5�2�/~����Ä�~��/�]S)y

∆yk := −Jk+1(yk)−1 Rk+1(yk)

O'~1P(���/I,�e�,�
∆yk := −Jk(yk)−1 Rk(yk)

I,PVO ~8ÂrÏ9­D´ � ­hß�ê�µ�­f¾i�EP(�/�Y��U�O P/�d~��,�#�X��U�I&�
∆yk

O'P��#U��Y¬�~�O ÏD¬1�+P(��N'¬:��O'�,~C�,�
Rk(yk)+Jk(yk)∆yk = 0

­¿��^²EO N'N5P#U��q²·�#U�I&�EO �*I&N'P#�LP#I&��O P(Ä��2P
Rk+1(yk) + Jk+1(yk)∆yk = 0

­
Rk+1(yk) + Jk+1(yk) ∆yk

=











Qk+1
1

T
(qk−qk+1)

Qk+1
2

T∇qL
∇sL
G(q, s)











+











Qk+1
1

T

Qk+1
2

T
Aqq Qk+1

2

T
AT

qs Qk+1
2

T∂G
∂q

T

Aqs Ass
∂G
∂s

T

∂G
∂q

∂G
∂s

0















qk+1−qk
sk+1−sk
λk−λk+1





=









0

Qk+1
2

T

I

I

















∇qL
∇sL
G(q, s)



 +







Aqq AT
qs

∂G
∂q

T

Aqs Ass
∂G
∂s

T

∂G
∂q

∂G
∂s

0






∆yk







=









0

ΠT
kQ

k
2
T

I

I

















∇qL
∇sL
G(q, s)



+







Aqq AT
qs

∂G
∂q

T

Aqs Ass
∂G
∂s

T

∂G
∂q

∂G
∂s

0






∆yk







=









0
ΠT

k

I

I

















Qk
2
T∇qL
∇sL
G(q, s)



+







Qk
2
T
Aqq Qk

2
T
AT

qs Qk
2
T∂G
∂q

T

Aqs Ass
∂G
∂s

T

∂G
∂q

∂G
∂s

0






∆yk







=









0
ΠT

k

I

I













0
0
0



 = 0.
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èkO «�¬�K#� � ­üâ�ó]çVO'xBO �L�;��O'~)�
w∗ �,�T��U��aK#�/I,N%È$��O'xB�@O%���/K#I&��O ��~nI,���1K#�)I,�`U·´�²EO%��U ¹ I,¬1P#P6È�=T��²"����~oO �(È�/K#I&��O ��~�P�µ<O ~[ÂkÃ1I,xB��N'� � ­hé:�W²EU�O'�`U[O P<R��/K6ypP(O'xBO'N'I,K����e��U1�Z��Ã1I,���c�a	9È�N O'~���P#��N ¬1��O ��~�´����,�(���/���k�2��­èkO «�­�é:­áß)µ�­

¾"U��2K#�2���,K#�,�C�#U��ÀO �#�/K�I7��O'�,~�P@�/�,~0R,�/K(«��z�#�q².I,K(��P]InN O'xBO �l�5�,O'~)�
y∗ ∈ D0

­ô¾i�nP(U��q²æ��U�I7�Q��U�O P�;��O'~)�AO'Pc���/I,P#O S�N'�&��~1�,���Q��U�I&�lI&�AP#��xB�e��K#�,S�N'�2x
P k0

~��zxl�,K#�Q�/�,xl�;��~��2~0�#PA�MI,~GS5�QÄ1Ã:�2�ä´��#�S;��P#�;�/�2O Ä��&�
k0 = N

O ~_��U1��K#�/I,N%È$��O xl�^O �#�/K#I&��O ��~�PE����K*�#U��cxc¬1N ��O ��N'�<P(U��D�,��O ~�«@xB�2��U1�:�9µ��5P(�Z��U�I&�
Rk = Rk0 , ∀ k ≥ k0

­r¾"U��2K#�2���,K#�

0 = lim
k→∞

−Jk(yk)−1Rk(yk) = lim
k→∞

−Jk0(yk)−1Rk0(yk) = −Jk0(y∗)−1Rk0(y∗),

P#�A��U�I&�
Rk0(y∗) = 0

²EU�O �`U]O xl��N O'�2P
G(q∗, s∗) = 0

­

ð�õV �¨`}k¤�¦ ôV� ì d`© |;ª ¢q£ ª ï | ï�� � ¢d£p�U�d¦��m§�  ª jG¥@¦0 �¡,¢ | �PlöW���E�0�A�q�)�,�?�n�`�7�1�����D���MÌX÷0�,Õ�Ñ;Ì'�L� �ËÍ��zþ Ò��cÌ��?ÕL�?�kÑ��7�?���
w∗ = (q∗, s∗)

�'���`Ò��7Ör�z�?�/�Y�%� � � � ø � ��`�7Õ�Ñ1�,���'�q�7�G��ÓL�?Ò��Q�`�7��×,�����D�����`�L�(�,���`�"ÓM�7�L��Ò��Lÿ!��Ör���7�n�,�;�.YE�,�)�`��û$ÿ8��Ör���7�\ÕZ����Ò��/�a�'�c�`Ò��7Ör��?�]�Y�%� � � � � �
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èkO «�¬�K#� � ­ � óe±4��~)R��2K#«��2~��/�]K�I&�#�/PL����KL=*�2²"���,~G��yD�;�axB�2�#U��D��P/�r����Kc�#U��eK#�MI&N%È-�#O'xB�lO%���2K�I&�#O'��~�P8�,�ÂkÃ1I,xl�1N'� � ­hé:­X±4�,xl��I&K#O'P(��~^�,��=*�2²"�#��~cI,~1� ¹ I,¬�P#P�È�=*�2²"���,~�xB�2��U1�:�3­W¾"U������,�(���/�8N'O ~��/PVO ~���O'�/I&�����U1�!�2��~)R��2K#«��2~��/�8K�I&�#�/P"����K.��U1�!�^	;È-N'O'~1��P#�,N'¬1�#O'��~z´��2��­+ÂkÃ�I&xl��N � � ­%®dµ�­

fx G� 9:%�5 /�)R��3#?�%�; %8� -�;~¢]$»36;2� ),;>= -ü�W¢ $&3#;2� Ó!%,+6 21437%�;@?
¿��A²EO N'NX~1�d²ÉO'~)R��2P(�#O'«)I&�#�L��U��A�/K(K#��K<�#U�I&�<²��lxlI,³,�AS)yÀ¬�P(O'~�«e��U��AK(�MI,NÐÈ-��O xl�8O �#�/K�I7��O'�,~jP#�`U��2xl�&��/�,xl��I&K#�/�l���8�#U�����Ã1I,�2�"�^	;È-N'O'~1�"P#��N ¬1��O ��~Z�,�

P 0 ­i¿p�T���/~��&�����#U����a	9È�N O'~��EP(��N'¬1�#O'��~B~��q²�S)y
y∗0

�#���O P(��O ~�«�¬�O P#UaO �*��K#��x �#U���N O'xBO �"�;��O ~0�
y∗

�,�k��U��8K#�MI&N%È-�#O'xB�<O �#�/K�I7��O'�,~�P/­.¿��8²EO N'NWI,N P#�B�/��xB��I,K(�
y∗²EO �#UZ��U1�C��Ã1I,���EP#��N ¬1��O ��~�P

y∗k
�&�f�#U��C���:��O'xBO'Ç/I&��O ��~A��K#�,S�N'�2xlP

P k ����K
k ≥ 1

­Y=T�,�#����U�I7�.~��,�4��~�N%y��U1�*N O'xBO �k�5��O ~)�
y∗

���2�5�2~���P4�,~B�#U��EO'~�O%��ObI&N:«�¬1�/P#P
y0

I,~1�B�#U��E�`U���P#�2~Q=T��²"����~B��yD�5�ExB�2��U1�:�3�0S�¬:�I,N P#�L��U��^��Ã�I&�2�*P#��N ¬1��O ��~�P
y∗k

��S;�/�/I,¬�P#�<�#U��^���1��O xlO ÇMI&�#O'��~l��K#�,S�N'�2xlP
P k I,K#�<«,�/~��2K�I&�#�/�a��~:È�N O'~��&­¯:�2R,�/K#I,NkK(�/P#¬1N ��P�I,K#�!�/P6�`I,S1N'O'P(U��/�_75Ä�K(P(�M�;²4�8S5�,¬�~��_�#U�����O P(��I,~��/�2P ‖y∗ − y∗k‖

O'~]�#U���P(��I,�2���,�LML<¾{�;��O ~0�#P
y = (q, s, λ)

S)yp�#U��@P#O Ç/�Q�,�E�#U��ZÄ�K(P(�AP(�#�/�
∆y0

­p¯:�/�2��~���N%y��r²��QP#U��q² U1�d²{��U1�Ä�K(P(�cP6���2�
∆y0

O%��P#�2N �"O P8S;��¬�~1���/�3�rO%�.��U1�ZO'~1O ��O'I,NX«�¬1�/P#P
y0

²4I,P��#U��ZP(��N'¬:��O'�,~��,�*I]~��/O «�U0S5��K(O'~�«���1�#O'xBO'Ç/I&��O ��~8�1K#��S�N �/xa­kèiO'~�I,N N y,�7²��"²EO'N'NDO'~)R,�/P(�#O'«)I7���"U��q²oxc¬��`UA���1�#O'xlI,N'O%��y^O'PXN ��P(�X²EO%��ULK(�/P#�;�/������L�#U��^��SD°(�/����O%R��^��¬�~��2�#O'��~�­
g*Û§Ú�Û�Ü ý_ë"!�ã:t[ìyè�suã:¼di¼ä�ãÊëGÿ¹tYu~â.¼+usá�ã�ë�¼°ì�!
§�íW¦ | �7¦D¨ ô3� b d��e£n�2¢q  ª ¡�¦]¢ | ����g � £ ª ¦ �h| ¤�ïW¢d£ |;ª lm�Ó+�?Ò������������$�����i�`�7�;�,�?���$�7�1�5ÓM�7�E�"�Eû�Ì��?���"�`�7��×,�����D�����`�*��Ó þ Ò��`�7����Õ � � Á��,���Y�/�,���'�po.�#�7ýV�?Ò��E�,�'���$�,���`�Ô�����Ö4�`���B�?Ò���Ì��?ÕL�?�:Ñ��7�?���

y∗
��Ó���Ò������#�,Ì�û����?ÕZ���?�����(�,���$�7�1�.�7�"�D�poY���#���?��Ì*B � ´ � ­áß�ê)µ4�,�;�<�?Ò��Y�q�7Ì��:���$�7�

y∗0
��Ó^�?Ò��L�"�Eû�Ì��?�����`Ñ;���?ÕL�%úq�,���$�7�lÑ;���,Ô/Ì'��Õ

P 0 �#�,�ÀÔ���Ô��7�D�;�D�#�@Ô/ù

‖y∗ − y∗0‖ ≤ 2δ0‖∆y0‖
1− δ0

, δ0 = κ+
ω

2
‖∆y0‖. ´ � ­hß)é,µ

?,� |ª|N- � ¿��.xZI&³,�4¬1P#�.�,���#U��4��I,���i�#U�I&�i��U��.O%���2K�I&�#�/Pi���,Kf�#U��.P#�,N'¬1�#O'��~8�,����U1�.�a	9È�N'O ~��Y��K#�,S�N'�2x I&PO'~�¾"U��/��K(�/x � ­hß<I&~��c��U��4K#�MI&N%È-�#O'xB�YO ���2K�I&�#O'��~1P
(yk)

�/�,O'~��2O'������~
y0

I,~��
y1

S5������K#�+��U���ycP#�2��I,K#I&���&­
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Ë�P!��U���yzU�IMR��l�#U��ZP#I,xB�l�2��~)��K�I&�2��O ��~z�/��~�P6�`I,~)�#P

κ < 1
I,~��

ω
�kI,N'P(�

δ0
O'P^O'�1�/~)��O �MI,Nr����K^S;�,��U3­

�TP(O'~�«L�#U��^��K#���;�/K6��yp´ � ­%® � µ+��K(��xw�#U��^��K#�D�,�f�,�i¾"U��/��K(�/x � ­%®<����K.��U1�8=*�2²"�#��~]��yD�;�!O%���2K�I&�#�/P
‖yk+m − yk‖ ≤ 1

1− δ0
‖∆yk‖ ≤ δk0

1− δ0
‖∆y0‖, ∀ k,m ≥ 0,

²��8���2��¬��2�!�#U�I&�
‖y∗ − y1‖ = lim

m→∞
‖y1+m − y1‖ ≤ δ0

1− δ0
‖∆y0‖.

è���K.��U1�!�^	;È-N'O'~1��P#�,N'¬1�#O'��~
y∗0

�,�
P 0 ���#U��^P�I,xB�<O'~��2Ï0¬�I,N'O%��yZU1��N'��P2��P#�L��U�I&�

‖y∗ − y∗0‖ ≤ ‖y∗ − y1‖+ ‖y∗0 − y1‖ ≤ 2δ0
1− δ0

‖∆y0‖.

Ë�~aO'~)�#�/K#�2P(�#O'~�«A�/�,K#��N NbI,K6yZ�,�f��U1O'P.��U1�/��K(�/x O P.��U��<����N N'�q²EO'~�«1ó
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þ Ò����,�'���$�,���`��Ô�����Ö4�`���j�?Ò��8Ì��?ÕL�?�WÑ��7�?���

y∗
��Ó^�?Ò��8���#�,Ì�û����?ÕZ�!�?�����(�,���$�7�1���7���D�poY���#�Z�?�ÇÌ*B � ´ � ­áß�ê)µ�,�;�c��Ò��T���%�D�7���7�0�E�q�7Ì��D���$�7�

y∗k
��Ó*��Ò��

k
û��?Òa�7��û�Ì��?���<�`Ñ;���?ÕL�%úq�,���$�7��Ñ;���,Ô/Ì'��Õ

P k �#�,�aÔ��CÔ��7�D�;�D�#�BÔ/ù

‖y∗ − y∗k‖ ≤ 2δk‖∆yk‖
1− δk

≤ 2δk+1
0 ‖∆y0‖
1− δ0

.

¾"U�O PaxB�MI&~�PQ��U�I&�Q�#U��ÀN'O xlO%�@�;��O'~)�
y∗

�&�8�#U��ÀK#�MI&N%È-�#O'xB�_O%���/K#I&��O ��~�P@O Pe�/N'�,P#�j���\��U1�zK(O'«��,K#��¬�PP#�,N'¬1�#O'��~a�,�+IZ��K(��S�N �/x
P k �;O �

k < N
O P��`U���P(�/~jN'I,K#«��!�/~1��¬�«�Un´�~��,�#����U�I7�T����K

k ≥ N
�
y∗k = y∗I,~)y0².IMy,�EI,PL��U��e��K(��S�N'�2x ���D�/PB~��,�B�`U�I,~1«��_I&~0yDxB��K#�Mµ�­o=T�,�#�Q��U�I&�A�#U��eO ���2K�I&�#�/PA�/�,~0R,�/K(«��_O ~��yD��O'�/I,NTI,����N O'�MI7��O'�,~G�1K#��S�N �/xBPAxc¬��`Um��I,P6���2Kl��U�I,~m��U1�_U���K(O'Ç2��~oP(U�K#O ~�³0PÀ´��&­á«1­»ÂkÃ1I,xB��N'� � ­hé�µ�­¾"U�O PEI,N'N �d²EP.�#�A�/��~��2N'¬��1�C��U�I&�E�#U��<K#�/I,N%È$��O'xB��O%���2K�I&�#�/P"��K#I,�2�#O'�MI&N'N yB��K(�qR:O ���!I,~e���1�#O'xlI,N�P(��N'¬1�#O'��~

y∗k
�,�!Ip��K(��S�N �/x

P k ²EO �#U�IpK(�/NbI7��O R,�/N%ynP#xlI,N'N
k < N

�EO$­ü�,­%�"����KZI[�1K#��S�N �/x ²EO �#U�IpP(N'O'«,U0�#N yP#U1��K(�#�/~��2�_U���K(O'Ç2��~e��~�N y,­
g*Û§Ú�ÛIù ârë"%�s·¼s<¡ß!ë�vR!�ã.â�ã:shä ts<Cã:s3vGºPìwë ãÊë�tYu\�_t+usáTsàå@ÿ ( s òwò ësì�

¾f�c³0~��q²ÅxB��K#�TI,S;��¬1����U��C�1O'P(��I,~��2��S;�2��²��/�/~e��U1�T��²��L�5��O ~)��P

y∗
I,~1�

y∗0
�1O ��O'P�~��/�2�/P(P�I,K6y@���!Ä�~��ILS5�,¬�~��a��~a�#U��<Ä�K#P6�*P(���2�

∆y0
­+çW���*¬�P"��U��2K#�2���,K#�^«��BS�I,�`³Z�#�B�#U��<����K#xc¬1NbI&�#O'��~Z���,K.��U��^�a	9È�N O'~�����1�#O'xBO'Ç/I&��O ��~l�1K#��S�N �/x

P 0 = P (x0)
��U�I&�"²4I,PE«�O%R��/~QO ~a¯:�/�&­;é:­hé:�1²EU�O �`Ua³&�/�2��P*�#U��<O'~1O ��O'I,N�R&I,N'¬���/�,~�P(�#K�I,O ~0�EP(�/��I&K�I&�#�,ó

P 0 : min
q,s

F (q, s)
P#¬�S0°(�/�2�T��� {

sx0 − x0 = 0,

G̃(q, s) = 0,¾"U��^���1�#O'xlI,N'O%��yBK#�/P(O'��¬�I,N�R��2�2�#��K*�#U��/K(�2����K(�^U�I,P"��U��^P6��K#¬1�2��¬1K#�

Rx0(y) :=









∇qL
∇sL
sx0 − x0
G̃(q, s)









.
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=T�&���Q��U�I7�L��U��e���2K#O R&I&�#O R,� ∂R

∂y

I,~��\�#U��e���/K(O R&I&��O%R��aI,���1K#�MÃ:O'xlI&��O ��~
J

���n���7�c���2�5�2~��m��~n��U1�
R&I,N'¬1�8�,�k��U��c��I,K�I,xB�2�#�/K

x0
­*¿��8²EO N'NW~��q²Ù�/P6�`I,S1N'O'P(UJIZS;��¬�~1�J��~]�#U���Ä�K(P(��P(���2�

∆y0
I&�?���2KT��U1�O'~1O ��O'I,N�R&I,N'¬����/xcS;�/���1O'~�«��1O �W��U��<O%���2K�I&�#O'��~�P4I,K#�<P6�`I,K6���2�_I&�"I,~eO'~�O%��ObI&N;«,¬��/P(P

y0
��U�I7�EO'P.O%��P#�2N �W��U1�K#�2P#¬�N%�+�,�VI<~��2O'«�U0S;��K#O ~�«^���1��O xlO ÇMI&�#O'��~8��K#�,S�N'�2xå´�����­X¾"U��/�,K#�/xôß:­hà^��~A��U��"Ä�K(P(����K#���2KY��K#�2��O'����O'�,~S)yeI,~a��Ã1I,���w¾*�/P(P#ObI&~J¯]�<ãf�9I,~��e��U��^O'~1O ��O'I,N�R&I,N'¬��<�2xcS;�/����O ~�«AO'���/ILO'~]¯:�/�&­9â�­ëé,µ�­

� ¦:¨p¨p  ôV� � d{� | ï ª � |;ª�	 £n�U�2¢ � ¢q¦�}°löW���5�)�.�7�`���:ÕZ�r��Ò1�,�
ȳ∗0

�'�+��Ò��r�q�7Ì��D���$�7�B��Ó��,�Z�`Ñ;���?ÕL�%úq�,���$�7�TÑ;���,Ô/Ì'��Õ
P0(x̄0)

ý3�,�;���?Ò1�,�
x0 = x̄0+ε �þ Ò����m�?Ò��toY�����C������Ñ

∆y0
��Ó@�?Ò��e�?�����(�,���$�7�1��ÓM�7�@��Ò��Z�q�7Ì��:���$�7� ��Ó!Ñ;�`�,Ô/Ì'��Õ

P 0 = P0(x0)
ÖkÒ�������$�,�����?�D�Q�,�

y0 := ȳ∗0
�#�,�jÔ��8Ô��7�:�;�D�#�ZÔ/ù

‖∆y0‖ ≤ β‖ε‖,
ÖkÒ������

β
�'�8�D�poY���#�@�7�^�?� þ Ò��`�7����Õå� � Á �

?,� |ª|N- � ¿��!xlI,³&�!¬1P#�^�,�k�#U��C��I,���*�#U�I&�
Rx̄0(y

0) = Rx̄0(ȳ
∗
0) = 0

I,~��a�MI&N'�/¬1NbI&�#�
∆y0

��O'K(�/�2�#N y;ó
∆y0 = −J(y0)−1Rx0(y

0)

= −J(y0)−1









Rx̄0(y
0) +









0
0
−ε
0

















= J(y0)−1









0
0
ε
0









.

¾"U��^��K(�:�,�iO'P"�2��xB��N'�����/�eS)ye¬�P(O'~�« ‖J(y0)−1‖ ≤ β
I&P*P(U��q²E~_O ~e�#U��^��K#�D�,�f�,�i¾"U��/�,K#�/x � ­hß1­

Ë�PEI&~QO'xBxl�2��ObI&�#�T�2��~�P(�/Ï0¬��/~1�/�!�,�W��U�O P.N'�2xlxlIcI,~��Q�&�i¾"U1�/��K(�/x � ­ \ �D²4�<��S:�`I,O ~@��U��C����N N'�q²EO'~1«�ó
© | � | ¤�¤� ��k� ô3����· d��e£n�2¢q  ª ¡�¦_  - ¢q¦��~� ª £?¢d£� �¤��a£n�2¢dï4�dñi  ª ¡�¦]l
þ Ò��L�,�'���-�,���`�cÔ�����Ö4�`�����?Ò��c���%�D�7���7�)�8�q�7Ì��D���$�7�

y∗0
��Ó��?Ò��Z�`Ñ;���?ÕL�%úq�,���$�7�@Ñ;���,Ô/Ì'��Õ

P0(x0)
�,�;�e�?Ò��Ì��?ÕL�?�kÑ��7�?���

y∗
��Ó���Ò��c���#�,Ì�û����?ÕZ���?�����(�,���$�7�1�`ý"ÖkÒ����À���-�,�����#�_�,�"�?Ò����q�7Ì��D���$�7�

ȳ∗0
��ÓA�e�����%�7Ò1Ô��7���?�D��`Ñ;���?ÕL�%úq�,���$�7�AÑ;�`�,Ô/Ì'��Õ

P0(x̄0)
ý+�'� � ÓM�7�8�c�D�������(�,Ì5ÿ!��Ör���7�J��ù`Ñ��!ÕZ���?Ò��/� � ��Ó�oY�����E�7�(�D���<�?�J�?Ò�����%ú7�c��Ó^�?Ò����,�'�����D�2Ô`�,���`�

ε = x0 − x̄0

‖y∗ − y∗0‖ ≤ 2
κ+ ω

2
β‖ε‖

1− (κ+ ω
2
β‖ε‖)β‖ε‖,

�,�;� � ÓM�7�8�,���(÷0�D���Xÿ!��Ör���7�jÕZ���?Ò��/� � ��ÓC�q�`�`�7�;�Q�7�(�D���^�?�J�?Ò��<���%ú7�c��Ó^�?Ò����,�'�����D�2Ô`�,���`�

‖y∗ − y∗0‖ ≤ ω

1− ω
2
β‖ε‖β

2‖ε‖2.

g*Û§Ú�ÛnÚ � ¼°áwì ò !n¼°ì ã Þ s � ¼s!�!\¼s<@ieäyãÊë�ÿ¹t+usë ã}=
=T�q²g�#U�I&��²��@³0~��q²{U��q²ô��I,K!�#U��ZN O'xBO �^�;��O'~)�

y∗
O'P!��K#��xæ�#U��@���1�#O'xlI,NrP#�,N'¬1�#O'��~3�W²��@�MI,~[I,N'P(�O'~)R,�/P(�#O'«)I7���<U��q²äxc¬1�`U]���:��O'xlI,N O ��yAO'P"N ��P(�/��O'~Q�#�/K#xBP"�,�f��U��^��S0°(�/�2�#O R,�!��¬�~1�2��O ��~

F (q∗, s∗)
­
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§�íW¦ | �7¦D¨ ô3���;� d �[| �X� |L- �x}f¢q£�¨p �¤�£?¢��DlöW���<�0�e�7�`���:ÕZ�Z�?Ò1�,�!�?Ò��Z���������$�����8�`�7�;�,�?���$�7�1��ÓM�7�]�"�Eû�Ì��?���e�`�7��×,�����D�����`�a��Ó þ Ò��`�7����ÕÞ� � Áp�,����/�,���'�po.�#� � öW�����)���,Ìh�q�l�7�`���DÕZ�^��Ò1�,����Ò����(÷0�D���.�D�����?×7�,���?×,�^ÕB�,�����Ð÷ ∂R

∂y

�'�!Ô��7�:�;�D�#�e�7�
D0

q
∥

∥

∥

∥

∂R

∂y
(y)

∥

∥

∥

∥

≤ BR, ∀y ∈ D0.

�c�����7���?�D�À�?Ò��QÌ��?ÕL�?�.Ñ��7�?������ÓZ��Ò��@�`�#�,Ì�û����?ÕZ�Z�?�����(�,���$�7�1�aÔ/ù
y∗ = (q∗, s∗, λ∗)

ýc�,�;�À�?Ò��J�`Ñ;���?ÕB�,Ì�"�Eû�Ì��?���C�q�7Ì��D���$�7�jÔ/ù
y∗0 = (q∗0, s

∗
0, λ

∗
0)

ý+��Ò��!Ì'�q�`�c��Óc�`Ñ;���?ÕB�,Ì��?��ùQ�#�,�zÔ��!Ô��7�:�;�D�#�@Ô/ù

F (q∗, s∗)− F (q∗0, s
∗
0) ≤

1

2
BR‖y∗ − y∗0‖2.

´ � ­áß�ß)µ
?,� |ª|N- � èkO K#P(�^~1�,���c�#U�I&�^~��,�^�,~�N y]��U��A�;��O'~)�

(q∗0, s
∗
0)

�WS�¬1�!I,N P#�Q��U1�L�5��O ~)�
(q∗, s∗)

O'PC���/I,P#O S�N'�I,�2�/��K(��O'~�«l���Z¾"U1�/��K(�/x � ­hà1�;O$­ü�,­%�
G(q∗0, s

∗
0) = G(q∗, s∗) = 0

­T¾"U��/K(�2����K(�,��²��c�/I,~j�/��xB��I,K(�8�#U��R&I,N'¬1�/P<�,�+��U��AçWI,«,K�I,~�«,ObI,~_��¬1~��2�#O'��~ L(q, s, λ) = F (q, s) − λTG(q, s)
��U�I&�C�/��O ~��/O ���c²EO �#UÀ�#U����SD°(�2�2�#O R��^O ~aS;�,�#U]�;��O'~)�#P/­

L(y∗)−L(y∗0) =
∫ 1

0
∂L
∂y
(y∗0 + t1(y

∗ − y∗0)) (y
∗ − y∗0) dt1

=
∫ 1

0
R(y∗0 + t1(y

∗ − y∗0))
T (y∗−y∗0) dt1

=
∫ 1

0

(

∫ t1
0

∂R
∂y
(y∗0 + t2(y

∗−y∗0))(y∗−y∗0) dt2
)T

(y∗−y∗0) dt1
= (y∗−y∗0)T

(

∫ 1

0

∫ t1
0

∂R
∂y
(y∗0 + t2(y

∗−y∗0)) dt2 dt1
)T

(y∗−y∗0)
²EU��2K#�^²4�^U�IMR��!¬�P(�/�]�#U��<��I,�2�"�#U�I&�

R(y∗0) = 0
­X¿��!�2��~��2N'¬����<�#U�I&�

‖L(y∗)−L(y∗0)‖ ≤ 1

2
Br‖y∗−y∗0‖2.

¾"U�O PE�#U��/�,K#�/x�����«�����U��2K"²EO ��U]±4��K(��N'N'I,K(y � ­%®qêcO'xB��N O'�/P+��U��<����N N'�q²EO'~1«�ó
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þ Ò��EÌ'�q�`�<��ÓC�`Ñ;���?ÕB�,Ì��?��ù��,���*���!�?Ò��*���#�,Ì�û����?ÕZ�*�?�����(�,���$�7�1�VÓM�7�E�?Ò�����Ñ)Ñ;���2÷��?ÕB�,���.�q�7Ì��D���$�7�_��Ó

P0(x0)�'�L��Ó<�q�`�`�7�;�e�7�(�D���8�?�j�?Ò��^���%ú7�L��Ó8�,�j�?���?�����,Ìf�,�'�����D�/Ô`�,���`�
ε

�7�8�?� ½ �7���7Ì?Ì%�,��ù@� �ËÍ �EÓM�7�8�A�D�������(�,Ìÿ!��Ör���7�j��ù�Ñ��!ÕZ���?Ò��/��q

F (q∗, s∗)− F (q∗0, s
∗
0) ≤ 2Br

(

κ+ ω
2
β‖ε‖

1− (κ + ω
2
β‖ε‖)β

)2

‖ε‖2, ´ � ­áß,â0µ
�,�;� � ÓM�7�8�,���(÷0�D���Xÿ!��Ör���7�jÕZ���?Ò��/� � ��ÓrÓM�7�D���?Òj�7�(�D���<�?�j��Ò��<���%ú7����Ó<��Ò����,�'�����D�/Ô`�,���`�#q

F (q∗, s∗)− F (q∗0, s
∗
0) ≤

Brω
2β4

2
(

1− ω
2
β‖ε‖

)2‖ε‖4.
´ � ­áß � µ
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Á±°r²�³R´¶µ�·X³ª¸K¹,²�ºJ»+²)º�¼,ºJµ�·8»�´�½¾º*´¶°\¼Rº8²¿¸K´¶À�²Á³ª¸}²)·JÂ�Ã\¹�¬,²¿¸}²¿´�Â�°Rµ�¸K»{º�°Rº8·JºJµ{µ¿¸K»FÄ5²�Â6¹NºJ»FÅHÂ�»�ÃÆÂ�°Rº;»�ºJ¸KÀ%È
²¿´�Ã5ºÇ´È²¿º8»¿¸}²�´¶Â�°hÉ�¸K°R¼A²)º*µ�³RÂq²3³RÂq²u²�³RºJµ{º*·8Â�Ã\¹�¬,²X¸�²¿´¶ÂK°Rµ>·C¸K°5½¾ºÁ¹NºJ»FÅHÂ�»�Ã\ºJ¼\º8Ê\·J´�ºJ°�²¿ÀÈÄ�­Y¯T²X¸K»F²¿´¶°1«²Á´�²�³@²�³RºË·2¬R»�»{ºJ°�²�´È²¿º8»¿¸}²�ºËÂKÅ�²¿³Rº
Ì}¸K»�´¶¸K½RÀ¶º8µ

(w, λ, µ)
É�²�º6¼Rº8µ�·8»�´¶½NºÍ³RÂq²Î²¿ÂlÄR°ª¸KÀ¶ÀÈÄ�¸K»{»�´�ÌKº6¸�²*²�³Rº

µ�ÂKÀ'¬,²�´¶Â�°
(∆w, λ̃, µ̃)

ÂKÅª²�³Rº;Ï<ãm´�ß1­ ®CÐ)µeÉ�²�³ª¸}²B¸KÀ¶À�Âd²Áµ�²¿Â<«�º8°RºJ»�¸}²¿º�²¿³RºÇ°Rº�Ãn²s´�²¿º8»¿¸}²�º,­f¾Ç³RÂ�¬�«K³\Ã\Â�µF²
¹ª¸K»F²¿µ�ÂKÅ®²¿³Rº�¸KÀ'«�ÂK»�´�²�³RÃ0¸}»�º�²�ºJÀ�À5³T°RÂq²Á°hÉ1²�º�¹R»{ºJµ{ºJ°�²;¸KÀ¶ÀL¼Rºy²X¸K´�À¶µ�³RºJ»{ºKÉn²¿ÂÑ½Nº�¸K½,À¶º*²�Â6µ{³RÂq²»²Á³ª¸�²
´¶µÍÃ\ºC¸K°�²Ë½TÄ/²¿³,ºrµ�º8¹ª¸K»�¸}²¿´�Â�°.´�°T²�Â@¹,»�ºJ¹R¸K»¿¸}²�´¶Â�°.¸K°R¼/ÅHºJºJ¼,½ª¸K·`³.¹,³ª¸Kµ�º}Ék²Á³R´�·X³1´¶µÍ´¶Ã\¹¾ÂK»{²X¸}°T²
ÅHÂ�»
²¿³,º�»�ºC¸}À%ÈÒ²�´¶Ã\º*´È²¿º8»¿¸}²�´¶Â�°Rµ2­X¾Ç³Rº�ÅHº8ºJ¼R½ª¸}·`³�¹R³ª¸Kµ{º
·JÂ�Ã\¹R»�´�µ�º8µÇÂ�°RÀ�Är¸Ñµ�Ã5¸KÀ�ÀNÅH»�¸K·8²�´¶Â�°�ÂKÅÓ²�³Rº�Â�Ì�ºJ»�¸KÀ¶À
·JÂKÃ5¹�¬�²X¸}²�´¶Â�°Rµ8É3²Á³R´¶·X³/·C¸}°Ô½Nº�ÅHÂ�¬R°R¼Z´¶°�¯:¬,½Rµ�º8·8²¿´�Â�°Rµ8à1­ � ­ëé�¸K°,¼pà1­ � ­hérÅHÂ�»�²�²)Â@¸KÀÈ²¿ºJ»{°ª¸}²�´�Ì�º\Ï<ã
µ�ÂKÀ'¬,²�´¶Â�°�¸K¹,¹R»�Â�¸}·X³RºJµ2­

¿.ºl²Á´¶À¶ÀsµF²X¸K»F²6²¿³,º�·X³ª¸K¹,²�ºJ»Ñ½�Ä.½R»�´�º8ÕRÄ/´¶°�ÌKºJµ{²�´'«�¸�²¿´¶°1«@²¿³,º�µ{²�»#¬R·y²�¬R»{º�ÂKÅÇ²¿³,º�°RÂ�°RÀ�´¶°RºJ¸K»Í¹R»�Â&È«�»�¸KÃ5Ã\´¶°1«�¹R»�ÂK½RÀ¶º8ÃÖ´¶°l¯�ºJ·&­1à:­ ®�ÉT¸}°R¼rµ{³RÂq²3³RÂq²u²¿³,´¶µ�µ{²¿»(¬R·8²#¬R»�º;À¶ºJ¸K¼Rµ>²¿ÂË¸ÍÅ×¸CÌKÂ�¬R»¿¸}½RÀ¶ºÁµ{²�»#¬R·y²�¬R»{º
ÂKÅ®²�³Rº
Ï<ãØ²�³ª¸}²)³ª¸Kµ)²�ÂÑ½¾ºT«�ºJ°,ºJ»¿¸�²¿ºJ¼�¸K°,¼�µ�Â�ÀÈÌ�º8¼�´¶°�ºJ¸K·X³�·8Än·JÀ�º,­YÁ±°�Â�¬R»)¸K¹R¹R»{Â�¸K·X³hÉ�Ù�Îo�D�������(�,û���$�7�Ô¸}°R¼ÚÙ�Î��q�7Ì��D���$�7�/¸K»{º
´¶°�²¿º8»{²�²Á´¶°,ºJ¼hÉLµ�ÂI²¿³R¸}²E²)ºÍ·C¸K°,°RÂK²*·JÀ¶ºJ¸K»�ÀÈÄ�µ{ºJ¹ª¸K»�¸}²¿º
²¿³,ºJµ�ºÍ²�²)Â5µ{²�ºJ¹Rµ2­Á±°]¯�ºJ·&­�à1­hé8²)º�µ{³RÂq²�²�³ª¸}²ÇÂK°RÀ�Är¸Ñµ�Â�·J¸KÀ¶À�ºJ¼lÑ1�,�������,Ì?Ì�ùB���#�,���`�#��Ï^ãØ³ª¸KµÛ²�Â�½¾º�«�ºJ°Rº8»¿¸}²�ºJ¼�´�ÅÓµ{Â�Ã\º
µ�ÂKÀ'¬,²�´¶Â�°\µ{²�ºJ¹Rµ)¸K»�º;¹¾º8»{ÅHÂ�»{Ã5º8¼r´�°r¸K¼�ÌK¸}°R·Jº}ÉR¸K°R¼5´¶°Z¯�ºJ·&­1à:­hß^²)º*²Á´¶À¶Àªº�Ã�¹RÀÜ¸K´�°5³,Âd²3²�³Rº;»�ºJÃ5¸K´�°R´¶°�«
µ�º8°Rµ�´È²¿´ÈÌ�´È²¿´�ºJµ)·J¸K°�½¾º�·JÂ�Ã\¹�¬,²�ºJ¼�º8Ê\·J´�ºJ°�²¿ÀÈÄ�­X¿Ôº�·JÀ�Â�µ�º8À�Ä\ÅHÂ�À¶À�Âd²Ú²¿³Rº�À�´¶°Rº8µÛÂKÅfç®ºJ´�°Rº2²�ºJ½NºJ»ÍÝüçÓº8´ÜÞ�ÞkT�É²Á³RÂ\¼Rº8ÌKºJÀ�Â�¹¾º8¼�²�³Rº
ºJÃ\¹RÀ¶Â�ÄKºJ¼�¹ª¸K»{²�´Ü¸KÀ¾»�º8¼�¬R·8²�´¶Â�°�µ{²�»¿¸}²�º/«KÄ,­

Ë�° °Rº�²ÁÀ�Ä@¼Rº8ÌKºJÀ�Â�¹¾º8¼ÔßÍ¸,¬,µ�µ6È±à*º�²Ç²¿Â�°Z¸K¹,¹R»�Â�¸}·X³k²¿Â�Â�½�²X¸K´�° ¸K°kº�Ã,·8ºJÀ�À¶ºJ°�²
¸}¹R¹R»�ÂMÃ�´¶Ã5¸}²�´¶Â�°�ÂKÅ
²¿³,ºËá;ºJµ{µ�´Ü¸}°@´�°�²�³Rº
¹R»�º8µ�º8°R·JºÍÂKÅ�´¶°�²¿º2«�»¿¸KÀ_À¶ºC¸}µ{²Áµ#Ï0¬ª¸}»�ºJµ;²¿º8»�Ã\µÇ´¶µÇ¹R»{ºJµ�º8°�²¿ºJ¼]´¶°]¯�ºJ·&­9à1­üâ�­
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L(w, λ, µ) :=
∑N−1

i=0 Li(s
x
i , s

z
i , qi) + E(sxN , s

z
N)

−∑N−1
i=0 λxi+1

T (xi(τi+1)− sxi+1)

−∑N
i=0 λ

z
i
Tg(sxi , s

z
i , qi) − λx0

T (x0 − sx0)− λTr r
e(sxN , s

z
N)

−µT
r r

i(sxN , s
z
N)−

∑N
i=0 µ

T
i h(s

x
i , s

z
i , qi),�Á´�²�³

λ = (λx0 , . . . , λ
x
N , λ

z
0, . . . , λ

z
N , λr)

¸K°R¼
µ = (µr, µ0, . . . , µN)

���Ç³R´¶µ*çÓ¸���»�¸K°���´¶¸K°�ÅHÿR°R·y²¿´¶ÂK°
´¶µ�����������������ù! 
"#�����$�&%'�("�)+*®º8²
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w = (w0, . . . , wN)
�Á´�²�³

wi = (sxi , s
z
i , qi)
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wL =











A0 � � �
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









.

�Ç³Rº
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w
À¶ÂnÂ�0TµÇ¸KµÇÅHÂ�À¶À�Â
�Áµ')

min
∆w0, . . . ,∆wN

1
2

∑N
i=0 ∆w

T
i Ai∆wi +

∑N−1
i=0 ∇wi

Li(s
x
i , s

z
i , qi)

T∆wi

+∇(sxN ,szN )E(s
x
N , s

z
N)

T∆(sxN , s
z
N)

�@?��A��¸&�
µ�ÿ,½�B{ºJ·y²*²�Â

sxi+1 − xi(τi+1) + ∆sxi+1 −
∂xi(τi+1)

∂wi

∆wi = 0, i = 0, . . . , N − 1,
�@?��A�C½C�

g(sxi , s
z
i , qi) +

∂g

∂sxi
∆sxi +

∂g

∂szi
∆szi +

∂g

∂qi
∆qi = 0, i = 0, . . . , N,

��?��A�C·
�
sx0 − x0 +∆sx0 = 0,

��?����J¼C�
re(sxN , s

z
N) +

∂re

∂(sxN , s
z
N)

∆(sxN , s
z
N) = 0,

�@?4���CºD�

ri(sxN , s
z
N) +

∂ri

∂(sxN , s
z
N)

∆(sxN , s
z
N) ≥ 0,

�@?��A�JÅE�

h(sxi , s
z
i , qi) +

∂h

∂wi
∆wi ≥ 0, i = 0, . . . , N.

�@?��A�D���
∆qN −∆qN−1 = 0
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F#GIHKJ@H�LF|y���
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O

qN := qN−1 QSRUTWV ��� QXV O=J T
Y
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`J| QXVba � Z HcO T O@MNH>� QXV H{|�J Q OH� T ~4O@MNH�L T�V^R O@JÒ| QXV O qN = qN−1 Q O Y
T H R2VNT O�|1d�H$L[OeO=MNH�fPH R@R@Q | V �Û|
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∆szi
ÅH»{Â�Ã0²¿³,º

Ï�7�ÉL¸Kµ9�Á´�À¶Àh½Nº�¼Rº8µ�·J»{´¶½NºJ¼@´¶°�²¿³,º
ÅHÂKÀ¶À¶Â
�Á´�°��Ñµ�º8·8²�´¶Â�°2�

ð5ñE� ����ø ó���ô�ûP�W�Í÷��$ø���ü�ý�ûP�yõo� �ÔøÁý������W�5ü�ø
�Ç³Rº�¹ª¸}»{²¿´¶¸KÀ�»�ºJ¼,ÿR·8²�´¶Â�°Ø¸K¹,¹R»�Â�¸}·X³pµF²X¸K»F²¿µI¸KµËÅHÂ�À¶À�ÂN�ÁµW)5ÂK°R·Jº�²�³Rº�À¶´�°RºC¸}»�´(58ºJ¼1·8Â�°Rµ{´¶µ{²�ºJ°R·yÄâ·JÂK°R¼R´A3
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�

g(sxi , s
z
i , qi) +

(

∂g

∂sxi

∣

∣

∣

∣

∂g

∂szi

∣

∣

∣

∣

∂g

∂qi

)

∆wi = 0, i = 0, . . . , N,

¸K»{º��KºJ°Rº8»¿¸}²�ºJ¼hÉR²�³Rº��×ÿRµ{ÿª¸KÀ¶ÀÈÄ�µ{¹ª¸K»�µ{º
�Ûµ{ÄnµF²¿ºJÃ\µ
(

∂g

∂szi

)

(

dzi Dsx

i Dq
i

)

= −
(

g(sxi , s
z
i , qi)

∣

∣

∣

∣

∂g

∂sxi

∣

∣

∣

∣

∂g

∂qi

)

, i = 0, . . . , N

¸K»{ºË»{ºJµ�ÂKÀ�Ì�º8¼2�h���Ç³Rº6Ã5¸}²�»�´A. ( ∂g
∂szi

) ´¶µ*¸KÀA�Û¸CÄnµ�´�°TÌKºJ»F²¿´¶½,À¶º
¼RÿRºÍ²¿Â5²�³Rº6´�°R¼Rº
.�3ÒÂ�°RºË¸Kµ�µ{ÿRÃ\¹,²¿´�Â�°@ÅHÂ�»
²¿³,º�� þ¡  µ{Änµ{²�ºJÃ8���Ç³,º�µ{Â�À¶ÿ�²¿´¶ÂK° (

dzi Dsx

i Dq
i

) ÂKÅ*²�³R´¶µ�µFÄnµ{²¿º8Ã ¸KÀ¶À�Â
�ÁµÑ²¿ÂZ·JÂ�°,µ{²¿»{ÿR·8²\²¿³,º
Ì�º8·8²�Â�»�¸}°R¼�Ãr¸}²�»�´/.

di :=





0
dzi
0





¸K°R¼
Di :=





I 0
Dsx

i Dq
i

0 I



 ,
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·JÂK°R¼R´�²�´¶Â�°,µJÉR½NºJ·J¸KÿRµ�º

∂g(sxi , s
z
i , qi)

∂(sxi , s
z
i , qi)

di = −g(sxi , szi , qi)
¸K°R¼ ∂g(sxi , s

z
i , qi)

∂(sxi , s
z
i , qi)

Di = 0.

�Ò²;´¶µÇµF²¿»¿¸}´(��³�²�ÅHÂK»$�)¸K»�¼�²¿ÂIµ{ºJº�²¿³ª¸�²
∆wi := di +Di

(

∆sxi
∆qi

) �@?4�S¨��
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∆sxi
¸K°R¼

∆qi
���Ò²

´¶µ;²¿³Rº8»�ºyÅHÂ�»�ºÑ¹NÂ�µ{µ�´¶½,À¶ºË²�ÂrÅHÂ�»{ÃÑÿRÀÜ¸�²¿ºË¸K°kº'©TÿR´ÈÌ}¸KÀ¶º8°T²JÉc�E"�ª�¦C¤1"�ª Ï�7�É«�Á³Rº8»�º6²�³Rº6Ì}¸K»�´¶¸K½RÀ�ºJµ
∆szi

¸K»{º
·JÂKÃ5¹RÀ�º8²�ºJÀ�Ä5ºJÀ�´¶Ã\´¶°ª¸�²¿ºJ¼e�c¬ªÂ�»Û²¿³,´¶µÁ¸K´�ÃdÀ¶ºy²ÇÿRµ;¼RºW�R°Rº

(

Qi ST
i

Si Ri

)

:= DT
i AiDi, i = 0, . . . , N,

(

gxi
gqi

)

:= DT
i ∇wi

Li +DT
i Aidi, i = 0, . . . , N − 1,

��?��\­�¸&�
(

gxN
gqN

)

:= DT
N∇wN

E(sxN , s
z
N) +DT

NANdN ,
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ci+1 := sxi+1 − xi(τi+1)−
∂xi(τi+1)

∂szi
dzi , (Xi|Yi) :=

∂xi(τi+1)

∂wi
Di,

�@?��h;b�

hi := h(sxi , s
z
i , qi) +

∂h

∂szi
dzi , (Hx

i |Hq
i ) :=

∂h

∂wi

Di, i = 0, . . . , N − 1,

¸K°R¼

re := re(sxN , s
z
N) +

∂re

∂szN
dzN , (Re,x|Re,q) :=

∂re

∂wN

DN ,

ri := ri(sxN , s
z
N) +

∂ri

∂szN
dzN , (Ri,x|Ri,q) :=

∂ri

∂wN
DN ,

ÅHÂ�»Á²¿³Rº6·JÂ�°RµF²¿»�¸K´¶°�²¿µ8É_µ{Âr²¿³ª¸�²¡��ºÑ·C¸K°@ÅHÂ�»�ÃÑÿ,ÀÜ¸}²�º
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min
∆sx0 , . . . ,∆sxN
∆q0, . . . ,∆qN

∑N
i=0{ 1

2
∆sxi

TQi∆s
x
i +

1
2
∆qTi Ri∆qi

+∆qTi Si∆s
x
i + gxi

T∆sxi + gqi
T
∆qi }

�@?��XÅK¸&�

µ�ÿR½bB{ºJ·8²;²¿Â
ci+1 +∆sxi+1 −Xi∆s

x
i − Yi∆qi = 0, i = 0, . . . , N − 1,
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sx0 − x0 +∆sx0 = 0,
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�
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�
hi +Hx

i ∆s
x
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i ∆qi ≥ 0, i = 0, . . . , N,
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[τi, τi+1]
É,²�³Rº
»�º8ÀÜ¸^.�ºJ¼�´¶°,´�²¿´¶¸KÀLÌK¸}À¶ÿRº�¹R»{Â�½RÀ�ºJÃ\µ>�=¨4�\­&�ß3��=¨��SÅ��

B(·) · ẋi(τ) = T f(xi(τ), zi(τ), qi)

0 = g(xi(τ), zi(τ), qi)− exp

(

−β τ − τi
τi+1 − τi

)

g(sxi , s
z
i , qi)

xi(τi) = sxi

³ª¸CÌ�º@²¿Â.½Nº]µ{Â�À�ÌKºJ¼Ú²�ÂÔÄn´¶º8À¶¼p²¿³Rº@µ�Â�À�ÿ,²¿´�Â�°p²�»¿¸NB{º8·8²�Â�»�´�ºJµ
xi(τ)

¸K°,¼
zi(τ)

���Ç³Rº8µ�º]²�»¿¸NB{º8·8²¿ÂK»�´¶º8µ
¼Rº8¹¾º8°R¼ZÂ�°k²¿³Rº6´¶°R´È²¿´Ü¸}ÀhÌK¸}À¶ÿRº8µ

sxi
É
szi
ÂKÅ�¼R´Aà_º8»�ºJ°�²�´Ü¸KÀ�¸K°R¼ ¸}À(��º8½R»¿¸K´�·ËµF²X¸}²�ºJµ8ÉÓ¸K°R¼ Â�°k²�³RºÑ·JÂK°T²�»�Â�À

¹ª¸K»�¸KÃ\º8²¿º8»�µ
qi
���±°k¸I°ª¸K´ÈÌ�º
´¶Ã\¹RÀ�ºJÃ\ºJ°�²X¸}²�´¶Â�°_É4��º���Â�ÿRÀ�¼]¸KÀ�µ�Â\³ª¸CÌ�ºÍ²¿Â\·JÂ�Ã\¹Rÿ,²�º
²�³RºÍ¼RºJ»{´�Ì}¸}²¿´ÈÌ�º8µ
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∂xi(τi+1)

∂(sxi , s
z
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���^���@����"1 

(

ki Xi Yi
)

:=
∂xi(τi+1)

∂(sxi , s
z
i , qi)





0 I 0
dzi Dsx

i Dq
i

0 0 I




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ö$÷2MNH ´ H�L#O T J R ki = ∂xi(τi+1)

∂sz
i

dz
i ³ J=H V H]H Y H Y O T `WH V H$J ³ O@H ci+1 ³ L$L T J Y
QXV `xO Tìø�ù�a�ú�ÀNa º'û a



åCü çÃÂov èNé p ê�è_èNë s t\è�~ prwypbsUv ì l u�Ä p í
t p î s tNu×è�~
¼Rº8»�´�Ì}¸}²�´�ÌKºÇ´¶°,ÅHÂ�»{Ãr¸�²¿´¶ÂK°hÉ}´ÈÅL²¿³RºÇ´�°T²�º'��»�¸}²¿ÂK»>¸K·J·8ÿR»¿¸}·8ÄI´¶µ�°RÂK²s·X³RÂ�µ{ºJ°5º�.n²¿»�¸KÂ�»�¼,´¶°ª¸K»{´¶ÀÈÄË³,´(��³2ý�´ÈÅ_µ{ÿR·X³
¸K°�¸K·8·JÿR»�¸K·8Ä�´�µÛÅHºC¸Kµ{´¶½RÀ�º
¸}²;¸KÀ¶ÀãÉ�²�³R´¶µ9�Á´�À¶À_·J¸KÿRµ{ºËº
.,·8ºJµ{µ�´�ÌKº6·8Â�Ã5¹,ÿ,²X¸}²�´¶Â�°�²�´¶Ã\ºJµW�þ °/¸K¹R¹,»�Â�¸K·X³6�Á³R´�·X³/¸�ÌKÂ�´¶¼,µ�²¿³Rº�¼R»�¸D�Á½ª¸K·10TµËÂ}Å   à+�Æ´�µ�²¿³,º�µ�Â�·C¸KÀ�À¶º8¼¢þ��U�#"��������Èï¡¦4ð!"��
�=¤����
ñ>� ò�"��E"��U�������@�=â^�ÿ���"à+����¸Kµ�¼Rº8µ�·8»�´¶½NºJ¼Z½�Ä�Z�Â�·10.ÝSZ)Ân·D:4�#T=�>�Ç³Rº�´�¼RºC¸�´�µ*²�Â�ÅH»�ºJºW5JºÑ²�³Rº�¼R´¶µ{·J»{º8²¿´�5C¸^3
²¿´�Â�°Zµ�·X³Rº8Ã5º�ÅHÂ�»�²�³RºI°RºJ´���³T½¾Â�»{´¶°���²�»¿¸NB{º8·8²�Â�»�´�ºJµJÉÓµ{Â�²�³ª¸}²�²¿³,º\ÂKÿ,²¿¹Rÿ�²Ë½NºJ·8Â�Ã\ºJµÍ¸�¼R´�à¾ºJ»{ºJ°�²¿´¶¸K½RÀ¶º
ÅHÿR°R·y²¿´�Â�°]ÂKÅ>²�³Rº6´�°R¹Rÿ,²�µ'���Ç³R´¶µ�¸KÀ¶À�Â
�ÁµÁ²�Â�¹NºJ»{ÅHÂK»�Ã$²¿³,ºÉ� þ�  µ�Â�À�ÿ,²¿´�Â�°@ºyÌ�º8°��Á´�²¿³]À¶Â
� ¸K·8·JÿR»�¸K·8ÄKÉ
�Á´�²�³RÂ�ÿ,²�B{º8Â�¹ª¸K»{¼R´(58´¶°��Ñ²�³RºÍ¸K·J·8ÿR»¿¸}·8Ä�ÂKÅ�²¿³RºÍ¼Rº8»�´�Ì}¸}²�´�ÌKº
¸K¹R¹R»{Â
.�´�Ãr¸}²�´¶Â�°e���Ç³Rº
ÅH»�Â�58ºJ°�¼R´¶µ{·J»{º8²¿´�5C¸^3
²¿´�Â�°�µ�·X³,ºJÃ\ºË´�µÇÿRµ�ÿª¸}À¶À�Ä�¸K¼ª¸K¹�²¿ºJ¼�²¿Â�²�³Rº
°RÂ�Ã\´¶°ª¸KÀN²¿»�¸NB{ºJ·y²¿Â�»FÄ��

�±°�¸K¼R¼,´�²¿´�Â�°hÉ�ÃÑÿ,·X³�ºWà¾Â�»{²�·C¸}°r½Nº�µ¿¸CÌKºJ¼�´�Å¾²¿³Rº;¹NºJ»{²�ÿR»�½NºJ¼5²¿»¿¸
B{ºJ·8²�Â�»�´�ºJµ�¸K»�º*·JÂ�Ã\¹Rÿ,²�ºJ¼5µ�´¶Ã6ÿRÀA3
²X¸}°RºJÂ�ÿ,µ�À�ÄKÉN¸Kµ*Ã5¸K°�Ä�Ã5¸}²¿»{´A.�ºyÌK¸}À¶ÿª¸}²�´¶Â�°,µÁ¸K°R¼@Å×¸}·8²¿ÂK»�´(5J¸}²¿´�Â�°RµÛ²�³RºJ°k°,ºJºJ¼@²¿Â\½¾ºÍ¹¾º8»{ÅHÂ�»{Ã5º8¼@ÂK°RÀ�Ä
Â�°R·8º�ÅHÂ�»Á¸KÀ¶À¾²¿»¿¸
B{ºJ·8²�Â�»�´�ºJµW�þ »{ºJÀÜ¸�²¿ºJ¼.¸K¹R¹R»{Â�¸K·X³/²¿³ª¸}²6Ãr¸CÄZ½Nº5´�°�²¿ºJ»{¹R»�ºy²¿º8¼â¸KµË²�³Rº��"¸K°ª¸KÀÈÄT²¿´¶·J¸KÀBÀ�´¶Ã\´�²�ÂKÅ9�"à¡���@ÝYZ)Ân·D:�­^T
´¶µ�²�Â�µ�Â�ÀÈÌ�º�²¿³,º\µ{ºJ°Rµ{´�²�´�Ìn´�²±Ä]º'©Tÿª¸}²�´¶Â�°Rµ
¸}À¶Â�°���²�³Rº�°RÂ�Ã\´¶°R¸KÀ�µFÄ�µF²¿º8Ã§²¿»¿¸
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ẋi(τ) = f(xi(τ), zi(τ), qi),

0 = g(xi(τ), zi(τ), qi)− e
−β

τ−τi
τi+1−τi g(sxi , s
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i , qi),
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(
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(

ki Xi Yi
)

:=
(

ki(τi+1) Xi(τi+1) Yi(τi+1)
)

.
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DT
i ∇wi

Li²¿³R¸}²;¸K»�º
°Rº8ºJ¼Rº8¼@²�Â\·8Â�Ã\¹Rÿ,²¿º

gi :=

(

gxi
gqi

)

´¶°Ì��?��X­K¸&�eÉª´@��º_��É,³RÂ
� ²¿ÂI·8Â�Ã5¹,ÿ,²¿º�²¿³,ºÍ¼,´¶»�º8·8²�´¶Â�°ª¸}À_¼Rº8»�´�Ì}¸}²�´�ÌKºJµÇÂKÅ�²¿³Rº
Â�½bB{ºJ·8²�´�ÌKºË´�°T²�º'��»�¸KÀ¶µ

Li(s
x
i , s

z
i , qi) =

∫ τi+1

τi

L(xi(τ), zi(τ), qi)) dτ.
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xL
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¹R»{Â�½RÀ¶º8Ã�)

ẋLi (τ) = L(xi(τ), zi(τ), qi)),
ÅHÂK»

τ ∈ [τi, τi+1],
ẋLi (τi) = 0.

�Ç³Rº
¼R´�»�ºJ·y²¿´�Â�°ª¸KÀh¼,ºJ»�´ÈÌ}¸}²¿´ÈÌ�ºJµÇ·J¸K°�²¿³Rº8°@½Nº
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º'©Tÿª¸�²¿´¶ÂK°Rµ�µ{º8ÌKºJ»¿¸}ÀN²�´¶Ã\ºJµ>ÅHÂ�»s¹¾º8»{²�ÿR»�½NºJ¼5´¶°R´È²¿´Ü¸}À�Ì}¸KÀ¶ÿ,ºJµJÉ&�Á´È²¿³5¸>��.�º8¼�¼R´¶µ{·J»{º8²¿´�5C¸}²�´¶Â�°Iµ{·X³RºJÃ\º��9�Ôº
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ß
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L
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L(xi(τ), zi(τ), qi) = ‖l(xi(τ), zi(τ), qi)‖22
�Á´�²�³Ñ¸ÁÌ�ºJ·y²¿Â�»�Ì}¸KÀ¶ÿRº8¼ËÅHÿR°,·8²¿´�Â�°

l(·) É}²¿³,ºJ»�º�º�.�´¶µF²¿µ�¸*¹NÂ�µ�µ{´¶½R´�À¶´�²±Ä�²¿Â�ÂK½,²X¸K´�°6¸;·X³RºC¸}¹�¸K¹R¹R»{ÂD.,´�Ãr¸�²¿´¶ÂK°ÂKÅs²¿³,º�á*º8µ�µ�´¶¸K°Z½RÀ¶Ân·10Tµ
Ai

½�Äk¸K° º�.n²¿º8°Rµ�´�Â�° ÂKÅs²¿³,º\ßÍ¸Kÿ,µ�µ]3±à*º��Ç²¿Â�°Z¸K¹,¹R»�Â�¸}·X³Z²�Â�À¶ºJ¸Kµ{²�µ�©Tÿª¸K»{ºJµ
´¶°�²�º'��»�¸KÀ¶µW�ä�Ç³,´¶µË¸K¹R¹R»{Â
.�´�Ãr¸}²�´¶Â�° ´�µ>��Â�Ân¼Z´�Å�²¿³Rº\»�º8µ�´�¼Rÿª¸KÀ

l(·) ¸K°R¼/´�Å�²¿³Rº\ÃÑÿRÀÈ²¿´�¹RÀ¶´�ºJ»�µ λ É�¸K°R¼ µ¸K»{ºÍ·8À¶Â�µ{º�²¿Â�5Jº8»�Âr�×·yÅ[�s²�³Rº
¼R´¶µ{·JÿRµ{µ�´�Â�°�´¶°�Æ�ºJ·_�«Å4�����S¨��
�
��ÂZ¼Rº8»�´ÈÌ�º�¸K°Øº�.�¹R»{ºJµ�µ{´¶Â�°ØÅHÂ�»6²�³Rº�ß
¸KÿRµ�µ[3"à;ºW�Ç²¿ÂK°Ú¸K¹,¹R»�ÂD.�´¶Ã5¸}²¿´�Â�°1ÂKÅÁ²�³Rº�ÅHÿRÀ¶À)á*º8µ�µ�´¶¸K°pÀ¶º8²

ÿRµ
°RºW��À¶º8·8²�²¿³,º\·8Â�°RµF²¿»¿¸}´¶°�²
·JÂ�°�²�»�´¶½,ÿ,²¿´�Â�°Rµ
¸K°R¼Z»{º'��¸K»{¼ÔÂK°RÀ�Ä�²¿³RºIÂ�½bB{ºJ·8²�´�ÌKº\·8Â�°�²¿»{´¶½Rÿ,²�´¶Â�°ZÂKÅ�²¿³,º
á*º8µ�µ{´Ü¸K°�²¿³ª¸�²Á´¶µ

∇2
(sxi ,s

z
i ,qi)

∫ τi+1

τi

‖l(xi(τ), zi(τ), qi)‖22 dτ.

þ ß
¸KÿRµ{µ]3"à;ºW�Ç²�Â�°Ø¸K¹R¹R»{ÂD.,´�Ãr¸�²¿´¶ÂK°ÔÂKÅÇ²�³Rº�á*º8µ�µ{´Ü¸K°â·J¸K°1½Nº�Â�½,²¿¸K´¶°Rº8¼1½�Ä1¼R´Aà_º8»�º8°T²�´Ü¸}²�´¶°���²#�Á´¶·8º
ÿR°R¼,ºJ»Ç²¿³Rº
´�°T²�º'��»�¸KÀ®¸K°,¼@¼R»{Â�¹R¹R´�°���²¿º8»�Ã\µÛ²¿³ª¸}²Á·8Â�°�²X¸K´�°

l(xi(τ), zi(τ), qi)
)

Ai := 2

∫ τi+1

τi

Ji(τ)
TJi(τ) dτ,

��?��ON��

�Á³Rº8»�º

Ji(τ) :=

(

∂l(xi(τ), zi(τ), qi)

∂(x, z, u)

)







∂xi(τ)
∂sxi

∂xi(τ)
∂szi

∂xi(τ)
∂qi

∂zi(τ)
∂sxi

∂zi(τ)
∂szi

∂zi(τ)
∂qi

0 0 I






.
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�ÒÅo��ºÔ¸K»�ºZ´¶°�²�ºJ»�º8µ{²�ºJ¼¥Â�°,À�Äu´�° ²�³RºÔßÍ¸}ÿRµ�µ[3"à*º��Ç²¿Â�° ¸K¹R¹R»{ÂD.,´�Ãr¸�²¿´¶ÂK°

DT
i AiDi

ÂKÅË²¿³RºZ»{ºJ¼RÿR·8ºJ¼
á*º8µ�µ{´Ü¸K°/É��)º
·J¸K°@Ã6ÿRÀ�²�´¶¹RÀÈÄ   ©C�}�@?4�cN���ÅH»{Â�Ãd²�³Rº
À¶º8Åt²Ç¸K°R¼�²¿³Rº
»�´���³�²ì�Á´�²�³

DT
i

¸K°,¼
Di
)

DT
i AiDi = 2

∫ τi+1

τi

DT
i Ji(τ)

TJi(τ)Di dτ.

¬ªÂ�»{²�ÿR°ª¸}²�ºJÀÈÄ/²�³Rº�Ã5¸}²¿»{´A.Ô¹R»{Â�¼Rÿ,·8²¿µ
Ji(τ)Di

¸K»{º�·X³RºJ¸K¹RÀ�Ä.¸CÌ}¸K´¶À¶¸K½RÀ¶º}É�´ÈÅÇ¼R´¶»{ºJ·y²¿´¶ÂK°ª¸KÀ�¼RºJ»{´�Ì}¸}²¿´ÈÌ�º8µ
¸K»{º�·C¸KÀ�·JÿRÀ¶¸}²¿º8¼Ø¸Kµ�¼RºJµ{·J»{´¶½NºJ¼p´¶°â²¿³Rº�¹,»�º8Ìn´�Â�ÿRµ�µ�º8·8²�´¶Â�°2�ed;µ�´�°��k²¿³Rº�°RÂ}²X¸}²�´¶Â�°1Â}Å*²�³ª¸}²Iµ�º8·8²�´¶Â�°hÉ
Ji(τ)Di

·J¸K°�½¾º
µ�º8ºJ°�²¿ÂI³ª¸CÌ�º
²¿³Rº
µ{´¶Ã\¹RÀ¶º�ÅHÂK»�Ã

Ji(τ)Di = J̃i(τ) :=

(

∂l(xi(τ), zi(τ), qi)

∂(x, z, u)

)





Xi(τ) Yi(τ)
Xz

i (τ) Y z
i (τ)

0 I



 .
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�Ç³Rº
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gi = 2DT
i

(

∇(sxi ,s
z
i ,qi)

∫ τi+1

τi

‖l(xi(τ), zi(τ), qi))‖22 dτ
)

+DT
i Aidi.

¸KµÑ¼,ºW�ª°Rº8¼Ø´¶°   ©C���@?4�X­�¸��Í·C¸}°â¸KÀ¶µ{Âk½Nº�·C¸KÀ�·JÿRÀ¶¸}²¿º8¼1º�.,¸K·y²¿ÀÈÄ�Éc�Á´�²�³RÂ�ÿ,²6º8ÌKºJ»�·JÂKÃ5¹Rÿ�²¿´¶°��]²¿³Rº5ÅHÿRÀ¶À
á*º8µ�µ{´Ü¸K°�¸K¹,¹R»�ÂD.�´¶Ã5¸}²¿´�Â�°2�K¬ªÂ�»�²�³Rº�º
.R¸}·8²Ç·8Â�Ã5¹,ÿ,²X¸}²�´¶Â�°\ÂKÅ®²�³Rº�»�º8¼RÿR·8ºJ¼�Â�½Nº[B{·y²¿´�ÌKº���»�¸K¼R´¶º8°�²>�@?4�X­&�
��º�¸KÀ¶µ{Âr°Rº8ºJ¼ ²¿³,ºË²¿º8»�Ã\µ

DT
i Aidi

� þ ÃÑÿRÀÈ²¿´�¹RÀ¶´�·C¸}²�´¶Â�°�Â}Å   ©C�c�@?��ON��ÛÅH»�Â�Ã ²¿³,ºÑÀ¶ºyÅt²�¸K°,¼]²¿³Rº6»�´(�K³T²
�Á´�²�³

DT
i

¸}°R¼
di
Än´¶º8À¶¼Rµ

DT
i Aidi = 2

∫ τi+1

τi

J̃i(τ)
T

(

∂l(xi(τ), zi(τ), qi)

∂(x, z)

)(

ki(τ)
kzi (τ)

)

dτ.

µ�ÂI²¿³R¸}²

gi := 2

∫ τi+1

τi

J̃i(τ)
T

(

l(xi(τ), zi(τ), qi) +

(

∂l(xi(τ), zi(τ), qi)

∂(x, z)

)(

ki(τ)
kzi (τ)

))

dτ.

�Ç³Rº\Ãr¸�²¿»�´/.
J̃i(τ)
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·JÂK°T²�»�Â�À�µ'�

ð5ñyx z ó ú\õË÷8ü�ûP�8õI� öäÛ � ÜjõI����ø��8ÙÈ�W�{J > Ý�Ý�ô�õI�Íý��
þ Åt²�ºJ»¡��º�³ª¸CÌ�º�¼,´¶µ�·8ÿRµ�µ{ºJ¼/³RÂ
� ²¿³Rº�¹ª¸}»{²¿´¶¸KÀ¶ÀÈÄ�»�º8¼RÿR·8ºJ¼ÔÏ�7 ��?��SÅ��;·C¸}°/½Nº���º8°RºJ»�¸}²¿º8¼hÉe��º��Á´¶À�À�´�°
²¿³,´¶µÁ¸K°R¼�²¿³,º
ÅHÂKÀ¶À¶Â
�Á´�°��Ñµ�º8·8²�´¶Â�°�¹R»{ºJµ�º8°�²*²#��Â�¸KÀÈ²¿º8»�°ª¸}²�´�ÌKº�µ{²�»¿¸}²�º'��´�ºJµÇ²¿ÂIµ�ÂKÀ�Ì�º
µ{ÿR·X³k¸\Ï�7K�

�Ç³Rº�µ{Â6·J¸KÀ¶À�ºJ¼6¤1â^��ª�"��� �����£Ñ¸K¹R¹R»{Â�¸K·X³r»{ºJ¼Rÿ,·JºJµ�²¿³Rº�Ï�7.ÅHÿR»{²�³RºJ»s²¿Â
Än´¶ºJÀ�¼r¸Íµ�Ã5¸KÀ¶À�ºJ»�Ï�71´¶°I²¿³,º
Ì}¸K»�´¶¸K½RÀ�ºJµ

∆q0, . . . ,∆qN−1

Â�°RÀÈÄ��6�±°1²�³Rº�»�ºJ¸KÀA3�²¿´�Ã5ºI·JÂK°T²�º�.n²CÉs²¿³,º�¸KÀ(�KÂ�»�´È²¿³RÃm¹R»{Â�·8ºJº8¼Rµ�´¶°.²#��Â
µ{²�ºJ¹RµW)!�ª»{µ{²CÉs´È²ÑÿRµ{ºJµ�²¿³Rº�À�´¶°RºJ¸K»�´�5Jº8¼.·JÂK°T²�´¶°TÿR´È²±Ä.·8Â�°R¼R´È²¿´¶ÂK°Rµ��@?4�SÅ}½U�
²¿Â º8À¶´�Ã5´�°ª¸}²¿º

∆sx1 , . . .∆s
x
NÅH»�ÂKÃj²¿³,º�Ï�7ÿ�@?��XÅ����#�.º9�Á´�À¶ÀR¸}À¶µ�Â
º8À¶´¶Ã\´¶°R¸}²¿º

∆qN
ÿRµ{´¶°��y�@?��XÅ_�b�1���Ç³Rº;»�º8µ�ÿRÀÈ²¿´�°��ÍÏ�7.´¶µB·J¸KÀ¶À�ºJ¼�²¿³,º
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·JÂK°R¼RºJ°,µ�ºJ¼�Ï>7}���±°5¸Íµ{ºJ·JÂK°R¼rµF²¿ºJ¹_ÉT²�³Rº;´¶°R´È²¿´Ü¸}ÀTÌ}¸KÀ�ÿRºÁ·JÂ�°,µ{²¿»�¸K´¶°�²+��?��SÅ�·
�K�Á´¶À�ÀR½Nº;ÿ,µ�ºJ¼\²¿Â
ºJÀ�´¶Ã\´¶°ª¸�²¿º
∆sx0
É_µ{Âr²¿³ª¸�²�¸\ÅHÿ,À¶À�Ä�»{ºJ¼Rÿ,·JºJ¼/Ï�73´¶°�²¿³RºËÌK¸}»�´Ü¸}½RÀ¶º8µ

∆q := (∆q0, . . . , qN−1)
ÂK°RÀ�Ä�°Rº8ºJ¼Rµ�²�Â�½Nº

µ�ÂKÀ�Ì�º8¼�½TÄ�¸IµF²X¸K°,¼ª¸K»�¼@Ï�7�µ{Â�À�ÌKºJ»W�§¬�´¶°ª¸KÀ�À�ÄKÉT²�³Rº�µ�ÂKÀ¶ÿ,²�´¶Â�°�Â}Å�²�³Rº�ÅHÿRÀ¶ÀÈÄr»{ºJ¼Rÿ,·JºJ¼]Ï�7�´�µÛº�.�¹ª¸K°,¼RºJ¼
²¿Â�Än´¶º8À¶¼�²¿³,ºÍµ{Â�À¶ÿ�²¿´¶ÂK°�´¶°�Ì}¸K»�´¶¸K½RÀ¶º�¸K°R¼�ÃÑÿRÀÈ²¿´¶¹,À¶´¶º8»�µ{¹ª¸K·8ºËÂKÅ�²¿³,ºÍ¹R¸K»{²�´Ü¸KÀ�À�ÄI»�º8¼RÿR·8ºJ¼ Ï�7}�

���}|D��� ~ 
��t%��7�����ZXZ����%�
���������� _
¬ªÂ�»Û²¿³,º��ª»{µ{²;·JÂK°R¼RºJ°,µ�´¶°��rµ{²�ºJ¹hÉLÀ�º8²ÁÿRµ;»�º8Â�»�¼Rº8»Ç²¿³Rº
Ì}¸K»�´¶¸K½RÀ¶º8µÇÂKÅ�²¿³RºÍ¹ª¸K»F²¿´Ü¸}À¶À�Ä\»{ºJ¼RÿR·8ºJ¼ZÏ�7u¸}°R¼
µ�ÿ,Ã5Ã5¸K»�´�5Jº�²�³RºJÃd´¶°�²¿Â\¸�¹ª¸K»F²¿´�²�´¶Â�°,ºJ¼�Ì�º8·8²�Â�»

(

∆w1

∆w2

)

,
�Á´�²�³

∆w1 :=











∆sx1���
∆sxN
∆qN











,
¸K°R¼

∆w2 :=











∆sx0
∆q0���

∆qN−1











.

&�Ä�´�°�²¿»�Ân¼RÿR·8´¶°��

b1 :=



















c1
c2
c3���
cN
0



















, B11 :=



















I

−X1 I

−X2 I� � � � � �
−XN−1 I

I



















,

¸K°R¼

B12 :=



















−X0 −Y0
−Y1

−Y2 � � �
−YN−1

−I



















,

²¿³,ºÍ·8Â�°�²¿´�°nÿ,´�²±Ä�·8Â�°R¼R´È²¿´¶ÂK°Rµ>�@?4�SÅ}½U�Û¸K°R¼m�@?��XÅ�Å@�)·C¸}°�½Nº��Á»�´È²�²¿º8°�¸Kµ

b1 +B11∆w1 +B12∆w2 = 0,

¸K°R¼�²¿³,ºÍÿ,°R·JÂ�°,¼RºJ°Rµ{ºJ¼kÏ>7ë�@?��XÅ��)·C¸}°@½Nº
µ�ÿRÃ\Ãr¸}»�´(58ºJ¼�¸Kµ
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min
∆w1,∆w2

1
2
∆wT

1 A11∆w1 + ∆wT
1 A12∆w2

+ 1
2
∆wT

2 A22∆w2 + aT1∆w1 + aT2∆w2

�@?��\:&�

µ{ÿR½�B{º8·8²;²¿Â
b1 +B11∆w1 +B12∆w2 = 0
b2 +B21∆w1 +B22∆w2 = 0
c+ C1∆w1 + C2∆w2 ≥ 0.

�Ç³Rº�´�¼RºC¸ÍÂKÅh²�³Rº�·JÂK°R¼RºJ°,µ�´¶°���¸K¹R¹R»{Â�¸K·X³�´�µ�²�Â6º�.�¹RÀ�Â�´�²�²¿³,º�´¶°�ÌKºJ»{²�´¶½R´�À¶´È²±Ä�ÂKÅ
B11

²�ÂÑºJÀ�´¶Ã\´¶°ª¸�²¿º
∆w1½�Ä

∆w1 = −B−1
11 (B12∆w2 + b1) =:M∆w2 +m

��?�� Þ��
¸K°R¼�²¿ÂI»{ºJ¹RÀ¶¸K·Jº�²�³RºÍ¸K½¾Â�ÌKºÑÏ�7�½�Ä�¸�µ�Â\·C¸}À¶À¶º8¼m¤1â^��ª�"��� 
"�ª@Ù��I)

min
∆w2

1

2
∆wT

2 Ã∆w2 + ãT∆w2

µW� ²'� {

b̃ + B̃∆w2 = 0

c̃+ C̃∆w2 ≥ 0

��?����D	�¸&�

�Á´�²�³

Ã =MTA11M +MTA12 + AT
12M + A22,

ã =MTA11m+ AT
12m +MTa1 + a2,

b̃ = b2 +B21m,

B̃ = B21M +B22,

c̃ = c+ C1m,
¸K°R¼

C̃ = C1M + C2.

�Ç³Rº§��ºJ°Rº8»¿¸}²�´¶Â�°ÍÂKÅ�²¿³Rº�·JÂ�°,¼RºJ°Rµ{ºJ¼\Ï�7k·C¸}°6½Nº)¸K·X³,´¶º8ÌKºJ¼ÑºyÊ\·J´¶º8°�²¿À�Ä
½�ÄÍ»�º8·JÿR»{µ�´ÈÌ�º�²�ºJ·X³R°,´(©TÿRºJµ�²¿³ª¸�²
³ª¸CÌ�º*½¾º8ºJ°5´¶°�²¿»{Â�¼Rÿ,·JºJ¼5½�Ä5&�Â�·10I¸K°,¼y7>À¶´È²�²;Ýh7sÀ�´<:���É<&97�:�;�)@���Ç³RºyÄr¸}»�ºÁ¼RºJµ{·J»{´¶½NºJ¼�´�° þ ¹R¹NºJ°R¼R´/.   �

���}|D��� �K���1����X������ZX����Z%^
��Z������� _ ���ZXV��ÿüÿb��X�
��$��� ~ ����X��Z�����
�±°6²�³Rº)»{ºC¸KÀ/3Ò²¿´�Ã5º>·8Â�°�²¿º
.�²B´�²�´¶µ�´�Ã5¹NÂ�»F²X¸K°�²®²¿Â�°RÂK²¿º�²¿³ª¸�²B¸KÀ�ÀT·JÂ�Ã\¹Rÿ,²¿¸}²¿´�Â�°Rµ�ÂKÅR²¿³,º§�ª»{µ{²B·8Â�°R¼Rº8°Rµ�´�°��
µ{²�ºJ¹�·C¸}°3½¾º ¹NºJ»FÅHÂ�»�Ã\ºJ¼u½Nº8ÅHÂK»�º]²�³RºZ¸K·8²�ÿª¸KÀ;ÌK¸}À¶ÿRºkÂ}Å

x0
´�µy0T°RÂ
�Á°hÉ�¸}À¶À¶Â
�Á´�°��/²�Ââ¹R»�º8¹ª¸K»{ºZ¸K°

�[�±Ã\Ã\ºJ¼R´¶¸}²¿ºä¬ªºJº8¼R½ª¸K·10��1�¢ÆnÂ À¶º8²ËÿRµÑ³R¸�ÌKº�¸]·JÀ�Â�µ�ºrÀ¶ÂnÂ�0Z¸}²6²�³Rº�·8Â�°R¼Rº8°Rµ�º8¼ÚÏ�7 �@?��A�
	�¸��
�ÇÆn´¶°R·8º
∆w2 = (∆sx0 ,∆q)

ÉR´È²Á³ª¸KµÇ²¿³Rº�ÅHÂKÀ¶À¶Â
�Á´�°��Ñµ{²�»�ÿR·y²¿ÿR»{º
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min
∆sx0 ,∆q

1
2
∆sx0

T Ãss∆s
x
0 +

1
2
∆qT Ãqq∆q

+∆sx0
T Ãsq∆q + ãTs ∆s

x
0 + ãTq∆q

��?��A�
	K½C�

µ{ÿR½�B{º8·8²;²¿Â
sx0 − x0 +∆sx0 = 0

b̃r + B̃rs∆s
x
0 + B̃rq∆q = 0

c̃+ C̃s∆s
x
0 + C̃q∆q ≥ 0.

þ ²Á²¿³Rº
Ã\Â�Ã\ºJ°�²9�Á³Rº8°
x0
´¶µì0T°RÂ
�Á°hÉª²¿³Rº�ÅHÿRÀ�À�Ä5»�º8¼RÿR·Jº8¼ZÏ�7�·J¸K°@½Nº�ÅHÂ�»�Ã6ÿRÀÜ¸}²�ºJ¼2)

min
∆q

1
2
∆qT Ãqq∆q +

(

(x0 − sx0)
T Ãsq + ãTq

)

∆q
�@?��A���N�

µ{ÿR½�B{º8·8²;²¿Â
(

b̃r + B̃rs(x0 − sx0)
)

+ B̃rq∆q = 0
(

c̃+ C̃s(x0 − sx0)
)

+ C̃q∆q ≥ 0.

�Ç³R´�µÇ¼RºJ°Rµ{ºËÏ>7p·C¸K°�½Nº�µ�ÂKÀ�Ì�º8¼�½TÄ�¸Ñµ{²X¸}°R¼ª¸K»{¼]Ï�7pµ�Â�ÀÈÌ�ºJ»W���Ò²Ç´¶µÛÂ}Å�»�¸}²¿³,ºJ»Çµ�Ã5¸KÀ�À¾µ{´(5Jº�·8Â�Ã\¹ª¸K»�º8¼
²¿Â�²¿³Rº\Â�»{´(��´�°ª¸KÀBÿR°,·JÂ�°R¼,ºJ°Rµ{ºJ¼pÏ�7 �@?��\:&�eÉ�¸K°,¼1½¾ºJ¸K»�µÍ°RºJ¸K»�ÀÈÄZ°RÂ]µ{¹ª¸K»�µ{´�²±Ä��M�.º\ÿRµ�ÿR¸KÀ¶ÀÈÄZºJÃ\¹RÀ¶Â�Ä
Ï�7xÆ Þ *��
½�Äkß
´�À¶ÀãÉ,q@ÿR»{»¿¸CÄ�ÉPÆ�¸KÿR°R¼Rº8»�µ8É®¸K°R¼��Ô»�´���³�²�Ý�ß�qrÆ^��:�­w)ãÉh¸5»�Â�ÿ,²�´¶°RºÍ²¿³ª¸�²�Ã5¸�0Kº8µ�ÿRµ{ºÑÂKÅ
¸K°/¸K·y²¿´�ÌKº�µ�ºy²ËµF²¿»�¸}²¿ºW�KÄZ¸K°R¼Z´�µ
¸K½RÀ¶ºË²¿Â�·JÂ�¹Nº��Á´�²�³Z´¶°R¼Rº��ª°R´È²¿ºIá*º8µ�µ{´Ü¸K°ZÃ5¸}²¿»{´¶·Jº8µ'��à;ÂK²¿ºÑ²�³ª¸}²
´�°
¹R»{´¶°R·8´¶¹RÀ�º5ºyÌ�ºJ°ØÀ¶¸K»���º\¹ª¸K»F²¿µËÂKÅÇ²¿³Rº5ÅHÿRÀ¶ÀÈÄZ»�ºJ¼,ÿR·Jº8¼ÚÏ�7 �@?4�����
�Í·C¸}°1½¾ºr¹R»�º8·JÂ�Ã\¹Rÿ,²�ºJ¼â½Nº8ÅHÂ�»{º

x0´¶µ�¸�Ì}¸K´�ÀÜ¸K½,À¶ºKÉ¾´�Å�Ã5¸}²¿»{´A.�Å×¸K·8²�Â�»�´�5C¸}²�´¶Â�°,µ�½ª¸Kµ{ºJ¼/Â�° ²¿³RºI¸}·8²¿´ÈÌ�º�µ{º8²
ÅHÂ�»
x0 = sx0

¸K»�º�·J¸KÀ¶·8ÿRÀÜ¸}²�ºJ¼ ´�°
¸K¼,Ì}¸K°,·JºKÉL¸}µ;¹,»�Â�¹NÂ�µ�º8¼@´�°/Ýo&9�¡*KÆ4	�	*)@�

�Ç³RºÍµ�Â�À�ÿ,²¿´�Â�°�ÂKÅ�²�³Rº
ÅHÿRÀ¶ÀÈÄr»{ºJ¼RÿR·8ºJ¼ZÏ�7u¸}»�º�²¿³Rº
Â�¹�²¿´¶Ã5¸KÀNÌK¸}À¶ÿRº8µÁÅHÂK»
∆q0
É
. . .
É
∆qN−1

�x�Ç³Rº
Ì}¸KÀ¶ÿ,º�ÂKÅ

∆q0
¹RÀ¶¸CÄ�µ;¸�·J»{ÿR·J´¶¸KÀh»{Â�À¶º�´�°�²¿³Rº
»�ºJ¸KÀA3�²¿´�Ã5º*·JÂ�°�²¿º
.n²CÉN¸KµÇ´�²Á´�µÛ²¿³R´�µÇ·JÂ�°�²�»�Â�Àh²�³ª¸}²Á´¶µì�K´�Ì�º8°

¼R´�»�ºJ·y²¿ÀÈÄr²¿Â�²�³Rº
»�ºC¸}À®µ{Änµ{²�ºJÃ ¸Kµ;¸K°�´¶Ã\Ã\ºJ¼R´¶¸}²¿º;ÅHºJºJ¼,½ª¸K·10C�
wyp Ä s î ë$u �Ç³Rº�Å×¸K·y²Ç²¿³ª¸}²Ç¸K°�¸K·8²�´�ÌKº�µ�º8²ÁµF²¿»�¸}²¿ºW�KÄ�´�µÛÿRµ�º8¼�²¿ÂI¼Rº8²�ºJ»{Ã5´�°Rº�²¿³,º�¸K·8²�´�ÌKº�µ�º8²Á·J¸K»�»{´¶º8µ
µ�ÂKÃ5º�¼ª¸}°���ºJ»6´¶°1²¿³,º�»{ºC¸KÀ/3Ò²�´¶Ã\º5·8Â�°�²¿º�.n²JÉ)¸Kµ�´È²�´¶µI�)º8À¶À90T°RÂ
�Á°Ø²¿³ª¸}²�²�³Rºy��Â�»�µF²I·C¸Kµ{º�·8Â�Ã\¹RÀ¶º
.�3
´�²±ÄpÂKÅ
µ{ÿR·X³ ¸K°�¸KÀ���Â�»�´È²¿³RÃ ·C¸K°3½Nºkº�.�¹NÂ�°Rº8°T²�´Ü¸KÀ;´¶°�²¿³Rºk°TÿRÃ6½¾º8»�ÂKÅ�Ì}¸K»�´¶¸K½RÀ�ºJµr�×·8Å[����À�ºJºk¸}°R¼
q@´�°T²±Ä/Ý(��q�N�¨w)<���   .�¹NºJ»{´¶ºJ°,·Jº6µ{³RÂ
�ÁµJÉ¾³RÂ
�)ºyÌ�ºJ»8É¾²�³ª¸}²Á²¿³RºÍ·JÂKÃ5¹Rÿ�²X¸}²�´¶Â�°ª¸}Àh½RÿR»{¼RºJ°kÂ}Å�²¿³,´¶µÁ¼RºJ°,µ�º
Ï�7.µ�ÂKÀ¶ÿ,²�´¶Â�°I´¶µ>½NÂ�ÿR°,¼RºJ¼5´¶°I¹R»¿¸}·8²¿´�·Jº_�c�±°\²±Än¹R´�·C¸KÀL¸}¹R¹RÀ¶´�·C¸}²�´¶Â�°,µBÂKÅ¾Â�ÿR»s»�ºJ¸KÀA3�²¿´¶Ã\ºÛ¸}À(��Â�»{´�²�³RÃ5µ�´�²s´�µ
·JÂK°Rµ�´�¼RºJ»�¸K½RÀ�ÄÑµ�Ã5¸KÀ¶À�ºJ»B²¿³R¸K°5²�³Rº*º�à_ÂK»{²�°RºJº8¼RºJ¼5ÅHÂ�»>²¿³Rº��ª»�µF²Û·8Â�°R¼Rº8°Rµ�´�°��6µF²¿ºJ¹_É��Á³R´�·X³r´È²¿µ�º8À�Å¾°RºJº8¼Rµ
Â�°RÀÈÄ/¸]µ�Ã5¸KÀ�À>µ�³ª¸K»{º�ÂKÅÛ²�³RºrÂ�ÌKºJ»¿¸}À¶Às²¿´¶Ã\ºIÂKÅ;¸�ÅHÿ,À¶Às»�ºJ¸KÀA3�²¿´¶Ã\º�´�²�ºJ»�¸}²¿´�Â�°Ô·yÄn·JÀ¶º_� þ ²¿³Rº8Â�»�ºy²¿´¶·J¸KÀ¶ÀÈÄ
¸K¹R¹NºC¸}À¶´¶°��Ë¸}À�²¿º8»�°ª¸�²¿´�ÌKº;²�ÂÑ¸K·y²¿´ÈÌ�º;µ�º8²)µ{²�»¿¸}²�º'��´�ºJµ)´�µ�¹,»�Â�Ìn´¶¼Rº8¼r½�Ä!�±°�²�ºJ»�´�Â�»]3#7�Â�´�°�²Dq�º8²¿³,Â�¼Rµ����[7�q��eÉ
���#�[�w��� QSRÈ³E´1³
Q ± ³�· ±\H ³�RÈ³D  ¹a¡ÇJ T�Z O Q\V H ZNV^Y H$J2O@MNH V^³ ¯9H ø[¢ º   ¹¤£ a



i2j��ef�q Ï_è v@{ tNuHè«~ / Ò sóÂ è�~ z}p ~�éDu@~ag ç Ó}Ó�î è sU|^n :^;��

²¿³R¸}²�³ª¸CÌKº ¹¾Â�ÀÈÄn°RÂ�Ã\´Ü¸KÀÛ»{ÿR°u²¿´�Ã5º�½NÂ�ÿR°R¼,µ'��¬ªÂ�»5¸K°u´¶°�²�»�Ân¼RÿR·8²�´¶Â�°�´¶°�²¿ÂÌ�[7�q ¸KÀ(��ÂK»�´�²�³RÃ\µ5¸}°R¼
²¿³,ºJ´¶»Í¸K¹,¹RÀ¶´�·C¸}²�´¶Â�°k²�Â�©Tÿª¸K¼,»¿¸}²�´¶·\¹R»�Â��K»¿¸KÃ\µ��)º5»�ºyÅHºJ»Íº��h���r²¿Â@à*Ân·Jº8¼ª¸KÀ�¸K°R¼��.»{´(��³�²5Ý à�� Þ�Þ*)sÂK»
�Ô»�´(�K³T²ÍÝ¥�Ô»�´ÜÞ�N¦)@�

���}|D�Q	 § ` _ ���Z%^
����]��¨©��ªZ�¬« S �K����Y���
����
�Ç³RºÛº
.�¹ª¸K°Rµ{´¶Â�°�ÂKÅª²�³RºÁÏ�7Zµ�Â�À�ÿ,²¿´�Â�°6¹ª¸}µ�µ�º8µB²¿³R»{Â�ÿ���³Ë²¿³Rº)²#��Â
·JÂ�°,¼RºJ°Rµ{´¶°���µF²¿º8¹RµB´¶°6»�º8ÌKºJ»{µ�ºÁÂ�»�¼,ºJ»')
�ª»{µ{²B²�³Rº�ÅHÿRÀ�À�Ä
»{ºJ¼RÿR·8ºJ¼5Ï�7 µ�Â�À�ÿ,²¿´�Â�°6´�µ�º�.�¹ª¸}°R¼RºJ¼�²�Â*²¿³,ºÛ·JÂ�°,¼RºJ°Rµ{ºJ¼5Ï�7/µ{Â�À¶ÿ�²¿´¶ÂK°hÉK¸}°R¼Ñµ�º8·JÂ�°,¼RÀ�ÄKÉ
²¿³,ºÍ·8Â�°R¼Rº8°Rµ�º8¼ Ï�7Úµ{Â�À¶ÿ,²�´¶Â�°�´�µÇº�.�¹ª¸K°,¼RºJ¼�²¿ÂI²¿³Rº�ÅHÿRÀ�À_µ�ÂKÀ¶ÿ,²�´¶Â�°�ÂKÅ�²¿³,ºÍÿ,°R·JÂ�°,¼RºJ°Rµ{ºJ¼ZÏ�7���?��\:&�
�

­ uHî}é�t Ë¡å Ó s ~�é'u×è�~ôÏ«t p Ó
�Ç³RºËµ�Â�À�ÿ,²¿´�Â�°

(∆q, λ̃r, µ̃)
ÂKÅ�²¿³RºÍÅHÿRÀ¶ÀÈÄ�»�º8¼RÿR·8ºJ¼/Ï�7��@?��A���N�Û·J¸K°@²�»�´�Ìn´¶¸KÀ¶ÀÈÄr½NºËº
.�¹ª¸K°R¼Rº8¼]²¿Â\Än´¶ºJÀ�¼

²¿³,ºÍµ{Â�À¶ÿ�²¿´¶ÂK°
(∆w2, λ̃2, µ̃)

ÂKÅ�²�³Rº
·JÂ�°,¼RºJ°Rµ{ºJ¼ZÏ�7¥�@?��A�
	�¸&���H»�º8µ�¹2�}��?����D	K½C�ì���Á´�²�³

∆w2 =

(

∆sx0
∆q

)

,
¸K°R¼

λ̃2 =

(

λ̃x0
λ̃r

)

½�Ä�·JÂKÃ5¹Rÿ�²¿´¶°��

∆sx0 = x0 − sx0 ,
¸K°R¼

λ̃x0 = Ãss∆s
x
0 + Ãsq∆q + ãs − B̃T

rsλ̃r − C̃T
s µ̃.

�Ç³ª¸}²
(∆w2, λ̃2, µ̃)

´¶µ�¸�µ�Â�À�ÿ,²¿´�Â�°]Â}Å>²¿³RºÑ·8Â�°R¼Rº8°Rµ�º8¼ÔÏ>7�·C¸}° ½¾ºÑµ{ºJº8°/½�Ä@·JÂ�Ã\¹ª¸K»{´¶°��\²¿³Rº®�����
·JÂK°R¼R´�²�´¶Â�°,µÇÂKÅ��@?4���
	}½C�x�Á´�²�³�²�³RÂ�µ{ºÍÂ}Å��@?��A���N�1�

Ë¡å Ó s ~�éDuHè«~uè,+ìt nPpÌÂ è�~ zPp ~�é p�z.f�q Ïhè v�{ tNuHè�~
Æ�´�Ã5´�ÀÜ¸K»{À�Ä�ÉT²¿³,º6µ�ÂKÀ¶ÿ,²�´¶Â�°

(∆w2, λ̃2, µ̃)
ÂKÅB²¿³,º6·JÂK°R¼RºJ°,µ�ºJ¼/Ï�7���?����D	�¸&�Û·C¸K°@ÅHÿR»{²�³RºJ»;½¾ºÍº�.�¹ª¸}°R¼RºJ¼

²¿Â�²�³Rº�ÅHÿRÀ¶Àhµ{Â�À¶ÿ�²¿´¶ÂK°
(∆w1,∆w2, λ̃1, λ̃2, µ̃)

ÂKÅ�²¿³Rº
ÿR°R·8Â�°R¼Rº8°Rµ�º8¼ZÏ�7��@?4�X:&�)½�Ä�·8Â�Ã\¹Rÿ,²¿´�°��

∆w1 =M∆w2 +m

¸K°R¼

λ̃1 = B−T
11 (A11∆w1 + A12∆w2 + a1 − BT

21λ̃2 − CT
1 µ̃).

�@?4���N¨��
��Â�B{ÿRµ{²�´�ÅtÄ   ©��@?��A�N¨��>À¶ºy²)ÿ,µ�ÅHÂ�»{ÃÑÿRÀÜ¸�²¿ºÇ²¿³Rº*µ{²¿¸}²¿´�Â�°ª¸K»{´�²±Ä�·8Â�°R¼R´È²¿´¶ÂK°5ÂKÅ_²¿³Rº¡*�¸_��»¿¸K°���º���»¿¸K¼,´¶ºJ°�²�ÂKÅ
²¿³,ºÍÿ,°R·JÂ�°,¼RºJ°Rµ{ºJ¼ZÏ�7���?��\:&�Û¸KµÛÅHÂ�À�À¶Â
�Áµ')

A11∆w1 + A12∆w2 + a1 − BT
11λ̃1 − BT

21λ̃2 − CT
1 µ̃ = 0,

A22∆w2 + AT
12∆w1 + a2 − BT

12λ̃1 − BT
22λ̃2 − CT

2 µ̃ = 0.
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�Ç³Rº��ª»{µ{²Ó·JÂK°R¼R´�²�´¶Â�°�´�µhº'©TÿR´ÈÌ}¸KÀ¶º8°T²®²�Â   ©�����?��A�N¨��XÉN�Á³,ºJ»�ºJ¸KµÓ²¿³Rº>µ{ºJ·JÂK°R¼Ë·J¸K°
½¾ºsµ{ºJºJ°
²¿ÂÇ½Nº>µ¿¸�²¿´¶µ]�ªºJ¼_É
´�ÅK*Ó¸���»�¸K°���º�µF²X¸}²�´¶Â�°R¸K»�´È²±Ä��Á´È²¿³�»�ºJµ{¹¾º8·8²Á²¿Â

∆w2

´�µÁ¸}²�²¿¸K´¶°,ºJ¼�´¶°�²�³Rº
·JÂ�°R¼,ºJ°Rµ{ºJ¼ZÏ�7ë��?��A�
	�¸&�1)
0 = Ã∆w2 + ã− B̃T λ̃2 − C̃T µ̃

= (MTA11M +MTA12 + AT
12M + A22)∆w2 +MTA11m + AT

12m

+MTa1 + a2 − (B21M +B22)
T λ̃2 − (C1M + C2)

T µ̃

= A22∆w2 + AT
12∆w1 + a2 −BT

22λ̃2 − CT
2 µ̃

+MT {A11∆w1 + A12∆w2 + a1 − BT
21λ̃2 − CT

1 µ̃}
= A22∆w2 + AT

12∆w1 + a2 −BT
12λ̃1 −BT

22λ̃2 − CT
2 µ̃.�Ç³RºZº�.�¹ª¸}°Rµ�´�Â�°�µ{²¿º8¹�·C¸K°�º8Ê\·8´¶ºJ°�²�À�Äu½Nº ¹NºJ»{ÅHÂK»�Ã\ºJ¼3½�Ä�¸1½ª¸K·10&�)¸K»�¼,µ@»{ºJ·Jÿ,»�µ�´�Â�°3²¿³ª¸�²�´¶µ�º_�\���

¼Rº8µ�·J»{´¶½NºJ¼p½�Äó*®ºJ´¶°,ºW��ºJ½NºJ»�Ý\*®º8´ÜÞ�Þ8)=�¯�Ôº�Ã5º8°�²¿´¶ÂK°â³RºJ»{º�²¿³ª¸}²�²�³Rº�¹ª¸K»F²¿´Ü¸}À)»�º8¼RÿR·y²¿´¶ÂK°�¸}¹R¹R»�Â�¸K·X³
¼RÂnºJµ6�eâ^��¸}À¶À¶Â
� ²�Âp»{ºJ·J¸K¹,²¿ÿ,»�º ²¿³Rº Ã6ÿRÀ�²�´¶¹RÀ�´¶ºJ»{µ

λzi
ÂKÅË²�³RºZ¸KÀ���ºJ½R»�¸K´¶·@·JÂ�°,µ�´¶µF²¿º8°R·8Ä�·8Â�°R¼R´È²¿´¶ÂK°RµJÉ

½NºJ·C¸}ÿRµ�ºÑ²�³R´¶µ¡��Â�ÿRÀ�¼k»�ºW©TÿR´¶»{º�0T°RÂ
�ÁÀ¶ºJ¼���º�ÂKÅ�¼RºJ»{´�Ì}¸}²�´�Ì�º8µ*²�³ª¸}²
¸K»{ºÑ°RÂK²�·JÂ�Ã\¹Rÿ,²�ºJ¼2��¬ªÂ�»F²¿ÿR°ª¸�²¿ºJÀÈÄ�É
²¿³,ºJµ�º�Ã6ÿRÀ�²�´¶¹RÀ�´¶ºJ»{µs¸K»�º�ÂKÅ®Ã\´¶°RÂ�»�´¶Ã\¹NÂ�»{²¿¸K°R·Jº;´¶°rÂ�ÿR»)»{ºC¸KÀ/3Ò²�´¶Ã\º;´È²¿º8»¿¸}²�´¶Â�°\µ�·X³Rº8Ã5º}Éª¸Kµ)²�³Rº�·8ÿR»�»{ºJ°�²
ÃÑÿRÀÈ²¿´�¹RÀ¶´�ºJ»sÌK¸}À¶ÿRº8µ;ÂK°RÀ�ÄrºJ°�²¿º8»;²�³Rº
°Rº�.n²�Ï>7pÅHÂ�»�ÃÑÿ,ÀÜ¸}²�´¶Â�°\²¿³R»{Â�ÿ���³�²¿³RºÍá;ºJµ�µ{´Ü¸K°@¸K¹R¹,»�ÂD.�´¶Ã5¸}²¿´�Â�°2�
�ÒÅ®²¿³,º�º�.n²¿º8°R¼Rº8¼kß
¸KÿRµ{µ]3"à;ºW�Ç²�Â�°�¸K¹R¹R»{Â�¸K·X³�´�µ)ÿRµ{ºJ¼hÉ,²�³Rº�ÃÑÿ,À�²¿´�¹RÀ¶´�ºJ»BÌ}¸KÀ�ÿRºJµ�¼RÂ�°RÂK²)Ãr¸}²{²¿º8»Û¸}²Û¸KÀ¶À
´¶°�²�³RºËÏ>7ØÅHÂ�»�Ã6ÿRÀÜ¸}²�´¶Â�°e�

ð5ñ{ð > � �Jý)ý9�
ûP�ó�$øÁý)ü�ô�ÙÈ�8õI� > Ý�Ý�ô�õI�Ëý��
þ µ{ºJ·8Â�°R¼�½ª¸Kµ{´¶·]µF²¿»�¸}²¿ºW�KÄ�²�Â1¸}²{²X¸K·10Ø²¿³,ºkµ�Â�À�ÿ,²¿´�Â�°pÂKÅ�²¿³Rº]¹ª¸K»{²�´Ü¸KÀ�À�Ä.»�ºJ¼,ÿR·Jº8¼ Ï�7 �@?4�SÅ��eÉÛ²¿³ª¸�²
À¶ºJ¸K¼Rµ�²¿Â@¸�ä;´�·J·C¸�²¿´B»{ºJ·Jÿ,»�µ�´�Â�°/µ�·X³Rº8Ã5º}É�·C¸}°.½NºJµ{²Í½Nº5¹,»�ºJµ{ºJ°�²¿º8¼1´¶° ²�³Rº\ÅH»�¸KÃ\ºW��Â�»�0kÂ}ÅÛ¼,Än°ª¸KÃ\´¶·
¹R»{Â���»¿¸}Ã5Ã\´¶°����°�Ôºä�Á´�À¶À>³Rº8»�º\Â�°RÀÈÄZ´¶°�²¿»{Â�¼Rÿ,·JºI²¿³Rº\ÿR°R¼Rº8»�ÀÈÄ�´�°���´¶¼RºJ¸,É�¸}°R¼.»{º8ÅHºJ»Í²¿³Rº\´¶°�²�ºJ»�º8µ{²�ºJ¼
»�ºJ¸K¼Rº8»
²�Â8Æn²¿º8´¶°T½ª¸K·X³�Ý\Æn²¿ºJÞ&Åw)>Â�»
ä;¸KÂ�º8²Í¸}À=�BÝ ä!� ä*Þ�:w)>ÅHÂ�»�¸�Ã\Â�»�º6¼Rº8²¿¸K´¶À�ºJ¼ ¼Rº8µ�·J»{´¶¹,²�´¶Â�°ZÂKÅ�²¿³,º
¸K¹R¹,»�Â�¸K·X³e��¬ªÂ�»>ºC¸Kµ{º*Â}Åh¹R»{ºJµ�º8°�²X¸}²�´¶Â�°hÉ&��º*»{ºJµF²¿»�´�·8²�Â�ÿR»s¸�²�²¿º8°�²¿´¶ÂK°I²�ÂÑÏ�7.¹,»�Â�½RÀ�ºJÃ\µ��@?��XÅ��K�Á´È²¿³RÂ�ÿ�²
�ª°ª¸}À®µ{²X¸�²¿ºÍ¸K°R¼�´¶°RºW©Tÿª¸KÀ¶´È²±Är·8Â�°RµF²¿»¿¸}´¶°�²¿µI�@?4�SÅ}¼U�#3���?��XÅ�Å@�E���Ôº��Á´¶À�À®¸KÀ¶µ{ÂI¸Kµ�µ{ÿRÃ\º
²�³ª¸}²

RN
É
SN
ÉL¸}°R¼

gqN
¸}»�º�5JºJ»{ÂRÉ,µ{ÂË²�³ª¸}²�²¿³Rº*ÀÜ¸KµF²�·8Â�°�²¿»{Â�À

∆qN
·J¸K°�¼R´�»�º8·8²¿ÀÈÄ�½Nº�ºJÀ�´¶Ã\´¶°ª¸�²¿ºJ¼ÑÅH»{Â�Ã0²¿³,º�¹R»{Â�½RÀ¶º8Ã@É�´@��º_��É

��ºË·8Â�°Rµ�´�¼RºJ»Û²�³RºËÏ�7

min
∆sx0 , . . . ,∆sxN
∆q0, . . . ,∆qN−1

N−1
∑

i=0

{1
2
∆qTiRi∆qi +∆qTi Si∆s

x
i + gxi

T∆sxi + gqi
T
∆qi

+1
2
∆sxi

TQi∆s
x
i } + 1

2
∆sxN

TQN∆s
x
N + gxN

T∆sxN

�@?��A�D;b�

µ�ÿ,½�B{ºJ·y²*²�Â
ci+1 +∆sxi+1 −Xi∆s

x
i − Yi∆qi = 0, i = 0, . . . , N − 1,

sx0 − x0 +∆sx0 = 0.
�Ç³RºË´¶¼RºJ¸\ÂKÅ�²¿³RºÍ»�º8·JÿR»{µ�´�ÌKº�¸KÀ���Â�»�´È²¿³RÃ ²¿Â\µ�Â�ÀÈÌ�ºÍ²¿³RºË¸K½NÂ ÌKº�Ï�7u·C¸}°k½¾ºÍµ�ÿ,Ã5Ã5¸K»�´�5Jº8¼]¸KµÁÅHÂ�À�À¶Â
�Áµ')
µ{²¿¸K»{²�´¶°��É�Á´È²¿³�²¿³Rº
·8Â�µ{²ÁÅHÿR°R·y²¿´�Â�°

ΠN(∆s
x
N) :=

1

2
∆sxN

TQN∆s
x
N + gxN

T∆sxN
�@?��A�NÅ��
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ÂKÅ>²�³Rºo�ª°ª¸}À�°RÂn¼Rº}Ée�)º6·JÂ�°RµF²¿»{ÿR·8²�²�³RºÑµ�Âr·C¸KÀ�À¶ºJ¼@Â�¹,²�´¶Ã5¸KÀÓ·JÂ�µF²$3Ò²�Â_3#�KÂ5ÅHÿR°R·y²¿´�Â�°
ΠN−1(∆s

x
N−1)

ÂKÅ
²¿³,º�¹R»�ºyÌn´¶Â�ÿRµËµ{²¿¸���ºKÉ�½TÄÔ·X³RÂnÂ�µ�´�°��]ÅHÂ�»ËºC¸K·X³1Ì}¸KÀ�ÿRº

∆sxN−1

²¿³Rº5·JÂ�°�²¿»{Â�À
∆qN−1

²¿³R¸}²ÑÂ�¹�²¿´¶Ã\´(58ºJµ
²¿³,º
¸K¼R¼Rº8¼�·8Â�µ{²�µÇ²¿ÂÉ��ÂÑ²�ÂÑ²¿³Rº��ª°R¸KÀhµ{²¿¸���º}ÉR´=� º��ÈÉ�²�³Rº�µ�ÿRÃdÂKÅÓ²¿³Rº�µF²X¸���º�·8Â�µ{²�µÁ¸K°R¼�²¿³,º��ª°ª¸KÀhµF²X¸��Kº
·JÂKµ{²¿µ

ΠN

�y�Ç³R´�µË¹R»{Â�·8ºJ¼Rÿ,»�ºr´�µ
»�ºJ¹NºC¸�²¿ºJ¼/ÅHÂ�»
ΠN−2

¼RÂ
�Á°Ô²�Â
Π0

� þ ²6ºJ¸K·X³1µF²¿ºJ¹Ô²¿³RºIÅHÂ�À¶À�Â
�Á´¶°��
µ�Ã5¸KÀ�À_Â�¹,²�´¶Ã\´(5J¸}²¿´�Â�°r¹R»{Â�½RÀ�ºJÃ

Πi(∆s
x
i ) := min

∆sxi+1,∆qi

1

2
∆sxi

TQi∆s
x
i +

1

2
∆qTi Ri∆qi +∆qTi Si∆s

x
i

+gxi
T∆sxi + gqi

T
∆qi +Πi+1(∆s

x
i+1)µ�ÿR½�B{º8·8²;²¿Â

ci+1 +∆sxi+1 −Xi∆s
x
i − Yi∆qi = 0

�@?��A�
?&�

´¶µ�µ�Â�ÀÈÌ�º8¼2���Ò²Û²¿ÿ,»�°RµÛÂKÿ,²)²�³ª¸}²)²�³Rº�·8Â�µ{²]3Ò²¿Â^3#��ÂÍÅHÿR°R·8²�´¶Â�°,µ
Πi(∆s

x
i )
»{ºJÃ5¸K´¶°ä©Tÿª¸K¼R»�¸}²¿´�·*ÅHÿR°R·y²¿´�Â�°RµJÉ,¸

Å×¸K·y²Ç²¿³ª¸}²;Ã5¸�0Kº8µÇ²¿³Rº
¼,Än°ª¸KÃ\´¶·�¹,»�Â���»�¸KÃ\Ã5´�°��Ñ¸K¹,¹R»�Â�¸}·X³@µ{Â5ºyÊ5·8´¶º8°T²'�x*Óºy²;ÿRµÇ²¿³Rº8»�º8ÅHÂK»�º��Á»�´È²¿º

Πi(∆s
x
i ) =

1

2
∆sxi

TPi∆s
x
i + pTi ∆s

x
i + πi,

ÅHÂ�»
i = 0, . . . , N.

�Ç³Rº�¸KÀ(��ÂK»�´�²�³RÃc²�³ª¸}²x�)º*¹R»�Â�¹NÂ�µ{º*ÅHÂ�»s²¿³Rº*»�ºJ¸KÀA3�²¿´¶Ã\ºÇµ�ÂKÀ¶ÿ,²�´¶Â�°\ÂKÅh²�³Rº�Ï�71·JÂK°Rµ�´�µ{²¿µ�ÂKÅh²�³R»�º8º�µ{²�ºJ¹Rµ8É
�ª»{µ{²Ë¸�½ª¸K·10&�)¸K»�¼RµË»�º8·JÿR»{µ�´¶ÂK°Z²�³ª¸}²
¹R»{ºJ¹ª¸}»�ºJµ�²�³RºIµ�ºJ·8Â�°R¼/µ{²�ºJ¹ÿ�H²¿³,º\´�Ã5Ã\ºJ¼,´Ü¸}²�ºÍÅHº8ºJ¼R½ª¸}·10��eÉ�¸}°R¼
�ª°ª¸}À¶À�Är¸�ÅHÂ�»$�)¸K»�¼�»{ºJ·Jÿ,»�µ�´�Â�°��Á³R´¶·X³�»�º8·JÂ�Ì�º8»�µ*²�³Rº�ÅHÿRÀ¶ÀhÏ�7Úµ�Â�À�ÿ,²¿´�Â�°2�
���
����� ± �����D²��9�tX�%³U³���1Y���%�
����
�Ç³Rº
½ª¸K·10&�)¸K»�¼,µ�»�º8·JÿR»{µ�´�Â�°@´�µÇµ{²¿¸K»{²�ºJ¼�½TÄ�¼RºW�ª°,´¶°��

ΠN

¸K·8·JÂ�»{¼R´¶°��I²�Â   ©C�}��?����
Å��eÉª´@��º_��É
PN := QN , pN := gxN ,

¸K°R¼
πN = 0.

¬ªÂ�»�²�³Rº�»{ºJ·8ÿR»�µ{´¶Â�°�µF²¿ºJ¹_ÉRÀ¶ºy²)ÿRµÛ¸Kµ�µ{ÿRÃ5º*²¿³ª¸}²�²¿³Rº�Â�¹,²¿´�Ãr¸}Àª·JÂ�µF²$3Ò²�Â_3#�KÂ6ÅHÿR°R·y²¿´¶ÂK°
Πi+1(∆s

x
i+1)

³ª¸}µ
¸KÀ�»�ºC¸}¼,Ä�½NºJºJ°]·JÂ�Ã\¹Rÿ,²�ºJ¼hÉN´=� º��ÈÉR²¿³ª¸�²*²�³Rº6Ã5¸}²¿»{´A.

Pi+1

Éª²�³RºËÌKºJ·8²�Â�»
pi+1

¸K°,¼@²¿³,ºËµ{·C¸KÀ¶¸K»
πi+1

¸K»{º
0T°RÂ
�Á°2�x�Ç³RºËÏ>7ë�@?��A�
?&�)·J¸K°�½¾º
µ�ÂKÀ�Ì�º8¼]¸}µÁÅHÂKÀ¶À¶Â
�ÁµW)��ª»�µF²��)ºÍºJÀ�´¶Ã\´¶°ª¸}²�º

∆sxi+1 = −ci+1 +Xi∆s
x
i + Yi∆qi

�@?��A�8N��
´¶°�²�³Rº
Â�½�B{ºJ·y²¿´ÈÌ�º�ÅHÿR°R·y²¿´¶ÂK°
Fi(∆s

x
i ,∆qi,∆s

x
i+1) :=

1
2
∆sxi

TQi∆s
x
i +

1
2
∆qTi Ri∆qi +∆qTi Si∆s

x
i + gxi

T∆sxi + gqi
T
∆qi

+1
2
∆sxi+1

TPi+1∆s
x
i+1 + pTi+1∆s

x
i+1 + πi+1

²¿³R¸}²Á½¾º8·JÂ�Ã\ºJµ
Fi(·) = 1

2
∆qTi (Ri + Y T

i Pi+1Yi)∆qi
+((Si + Y T

i Pi+1Xi)∆s
x
i + gqi − Y T

i Pi+1ci+1 + Y T
i pi+1)

T∆qi
+1

2
∆sxi

T (Qi +XT
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°43#7s»{Â�¹ª¸K°,Â�À=�y�Ò²6³ª¸KµË¸@¼R´¶¸KÃ\º8²¿º8»
ÂKÅ�	��A�
	@Ãï¸}°R¼â¸@³,ºJ´(�K³T²ËÂKÅKN�Ã ¸K°R¼Ô·JÂ�°Rµ{´¶µF²¿µ6Â}Å

40
½RÿR½R½RÀ�º

·C¸}¹p²�»¿¸CÄnµ'�Î�Ç³Rº�Â�Ì�º8»�³RºJ¸K¼�Ì}¸K¹NÂ�»�´¶µÑ²�ÂK²X¸}À¶À�Ä/·8Â�°R¼Rº8°Rµ�º8¼Ú´¶°p¸��)¸}²¿º8»\·8Â�ÂKÀ¶ºJ¼â·8Â�°R¼Rº8°Rµ�º8»ä�Á³,´¶·X³
´¶µ�Â�¹¾º8°k²¿Â�¸}²�Ã5ÂKµ�¹R³Rº8»�º_�I�Ç³RºI»{ºJ½NÂ�´¶À�ºJ»;´¶µ�³RºJ¸}²¿º8¼ZºJÀ¶º8·8²�»�´¶·J¸KÀ¶ÀÈÄ�� þ ÕRÂN�Áµ{³RºJºy²6Â}Å�²�³RºÑ¼R´�µ{²�´¶À¶À¶¸}²¿´�Â�°
µ{ÄnµF²¿ºJÃ ´�µ�µ�³RÂ
�Á°Ú´�°�¬�´(���$N4�A���ó�Ç³Rº@¹,»�ºJ³,ºC¸}²�ºJ¼�ÅHº8ºJ¼pµ{²�»�ºC¸}Ã ºJ°�²¿º8»�µI²¿³Rº�·JÂKÀ¶ÿRÃ\°p¸}²�²¿³Rº�ÅHº8ºJ¼
²¿»�¸CÄ3¸Kµ�µ�¸}²¿ÿR»�¸}²¿º8¼�À�´(©TÿR´�¼2���Ò²�·C¸K°�½Nº µ$�Á´�²�·X³RºJ¼�¸Kÿ,²�Â�Ã5¸}²¿´�·C¸KÀ�À�Äâ½Nº8²#��ºJº8°�²#��ÂpÅHº8ºJ¼3²X¸K°�0nµ�´�°
Â�»{¼RºJ»�²�Â�´¶°�²¿»{Â�¼,ÿR·Jº���ºJÀ�À�¼Rº��ª°RºJ¼/¼R´�µ{²¿ÿ,»�½ª¸K°,·JºJµ�´�°k²¿³RºËÅHºJºJ¼Z·8Â�°R·Jº8°�²¿»¿¸�²¿´¶ÂK°2�I�±°k²�³Rº�·JÂK°Rµ�´�¼RºJ»{ºJ¼
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òZópôöõÚ÷8ø�ù

úûópôyõ

ü ópôöõ ý ópôöõ

¬�´���ÿR»�º¿N4����)�¬�À¶Â
�Áµ�³,ºJº8²;ÂKÅ�²¿³,ºÍ¼,´¶µ{²�´¶À�ÀÜ¸}²�´¶Â�°\·JÂ�À�ÿRÃ\°

·JÂK°��U��ÿR»�¸}²¿´�Â�°hÉT²¿³Rº*¹R»�Ân·Jº8µ�µÇ´�°R¹Rÿ,²�µ�²¿³R¸}²Ç¸K»{º�¸CÌ}¸K´¶À¶¸K½RÀ�ºÁÅHÂK»�·8Â�°�²¿»�ÂKÀ_¹RÿR»{¹¾ÂKµ�ºJµÛ¸K»�º;²¿³Rº�³,ºC¸}²)´¶°R¹Rÿ�²
²¿Â�²¿³,º5»{ºJ½NÂ�´¶À�ºJ»JÉ

Q
É�¸K°R¼Z²¿³Rº\»�ºyÕªÿ4.ZÕªÂ
�Ö»�¸}²¿º

Lvol

�Ms)ÂK°T²�»�Â�À�¸K´�Ã ´�µ
²�Â@Ã5¸K´�°T²¿¸K´¶° ³,´(��³Z¹RÿR»{´�²±Ä
µ�¹NºJ·8´��ª·J¸}²¿´�Â�°RµÛÅHÂ�»Û²�³Rº
¼R´¶µF²¿´�À¶ÀÜ¸�²¿º�¸}°R¼�½¾ÂK²{²¿Â�Ãd¹R»�Ân¼RÿR·y²Áµ{²¿»{ºC¸KÃ\µ

Dvol

¸K°,¼
Bvol

�
�Ç³Rº\·JÂ�À�ÿRÃ5° ´�µ�·JÂ�°�²�»�Â�À�À¶ºJ¼ ½�ÄZ¸�¼R´�µ{²¿»{´¶½Rÿ�²¿ºJ¼Z·8Â�°�²¿»�ÂKÀBµ{Änµ{²�ºJÃ �@�ÛsìÆ��yÉh²�³ª¸}²
´¶µ�ÿ,µ�ºJ¼/ÅHÂ�»�²¿³,º

À¶Â
��ºJ»*À¶º8ÌKºJÀ�·JÂ�°�²�»�Â�À�¸K°R¼]¼ª¸}²X¸5¸K·'©TÿR´�µ�´È²¿´¶ÂK°2�K&Û¸Kµ{´¶·Ë·JÂ�°�²¿»{Â�ÀÓÀ¶ÂnÂ�¹RµÁÅHÂ�»Á²¿³RºÍÀ¶ºyÌ�ºJÀ�µJÉN²¿³Rº
ÕªÂ
� »¿¸}²�ºJµ8É
¸K°R¼/²¿³Rº\³RºJ¸}²Ñ´�°R¹Rÿ,²Ë¸K»{º5»{ºC¸KÀ�´(5Jº8¼ÔÂK°Ô²¿³,º!�¿sìÆ.µFÄnµ{²¿º8Ã�����Â]´�Ã5¹,À¶ºJÃ\ºJ°�²
Ã\Â�»�º\¸K¼�ÌK¸}°R·Jº8¼1·JÂ�°�3
²¿»{Â�ÀBµ{·X³RºJÃ\ºJµ
²¿³Rºä�¿sìÆZ´¶µ�·8Â�°R°Rº8·8²¿º8¼Ô²�Â@¸�7�s ÅH»{Â�Ã§¸}°R¼/²�Â��Á³R´¶·X³/¼R´¶»{ºJ·y²Í¸K·J·8ºJµ�µ
ÅH»�ÂKÃÂd�à��}þ
��Â�»�0Tµ{²¿¸}²¿´�Â�°RµÁ´¶µÇ¹NÂ�µ{µ�´¶½,À¶º��

¸��Ú����� º ª��Iÿ Rv§ � �KXZ���
�Ôº��Á´�À¶ÀR»{º8ÅHºJ»s²¿Â
²¿³,º

N = 40
²¿»¿¸CÄnµ�½TÄ

` = 1, 2, . . . , N
ÉT·8Â�ÿR°�²¿´�°��ÍÅH»{Â�Ãc²�³Rº*½NÂK²{²¿Â�Ãc²�ÂÍ²�³RºÁ²¿Â�¹hÉ

�Á´�²�³
` = NF = 20

½NºJ´¶°��\²�³RºÍÅHº8ºJ¼�²¿»¿¸CÄ��ì¬ªÂ�»Á°RÂK²X¸�²¿´¶ÂK°ª¸KÀh·8Â�°�Ì�ºJ°,´¶ºJ°,·JºKÉ¾À¶ºy²*ÿ,µ*»{º8ÅHºJ»��Á´�²�³
` = 0
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äÁºJ½NÂ�´�À¶ºJ»

� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �s)ÂK°R¼RºJ°,µ�ºJ»

� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �

� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �

� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �

6

6

6

6

6

6

?

?

?

?

?

?

V0

V1

VNF−1

VNF

VN−1

VN

L1

L2

LNF

LNF+1

LN

LN+1

-F

-B

-D

¬�´���ÿR»�º�N��S¨4)�q�Â�ÀÜ¸K»�ÕªÂ
�Áµ*´�°�²�³Rº
¼R´¶µF²¿´�À¶ÀÜ¸�²¿´¶ÂK°5·8Â�À¶ÿRÃ\°2�

²¿Â�²�³Rº�»�º8½¾ÂK´¶À¶º8»�¸}°R¼ ²¿Âr²�³Rº�·JÂ�°,¼RºJ°Rµ{ºJ»
½�Ä
` = N + 1

�>�Ç³Rº�·JÂK»�»�º8µ�¹NÂ�°R¼R´�°���²¿º8Ã5¹NºJ»�¸}²¿ÿ,»�ºJµ
¸}»�º
¼Rº8°RÂK²¿º8¼@½�Ä

T0, . . . , TN+1

�
þ µr��º.²�»�ºC¸�² ¸Ú½R´�°ª¸K»FÄ�¼,´¶µ{²�´¶À�ÀÜ¸}²�´¶Â�° ��º1³ª¸CÌ�ºâÂK°RÀ�Ä3²#��Â3·JÂ�Ã\¹NÂ�°RºJ°�²�µJÉ�q@º8²�³ª¸K°RÂ�À6¸K°R¼¥°�3

7>»�Â�¹R¸K°RÂ�À@�K*®ºy²ÓÿRµÓ¼RºJ°RÂ}²¿º>²¿³Rº>À�´(©TÿR´�¼�q@º8²�³ª¸K°RÂ�ÀK·JÂ�°R·8ºJ°�²¿»�¸}²¿´�Â�°RµÓÂKÅn»�º8½¾ÂK´¶À¶º8»JÉC²�»¿¸CÄnµ�¸}°R¼
·JÂ�°R¼,ºJ°Rµ{ºJ»
½�Ä

X`
ÅHÂ�»

` = 0, 1, 2, . . . , N + 1
���Ç³,ºÍ·8Â�°R·8ºJ°�²¿»�¸}²¿´�Â�°

Xn−Prop.,`
ÂKÅ�°43[7>»{Â�¹ª¸K°RÂKÀh´¶µÛ¼,º8²¿º8»�Ã\´¶°Rº8¼

½�Ä�²¿³,ºÍ·8À¶Â�µ{´¶°��I·8Â�°R¼R´È²¿´¶ÂK°hÉ,µ{ÂI²�³ª¸}²���º>�Á´�À¶Àhµ{ÿR½RµF²¿´�²�ÿ,²¿º
Xn−Prop.,` := 1−X1,`

¼R´¶»{ºJ·y²¿À�Ä��
�Ç³Rº.Ã\Â�À¶¸K»rÌ}¸K¹NÂ�»�¸K°R¼ À�´(©TÿR´�¼�ÕRÿ4.�ºJµ]ÂKÿ,²�ÂKÅÑºJ¸K·X³ ²¿»�¸CÄ ¸K»�ºZ¼Rº8°RÂK²¿º8¼¥½�Ä

V`
¸K°R¼

L`

ÅHÂ�»
` = 1, 2, . . . , N

���Ç³,ºÑÃ5ÂKÀÜ¸K»ÛÌ}¸K¹NÂ�»ÁÕªÿ4.@Â�ÿ,²�ÂKÅB²¿³,º6»�º8½¾ÂK´¶À¶º8»Á´¶µ;¼RºJ°RÂ}²¿ºJ¼]½TÄ
V0

¸K°R¼]²�³Rº6À�´(©TÿR´¶¼
½NÂK²�²�Â�Ã�¹,»�Ân¼RÿR·8²�µ{²¿»{ºC¸KÃ'½�Ä

B
�IÆ�´�Ã5´�ÀÜ¸K»{À�ÄKÉ

LN+1

¼RºJ°RÂ}²¿ºJµ�²�³RºÑÃ\Â�ÀÜ¸}»*À�´(©TÿR´¶¼@»�ºyÕªÿ4. ÂKÿ,²�ÂKÅs²¿³,º
·JÂK°R¼RºJ°,µ�ºJ»I´�°T²�Â]²¿³,º�²¿Â�¹.²�»¿¸CÄm�Á³,´¶À¶º

D
¼RºJ°,ÂK²¿º8µÑ²¿³Rº�¼,´¶µ{²�´¶À�ÀÜ¸}²�º\µF²¿»{ºC¸KÃ Â�ÿ,²�ÂKÅÁ²�³Rº�·JÂK°R¼RºJ°,µ�ºJ»W�

�Ç³Rº*Ã5Â�À¶¸K»�ÅHº8ºJ¼�µF²¿»�ºJ¸KÃÖºJ°�²�ºJ»�´�°��Ñ¸�²�²�»¿¸CÄ
` = NF

´�µs¼RºJ°RÂ}²¿ºJ¼r½TÄ
F
ýn´�²�´¶µ�¸Kµ{µ�ÿRÃ\ºJ¼\²¿Â6½Nº;À¶´(©TÿR´�¼2�

þ À�ÀhÃ\Â�ÀÜ¸K»�ÕªÂ
�Áµ*´�°�²¿³Rº
¼R´�µ{²¿´�À¶À¶¸}²¿´�Â�°5·8Â�À¶ÿ,Ã5°�¸K»{º
¼RºJ¹R´�·8²�ºJ¼�´¶°�¬�´����,N4�X¨4�
�Ç³RºÑÃ\Â�ÀÜ¸}»Ç·JÂ�°R·8ºJ°�²¿»�¸}²¿´�Â�°Rµ*ÂKÅB²¿³,º6À¶´�©TÿR´¶¼�Õªÿ4.�º8µ�¸K»�ºËº'©Tÿª¸KÀÓ²¿Â\²¿³RºÍ²¿»�¸�Ä�·8Â�°R·Jº8°�²¿»¿¸�²¿´¶ÂK°Rµ

X`

É
�Á³Rº8»�ºC¸}µ;²�³Rº�ÌK¸}¹¾Â�»ÛÕRÿ4.�ºJµ'áLÃ\Â�ÀÜ¸}»)·JÂK°R·Jº8°T²�»¿¸}²�´¶Â�°,µ*¸}»�º
¼RºJ°,ÂK²¿º8¼@½�Ä

Y`
ÅHÂ�»

` = 0, 1, . . . , N
�
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�.ºÍ¸Kµ{µ�ÿRÃ\º
²¿³ª¸}²Ç²�³Rº
¹R»�º8µ�µ{ÿR»�º8µ

P`
ÂKÅ�»�º8½¾ÂK´¶À¶º8»JÉn²¿»¿¸CÄnµ;¸K°R¼�·JÂ�°,¼RºJ°Rµ{ºJ»�¸K»�º�·8Â�°Rµ{²¿¸K°�²CÉN¸Kµì��ºJÀ¶À

¸KµÛ²�³Rº�Ì�ÂKÀ¶ÿRÃ\º�³RÂ�À�¼RÿR¹Rµ
nv
0

¸}°R¼
nv
N+1

Â}Å�»{ºJ½NÂ�´¶À�ºJ»�¸K°R¼�·JÂK°R¼RºJ°,µ�ºJ»W�§�Ç³,º�À¶´(©TÿR´�¼5ÌKÂ�À¶ÿRÃ\º�³RÂKÀ¶¼RÿR¹,µ
nv
`

ÂKÅ�²�³Rº�²¿»�¸�ÄnµÁÃ5¸�Ä5Ì}¸K»{Ä�� þ À¶À_ÌKÂ�À¶ÿ,Ã5º�³RÂKÀ¶¼RÿR¹,µÁ¸K»�º
»�º8ÀÜ¸}²�ºJ¼�²¿Â�²�³Rº
Ã5Â�À¶¸K»)³,Â�À¶¼Rÿ,¹Rµ
n`

½�Ä
nv
` = V m(X`, T`) n`

ÅHÂ�»
` = 0, . . . , N + 1,

�Ç³Rº
Ã\Â�ÀÜ¸K»�Ì�Â�À�ÿRÃ5º8µ
V m(X`, T`)

ÂKÅ�²�³Rº
À¶´(©TÿR´�¼�Ã\´A.n²¿ÿR»{º
¸K»�º�µ{¹¾º8·J´A�ªºJ¼@´¶° þ ¹R¹NºJ°,¼R´A. &+�
��Â�¼,º8²¿º8»�Ã\´¶°Rº
²¿³,º��×·8Â�°Rµ{²¿¸K°�²
�*¹,»�ºJµ{µ�ÿR»{ºJµ���ºI¸Kµ�µ{ÿRÃ\ºË²¿³R¸}²�²�³RºÑ·JÂK°R¼RºJ°,µ�ºJ»�¹,»�ºJµ{µ�ÿR»{º�´¶µ���.�ºJ¼

²¿Â�²¿³,º\ÂKÿ,²¿µ{´¶¼RºI¹R»{ºJµ�µ{ÿR»�º}ÉB´=� º��ÈÉ
PN+1 = Ptop

�Á³,ºJ»�ºJ¸KµË²�³Rº\¹R»�º8µ�µ�ÿ,»�ºJµ
P`
Â�°Z²¿³Rº�²�»¿¸CÄnµ6¸K°,¼Ô²¿³,º

»�º8½¾ÂK´¶À¶º8»;¸K»�ºË·C¸KÀ�·JÿRÀ¶¸}²¿º8¼@ÿR°,¼RºJ»�²�³RºÑ¸}µ�µ�ÿ,Ã5¹,²�´¶Â�°�ÂKÅs·8Â�°Rµ{²¿¸K°�²�¹R»{ºJµ{µ�ÿR»{ºÑ¼R»�ÂK¹]ÅH»�Â�Ã$²�»¿¸CÄ�²¿Âr²�»¿¸CÄ�É
´=� º��ÈÉ

P` = P`+1 +∆P` ` = N,N − 1, . . . , 2, 1, 0.

�Ç³Rº�²�»¿¸CÄÔ²�ºJÃ\¹¾º8»¿¸}²�ÿR»�º8µ
T`
¸K»�ºr´¶Ã\¹RÀ¶´�·J´�²�À�Ä@¼RºW�R°RºJ¼p½�ÄÔ²�³Rº�¸Kµ�µ{ÿRÃ\¹,²¿´�Â�°.²¿³R¸}²6²�³Rº�µ�ÿ,Ã ÂKÅÁ²¿³,º

¹ª¸K»F²¿´¶¸KÀ_¹R»{ºJµ{µ�ÿR»{ºJµ�ºW©Tÿª¸KÀ¶µÇ²�³Rº�²¿ÂK²¿¸KÀh¹R»{ºJµ�µ{ÿR»�ºÍÂ�°�ºC¸K·X³�²¿»�¸CÄ�Éª´=� º��ÈÉ
P` − P s

1 (T`)X` − P s
2 (T`)(1−X`) = 0, ` = 0, 1, . . . , N + 1,

��N����N�
�Á³Rº8»�ºr²�³Rºr¹ª¸}»{²¿´¶¸KÀs¹R»�º8µ�µ{ÿR»�º8µ

P s
k (T`)

¸K»�º\·JÂKÃ5¹Rÿ�²¿ºJ¼1¸K·J·8Â�»�¼R´�°��@²�Â]²¿³,º þ °�²�Â�´¶°Rº   ©Tÿª¸}²¿´�Â�°hÉ>¸}µ
µ�¹NºJ·8´��ªº8¼@´�° þ ¹R¹NºJ°R¼,´A. &¡�

�Ç³Rº�¼RºJ»{´�Ì}¸}²¿´ÈÌ�º�Â}Å*²�³Rº�²¿ºJÃ\¹NºJ»¿¸�²¿ÿR»{ºy�Á´�²¿³Ø»{ºJµ�¹NºJ·y²I²¿Â ²¿´�Ã5º}É
Ṫ`
É�´¶µÉ�K´�Ì�º8°Ø½TÄ.²¿³Rº�´¶Ã\¹RÀ�´¶·J´È²

ÅHÿR°R·y²¿´�Â�°�²¿³Rº8Â�»�º8Ã�)

Ṫ` = − (P s
1 (T`)− P s

2 (T`))Ẋ`

∂P s
1

∂T`
X` +

∂P s
2

∂T`
(1−X`)

.

��Â�¸K·J·8Â�ÿR°�²�ÅHÂ�»®°RÂ�°43Ò´¶¼RºJ¸KÀ¶´È²±Ä�ÂKÅn²¿³,º�²�»¿¸CÄnµ�¸K°,¼ËÂK²�³RºJ»�ÿR°RÃ\Ân¼RºJÀ�À¶ºJ¼�º�à_º8·8²�µK��º�³ª¸CÌKº)´¶°�²�»�Ân¼RÿR·Jº8¼
²¿³,º;²�»¿¸CÄIº8Ê\·J´�ºJ°R·8´¶º8µ

α`
ÅHÂK»

` = 1, 2, . . . , N
²¿Â6·J¸KÀ¶·8ÿRÀÜ¸�²¿ºÛ²¿³,º*·8Â�Ã5¹NÂ�µ{´�²¿´�Â�°

Y`
ÂKÅ_²�³RºÁÌK¸}¹¾Â�»>ÕªÂ
�

Â�ÿ,²
Â}Å�²�»¿¸CÄ
`
¸Kµ
¸�À¶´�°RºC¸}»�·JÂKÃÑ½R´¶°R¸}²¿´�Â�°kÂKÅs²¿³,º�´¶¼RºJ¸KÀ�Ì}¸K¹NÂ�»�·8Â�Ã5¹NÂ�µ{´�²¿´�Â�°kÂ�°k²�³Rº�²¿»�¸�Äk¸K°R¼ ²¿³,º

´¶°,·JÂ�Ã\´¶°��ËÌK¸}¹¾Â�»Ç·8Â�Ã\¹¾Â�µ{´�²�´¶Â�°rÅH»{Â�Ã ²�³Rº�²¿»�¸�Ä�½¾º8À¶Â
�
Éª´=� º��ÈÉ

Y` = α`
P s
1 (T`)

P`
X` + (1− α`) Y`−1, ` = 1, . . . , N,

µ{²¿¸K»{²�´¶°��ä�Á´�²�³
Y0 =

P s
1 (T0)

P0
X0
���Ç³RºÑ·8Â�°R·8ºJ°�²¿»�¸}²¿´�Â�°kÂKÅ>²�³RºÑÀ¶´�©TÿR´¶¼�Â�ÿ,²{ÕªÂ
�

D
¸}²�²�³Rº6²¿ÂK¹kÂKÅ>²¿³,º

·JÂKÀ¶ÿRÃ\°�´¶µÇºW©nÿR¸KÀ®²¿Â�²¿³Rº
·8Â�°R¼Rº8°Rµ�º8»*·8Â�°R·Jº8°�²¿»¿¸�²¿´¶ÂK°
XN+1

�
6 s éCé /}sUvÑs ~ |�p é�u �Ç³RºØ¼R´�à¾ºJ»{ºJ°�²¿´¶¸KÀ6ºW©nÿR¸}²¿´�Â�°Rµk²¿³R¸}² ¼Rºy²¿ºJ»{Ã5´�°Rº1²¿³,ºâ·X³ª¸K°���ºØÂKÅI²�³RºâÃ5ÂKÀÜ¸K»
³RÂ�À�¼RÿR¹Rµ

n`

Â}Å�²¿³,ºÍ²�»¿¸CÄnµ*¸}»�º���´�ÌKºJ°�½TÄ�²�³Rº
Ãr¸}µ�µÁ·JÂ�°,µ�ºJ»FÌ}¸}²¿´�Â�°�ÅHÂK»
` = 1, 2, . . . , NF − 1, NF +

1, . . . , N

ṅ` = V`−1 − V` + L`+1 − L`,
��N��S¨��

¸K°R¼�ÅHÂ�»
` = NF

½�Ä
ṅNF

= VNF−1 − VNF
+ LNF+1 − LNF

+ F,
�
N4�X­��
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�Á³Rº8»�º
F
´�µs²�³Rº;Ã5Â�À¶¸K»>´¶°�ÕªÂ
�3Â�°5²�³RºÁÅHºJºJ¼5²¿»¿¸CÄKÉn²�³ª¸}²�·C¸K°5½¾º;¼Rºy²¿ºJ»{Ã5´�°RºJ¼\ÅH»�Â�Ã0²�³RºÁÌ�Â�À�ÿRÃ5ºÇÅHº8ºJ¼

ÕªÂ
�
Fvol

É,²¿³,º�q�º8²¿³R¸K°RÂ�À®·8Â�°R·Jº8°�²¿»¿¸�²¿´¶ÂK°
XF

´¶°�²¿³,º
ÅHº8ºJ¼@¸K°R¼�´�²�µÛ²¿ºJÃ\¹NºJ»¿¸�²¿ÿR»{º
TF
Ìn´Ü¸

Fvol = V m(XF , TF )F.

q]¸Kµ{µ*·8Â�°Rµ{ºJ»{Ì}¸}²�´¶Â�°�´�°�»{ºJ½NÂ�´¶À�ºJ»Ç¸}°R¼�·JÂ�°R¼,ºJ°Rµ{ºJ»*¸K»�º>��´ÈÌ�ºJ°�½�Ä

ṅ0 = −V0 + L1 −B,
�
N4�\;&�

¸K°R¼

ṅN+1 = VN −D − LN+1.
��N��SÅ��

�Ç³Rº*¸Kµ�µ{ÿRÃ5¹�²¿´¶ÂK°\²�³ª¸}²�»�º8½¾Â�´�À¶º8»>¸K°R¼\·JÂ�°,¼RºJ°Rµ{ºJ»�Ì�Â�À�ÿRÃ5º
nv
0

¸K°R¼
nv
N+1

¸K»{ºì��.�ºJ¼�À�ºC¸K¼Rµ>²�Â
²#��Â
ÅHÿR»F²¿³Rº8»;ºW©Tÿª¸}²¿´�Â�°RµÇÅHÂ�»

` = 0, N + 1

0 = ṅv
` = V m(X`, T`)ṅ` +

∂V m

∂(X, T )
(Ẋ`, Ṫ`)

T n`,
��N��X?&�

²¿³R¸}²�¸KÀ¶À�ÂN�Z²�Â;º8À¶´�Ã5´�°ª¸}²¿º
ṅ0
¸K°R¼

ṅN+1
�K�Ç³Rº8»�ºyÅHÂ�»�º}É

n0
¸K°R¼

nN+1
¸K»{ºs·X³RÂ�µ�º8°Ë²�Â;½Nº��eâÁ¼R´Aà_º8»�ºJ°�²�´Ü¸KÀ

Ì}¸K»�´¶¸K½RÀ�ºJµ'�
�Ç³RºÍÀ¶´(©TÿR´�¼�»�ºyÕªÿ4.�µF²¿»{ºC¸KÃ

Lvol

ÅH»�Â�Ã ²¿³Rº
·8Â�°R¼Rº8°Rµ�º8»*´�µÇ·JÂ�°�²¿»{Â�À¶À�ºJ¼�¸K°,¼@¸}À¶À¶Â
�Áµ)²�ÂI¼Rº8²�ºJ»�Ã\´¶°,º
LN+1

Ìn´Ü¸

Lvol = V m(XN+1, TC)LN+1,

�Á³Rº8»�º
TC
´¶µÛ²�³Rº�²¿ºJÃ\¹NºJ»¿¸�²¿ÿR»{º�ÂKÅ�²�³Rº
·JÂ�°,¼RºJ°Rµ�¸}²¿º_�

�Ç³RºÍ·JÂ�Ã\¹¾ÂK°RºJ°�²#�Á´¶µ{º
Ãr¸Kµ{µÇ·JÂ�°,µ�ºJ»FÌ}¸}²¿´�Â�°@´�°�²¿³Rº
»{ºJ½NÂ�´¶À�ºJ»Û»{º'©TÿR´¶»{ºJµ

Ẋ0n0 +X0ṅ0 = −V0Y0 + L1X1 − BX0,
��N��cN��

Â�°�²¿³,º
²�»¿¸CÄnµ
` = 1, 2, . . . , NF − 1, NF + 1, . . . , N

É

Ẋ`n` +X`ṅ` = V`−1Y`−1 − V`Y` + L`+1X`+1 − L`X`,
��N��X:&�

Â�°�²¿³,º
ÅHº8ºJ¼�²¿»¿¸CÄ

ẊNF
nNF

+XNF
ṅNF

= VNF−1YNF−1 − VNF
YNF

+LNF+1XNF+1 − LNF
XNF

+ FXF ,

��N�� Þ&�
¸K°R¼�´¶°�²�³Rº
·JÂ�°,¼RºJ°Rµ{ºJ»

ẊN+1nN+1 +XN+1ṅN+1 = VNYN −DXN+1 − LN+1XN+1.
��N4�A�
	&�
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hL` :=
hL(X`, T`)

¸K°R¼
hV` := hV (Y`, T`, P`)

ÅHÂ�»
` = 0, . . . , N

�×µ�º8º þ ¹,¹¾º8°R¼R´A.�&ì�eÉ«��ºÑ·C¸}°kÅHÂ�»�ÃÑÿ,ÀÜ¸}²�º
²¿³,ºÍº8°�²¿³ª¸KÀ�¹�Ä�½ª¸KÀ¶¸K°R·Jº�´�°�²¿³Rº
»�º8½¾ÂK´¶À¶º8»)²¿³R¸}²;¸KÀ¶À�Â
�ÁµÛ²¿ÂI¼Rº8²�ºJ»{Ã5´�°Rº�²¿³Rº�Ì}¸K¹NÂ�»Çµ{²�»�ºJ¸KÃ

V0
)

ṅ0h
L
0 + n0

(

∂hL0
∂X0

Ẋ0 +
∂hL0
∂T0

Ṫ0

)

= Q−Qloss − V0h
V
0 + L1h

L
1 − BhL0 .

��N4�A���N�
á*º8»�º

Q
´¶µ)²�³Rº
¸K¹R¹RÀ�´¶º8¼�³RºC¸}²Á´�°R¹Rÿ,²JÉR¸K°,¼��Á´È²¿³

Qloss
��º
¸K·J·8Â�ÿR°�²ÁÅHÂ�»Û¹NÂ�µ�µ{´¶½RÀ�º�³RºJ¸}²ÇÀ¶ÂKµ�µ�º8µÁ´¶°�²¿³,º

»�º8½¾ÂK´¶À¶º8»'�c�Ç³,ºÍº8°�²¿³ª¸KÀ�¹�Ä�½ª¸KÀÜ¸}°R·Jº8µÛÅHÂ�»Û²¿³Rº�²�»¿¸CÄnµ
` = 1, 2, . . . , NF − 1, NF + 1, . . . , N − 1

¸K»�º

ṅ`h
L
` + n`

(

∂hL
`

∂X`
Ẋ` +

∂hL
`

∂T`
Ṫ`

)

= V`−1h
V
`−1 − V`h

V
` + L`+1h

L
`+1

−L`h
L
` ,

��N4�A�N¨��

¸K°R¼�ÅHÂ�»Û²�³Rº�ÅHºJºJ¼�²¿»�¸CÄ

ṅNF
hLNF

+ nNF

(

∂hL
NF

∂XNF

ẊNF
+

∂hL
NF

∂TNF

ṪNF

)

= VNF−1h
V
NF−1 − VNF

hVNF
+ LNF+1h

L
NF+1 − LNF

hLNF

+FhL(XF , TF , PF ).

��N4�A�
­&�

þ µÁ²¿³,ºËÀ�´(©TÿR´¶¼�»{º8Õªÿ4.
LN+1

ÂKÅ�²�³RºÍ·JÂ�°R¼,ºJ°Rµ�¸}²¿ºË´¶µ;¸}²*¸I²�ºJÃ\¹¾º8»¿¸}²�ÿR»�º
TC
Éª²¿³RºÍºJ°�²¿³R¸KÀ¶¹�Ä�½ª¸KÀ¶¸K°R·8º

Â�°�²¿»�¸CÄ
N
»�ºJ¸K¼Rµ

ṅNh
L
N + nN

(

∂hL
N

∂XN
ẊN +

∂hL
N

∂TN
ṪN

)

= VN−1h
V
N−1 − VNh

V
N + LN+1h

L(XN+1, TC , PN+1)− LNh
L
N .

��N4�A�D;b�

48Ò z î è z ÒP~ s Ä�u | é�u ��Â ¼Rº8²�ºJ»{Ã5´�°Rº5²�³Rº�À¶´�©TÿR´¶¼/Â�ÿ,²{ÕªÂ
�
L`
Â}ÅÁºC¸K·X³1²�»¿¸CÄ�Éc��º�ÿRµ�º�¸]³RºJÿ,»�´¶µF²¿´�·

µ�·X³,ºJÃ\º�²�³ª¸}²�´¶µ®½ª¸}µ�ºJ¼ËÂ�°
²¿³Rºsµ�Â;·C¸}À¶À¶º8¼Z�]¬ª»¿¸K°,·J´¶µ2��ºJ´�»®ÅHÂ�»�ÃÑÿ,ÀÜ¸w�E�2�Ò²�»�º'©TÿR´�»�º8µ�Â�°,À�Ä�²#��Â�¹R¸K»¿¸KÃ\º8²�ºJ»{µ
¹NºJ»®²¿»�¸�ÄKÉ Â�°Rºs´¶µÓ¸Ç»�ºyÅHºJ»{ºJ°R·8º�ÌKÂ�À¶ÿRÃ\º

nref
`

É�²�³Rºsµ�ºJ·8Â�°R¼Ë´¶µ®¼Rº8°RÂK²¿º8¼Ë½�Ä
W`

�}�Ç³RºsÅHÂ�»�Ã6ÿRÀÜ¸)¹NÂ�µF²¿ÿRÀ¶¸}²¿º8µ
²¿³R¸}²

L` V
m(X`, T`) =W`(n

v
` − nref

` )
3
2 , ` = 1, . . . , N,

�
N4���
Å��
¸K°R¼]·C¸K°k½NºÑ¼Rº8»�´ÈÌ�ºJ¼]½TÄ]¸K° ¸}°ª¸KÀ�Änµ{´¶µ;ÂKÅ>²¿³RºI��»¿¸CÌn´�²±Ä�ÕªÂ
� Â�Ì�º8»�¸r³RÂ�»{´(58Â�°�²X¸KÀÈ��ºJ´¶»��Á´�²�³]Ì�º8»{²¿´�·C¸KÀ
�)¸KÀ¶À�µJÉ,²�³ª¸}²Á´¶µì�K´�Ì�º8°@´�° þ ¹R¹NºJ°R¼,´A. &¡�
Ï { Ä�Ä s î^u��bu�~¤g6t nPp�ç5çyË
�Ôº�·C¸}°�µ�ÿR½,µ�ÿRÃ\º�¸KÀ�Àªµ{Änµ{²�ºJÃ µ{²X¸�²¿ºJµ�´¶°\²#�)Â6ÌKºJ·y²¿Â�»{µ

x
¸K°R¼

z
�Á³R´¶·X³r¼RºJ°RÂ}²¿º;²¿³Rº*¼R´�à¾ºJ»{ºJ°�²¿´¶¸KÀN¸K°R¼

²¿³,ºË¸}À(��º8½R»¿¸K´�·�µ{²¿¸}²¿º�ÌKºJ·8²�Â�»�µ8ÉL»�ºJµ{¹¾º8·8²�´�Ì�º8À�Ä��
�Ç³RºÉ�HÃ5ÂKÀÜ¸K»E�$q@º8²�³ª¸K°RÂKÀ¾·8Â�°R·Jº8°�²¿»¿¸�²¿´¶ÂK°Rµ�´�°5»{ºJ½NÂ�´¶À�ºJ»8É�Â�°\²�³Rº¡;�	
²�»¿¸CÄnµJÉ�¸K°R¼r´�°\²�³Rº;·JÂ�°R¼,ºJ°Rµ{ºJ»

X`
ÅHÂ�»

` = 0, 1, . . . , N +1
¸K»{ºÁ²�³Rº��ª»�µF²�;b¨�·8Â�Ã5¹NÂ�°Rº8°�²¿µ�ÂKÅ_²�³RºÁ¼R´�à¾ºJ»{ºJ°�²¿´¶¸KÀRµ{²¿¸}²¿ºÁÌ�º8·8²�Â�»

x
É,¸K°,¼

²¿³,ºÍÃ\Â�À¶¸K»�²�»¿¸CÄ�³RÂ�À�¼RÿR¹Rµ
n`

ÅHÂ�»
` = 1, . . . , N

¸K»�º�²�³Rº
µ�ºJ·8Â�°R¼�;&	�·JÂ�Ã\¹¾ÂK°RºJ°�²¿µW�
�Ç³RºÖÀ¶´�©TÿR´¶¼�¸K°R¼§Ì}¸K¹NÂ�» �HÃ5ÂKÀÜ¸K»E�uÕRÿ4.�ºJµ

L`

¸K°R¼
V`

�
` = 1, 2, . . . , N

� Â�ÿ,²¥Â}Åp²�³Rº
;&	d²�»¿¸CÄnµ ¸Kµ¥��ºJÀ¶À1¸Kµ ²¿³,º ;b¨ ²¿º8Ã5¹NºJ»�¸}²¿ÿR»{ºJµ

T`
�
` = 0, 1, 2, . . . , N + 1

� ÂKÅp»�ºJ½NÂ�´�À¶ºJ»8É
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²¿»�¸CÄ�µ¥¸K°R¼m·JÂK°R¼RºJ°,µ�ºJ»¥ÅHÂK»�Ã ²¿³Rº �N¨�¨ ·8Â�Ã5¹NÂ�°Rº8°�²¿µ¥ÂKÅâ²�³RºÖ¸KÀ���ºJ½,»¿¸K´�· µF²X¸}²�ºcÌ�º8·8²�Â�»

z =
(L1, . . . , LN , V1, . . . , VN , T0, . . . , TN+1)

T � , à;ÂK²¿º ²¿³R¸}²�Ãr¸}°TÄ3¸KÀ(��º8½R»¿¸}´¶·@Ì}¸K»{´Ü¸K½,À¶ºJµ5²¿³ª¸}²�·J¸K°ºC¸}µ�´¶ÀÈÄk½Nº5º8À¶´�Ã5´�°ª¸}²¿º8¼ó�ã¸}µÍº_�\���
hL`
É
P s
k (T`)

É
V0
É�ºy²¿·_�S��¼,Â@°RÂ}²Ë·8Â�ÿR°�²Ë¸KµË¸KÀ(��º8½R»¿¸}´¶·6Ì}¸K»{´Ü¸K½RÀ�ºJµ�´�°

²¿³,´¶µÛÅHÂ�»{ÃÑÿRÀÜ¸�²¿´¶ÂK°2�
�Ç³Rº�²#��Â�·JÂ�Ã\¹NÂ�°RºJ°�²�µ)ÂKÅ®²�³Rº�·8Â�°�²¿»�ÂKÀNÌKºJ·8²�Â�»

u = (Lvol, Q)
T ¸}»�º*²�³Rº�ÌKÂ�À¶ÿRÃ\º8²�»�´�·;»{º8Õªÿ�.rÕªÂ
�

Lvol

É_¸}°R¼]²¿³,º6³RºJ¸}²�´�°R¹Rÿ,²
Q
É¾²¿³R¸}²�¼,º8²¿º8»�Ã\´¶°Rº8µ�´�Ã5¹RÀ�´¶·8´�²¿ÀÈÄI²¿³RºÑÃ\Â�À¶¸K»ÛÌ}¸K¹¾ÂK»;Õªÿ�.

V0
Â�ÿ,²*ÂKÅ>²¿³,º

»�º8½¾ÂK´¶À¶º8»'� þ À¶À�»�º8Ãr¸K´�°R´¶°���µ{Änµ{²�ºJÃm¹ª¸}»¿¸KÃ\º8²�ºJ»�µ8É®´=� º��ÈÉ
nv
0

É
Ptop

É
nv
N+1

É
∆P0,... ,N

É
nref
1,... ,N

É
α1,... ,N

É
Fvol

É
XF

É
W1,... ,N

É
TF
É
Qloss

ÉR¸K°R¼
TC
Éª·J¸K°�½¾º�µ{ÿR½Rµ�ÿ,Ã5º8¼]´¶°�¸ÑÌ�º8·8²�Â�»

p
�

�Ç³Rº.ºW©Tÿª¸}²¿´�Â�°RµÌ��N��cN����e��N����
	���¸K°R¼ �
N4�X¨����«��N4�\­&��¸K»�º ²�³Rºm:�¨Ø¼R´Aà_º8»�º8°T²�´Ü¸KÀ�º'©Tÿª¸}²�´¶Â�°Rµ
f
É�¸K°R¼

��N����NÅ��eÉ}�
N4���
¨����«��N4�A�D;b�XÉL¸K°R¼Ì��N����N��ÅHÂK»�Ãd²�³Rº��N¨�¨Ñ¸KÀ���ºJ½R»�¸K´¶·�º'©Tÿª¸}²�´¶Â�°Rµ
g
ÂKÅ�²¿³Rº
µ{ÄnµF²¿ºJÃ8�

þ Åt²�ºJ»
µ�ÿR½,µ{²¿´È²¿ÿ,²�´¶°��
ṅ`
´�°   ©TµW���
N4�ON����«��N4�A�
	&��¸K°,¼Ô¼R´ÈÌn´¶¼R´�°��r²¿³,ºJµ�º\º'©Tÿª¸�²¿´¶ÂK°Rµ
½TÄ

n`
ÉÈ��º5·J¸K°

µ�ÿ,Ã5Ã5¸K»�´�5Jº�²�³Rº�� þ�  µ{ÄnµF²¿ºJÃ�É��Á³R´�·X³@³ª¸}µ;´�°R¼Rº
.�Â�°Rº}Éª´¶°�²¿³Rº�ÅHÂ�À�À¶Â
�Á´¶°��6ÅHÂ�»�Ã8)

ẋ(t) = f(x(t), z(t), u(t), p)
��N4�A�
?&�

0 = g(x(t), z(t), u(t), p).
��N4�A�8N��

�Ç³Rº�º8Ã5¹RÀ�Â�Ä�ºJ¼�Ì}¸KÀ�ÿRºJµ)ÅHÂK»)²¿³Rº�¹ª¸K»¿¸}Ã5ºy²¿ºJ»{µ
p
³ª¸CÌ�º�½NºJº8°�ºJµ{²�´¶Ã5¸}²¿º8¼�¸K°R¼�¸K»{º�À¶´�µ{²¿º8¼�´¶°!��¸K½,À¶º N4�A�

´¶°rÆ�º8·8²¿´�Â�°rN��S¨4� þ ·8Â�Ã5¹,À¶º8²�ºË»{º8ÅHº8»�ºJ°,·JºË²�Â5²�³RºËÃ5¸}²�ºJ»�´¶¸KÀh¹R»{Â�¹NºJ»{²±Ä�ÅHÿR°,·8²¿´�Â�°Rµ
V m(x, T )

É
P s
k (T )

É
hL(X, T )

ÉL¸K°R¼
hV (Y, T, P )

´¶µì��´ÈÌ�ºJ°�´¶° þ ¹R¹NºJ°R¼R´/. &¡�

´IñE� µ�øÛûÓøÛôBù �W���
ûP�yõo� õ�FÚû}��ø úäÛ!ÙhûÓøÁù óô��ôc�Íù øÛûÓøÛô�Ù
�±°Z²¿³RºI¸K·y²¿ÿª¸}Às¸K¹R¹RÀ�´¶·C¸�²¿´¶ÂK°hÉ¾²�³Rº�¹¾º8»{ÅHÂ�»{Ãr¸}°R·Jº�ÂKÅ)àÛq�7�s ·J»�ÿ,·J´Ü¸}À¶À�Ä�¼Rº8¹¾º8°R¼RµÍÂ�° ²¿³Rº�©Tÿª¸KÀ�´�²±Ä@ÂKÅ
²¿³,º\Ã\Ân¼RºJÀ@��s)Â�°Rµ{´¶¼Rº8»�´¶°���²�³R´¶µ�Å×¸}·8²CÉÓµF²¿ºC¸}¼,ÄZµ{²¿¸}²¿º\¸K°R¼/Â�¹NºJ°43ÒÀ¶ÂnÂ�¹ ¼,Än°ª¸KÃ\´¶·6º�.�¹¾º8»�´�Ã5º8°T²�µË³R¸�ÌKº
½NºJºJ°.¹¾º8»{ÅHÂ�»{Ã5º8¼2����Â@Â�½,²¿¸K´¶°/Ã5ºJ¸Kµ�ÿ,»�ºJÃ\ºJ°�²�µ6ÂKÅÛ²�³Rº\¼,Än°ª¸KÃ\´¶·\½¾º8³ª¸CÌ�´�Â�ÿR»ÍÂKÅ)²�³Rºr·8Â�À¶ÿ,Ã5°/µ{²�ºJ¹
·X³ª¸K°���ºJµ�´�°]²¿³RºÍÅHºJº8¼/»�¸}²¿º

Fvol

¸K°,¼ ·JÂ�Ã\¹¾ÂKµ�´�²�´¶Â�°
XF

ÉN²¿³RºÑ»{º8Õªÿ�. »¿¸�²¿º
Lvol

É_¸K°R¼ ³RºJ¸}²�´¶°,¹Rÿ,²
Q��ºJ»�ºË¹¾º8»{ÅHÂ�»{Ã5º8¼2�Kq�ºC¸Kµ{ÿR»�º8Ã5º8°T²�µ�ÂKÅì������;b¨Ñ²¿º8Ã5¹NºJ»�¸}²¿ÿR»{ºJµ

T0, . . . , TN+1

�)º8»�ºÍ²X¸�0}ºJ°]²�Â5Â�½�²X¸K´�°
¸ËÀ�ºC¸KµF²)µ$©Tÿª¸K»�º8µ��R²)ÂKÅh²¿³,º�µ�´�ÃÑÿRÀ¶¸}²¿º8¼\²�ÂË²¿³,º�Â�½Rµ{ºJ»FÌ�ºJ¼�½NºJ³ª¸CÌn´¶ÂKÿR»'�c�Ç³,º�¸K¼R¼R´È²¿´�Â�°ª¸KÀª¸}µ�µ�ÿ,Ã5¹,²�´¶Â�°,µ
ÅHÂ�»�²�³R´¶µ+�R²
¸K»{ºÑ²¿³ª¸}²�²¿³RºÑ²�»¿¸CÄkºyÊ5·8´¶º8°R·J´�ºJµ
¸K»{ºÑ·JÂ�°,µ{²X¸}°T²ÍÂ�° ºJ¸K·X³ZÂKÅs²¿³RºÑ²#��Â�·JÂ�À�ÿRÃ\°kµ�º8·8²¿´�Â�°Rµ8É
´=� º��ÈÉ

α1 = . . . = αNF

¸K°R¼
αNF+1 = . . . = αN

ÉL²�³ª¸}²Á²¿³,ºË¹R»{ºJµ{µ�ÿR»{º6À¶ÂKµ�µ�º8µ�¸}»�ºÍ·JÂ�°RµF²X¸K°�²*Â�°�½¾ÂK²�³
µ�º8·8²�´¶Â�°RµW)

∆P0 = . . . = ∆PNF−1

¸}°R¼
∆PNF
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¼,Än°ª¸KÃ\´¶·
º
.,¹NºJ»{´¶Ã\ºJ°�²¿µ8ÉLº�.�¹RÀ¶ÂK´�²¿´�°���½NÂK²¿³hÉLº8°���´¶°,ºJºJ»{´¶°��\´¶°�²�ÿR´�²�´¶Â�°�¸K°,¼]¸K¼�ÌK¸}°R·Jº8¼kµ�ÂKÅt²#�)¸K»{ºÍ²�Â�Â�À�µ'�
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ẋ(t)− f(x(t), z(t), um(t), p) = 0, t ∈ [0, T ],

g(x(t), z(t), um(t), p) = 0, t ∈ [0, T ].
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ÅHÂ�»�¸K° º�.�¹NºJ»�´�Ã5º8°�²�´¶°�Ì�ÂKÀ�Ìn´¶°��r¸�µ{²�ºJ¹ ·X³ª¸K°���º�´¶°]²�³RºÑ»{º8Õªÿ4.
Lvol
Éh¸K°R¼ µF²X¸K»F²¿´�°���¸}²*²¿³Rº�°RÂKÃ5´�°ª¸KÀ

Â�¹NºJ»�¸}²¿´�°���·8Â�°R¼R´È²¿´¶ÂK°Rµ'�K�Ç³RºÛ·JÂKÃ5¹ª¸}»�ºJ¼Ñ²�ºJÃ\¹¾º8»¿¸}²�ÿR»�º�¹R»�Â_�ªÀ¶º8µBµ�³RÂ
�p²¿³ª¸�²�²¿³,ºÇÃ5º8¼R´¶ÿRÃÎ²�´¶Ã\º�µ{·C¸KÀ�º
¼,Än°ª¸KÃ\´¶·8µÁ¸K»�º
·J¸K¹,²¿ÿ,»�ºJ¼���ºJÀ¶À®½�Ä�²�³Rº
Ã5Ân¼Rº8À=�
þ °r¸
¹NÂ�µF²¿ºJ»{´¶Â�»{´R²¿º8µ{²�ÂKÅ_²�³RºÁÃ5Ân¼Rº8Àª·C¸K°\½¾ºÁµ{ºJºJ°5Â�°I²¿³Rº;»�´���³�²s³ª¸K°R¼\µ�´�¼RºÁÂKÅÈ¬�´�����N��SÅ�É&�Á³Rº8»�º*¸

µ�´�ÃÑÿRÀ¶¸}²¿´�Â�°��Û¸Kµ�¹¾º8»{ÅHÂ�»{Ã5º8¼ÑÿRµ�´�°���²�³Rº)µ�¸KÃ5º�·JÂ�°�²�»�Â�À�¹R»�Â��RÀ¶ºJµ�¸Kµ�´�°Ñ¸�·8À¶Â�µ{ºJ¼43ÒÀ¶ÂnÂ�¹6º
.�¹¾º8»�´¶Ã\ºJ°�²ì�×·8Å[�
¬�´����[N4���';b�yÉ��Á´�²¿³@Ì�ºJ»FÄkÀ¶¸K»���ºÍµ{²�ºJ¹Rµ�´�°

Lvol

���Ç³RºÑ²�´¶Ã\ºË³RÂK»�´(58Â�°k´�µ�µ�³,Â�»{²�ºJ»�¸K°,¼]²¿³Rº6·JÂ�Ã\¹ª¸K»{´¶µ�ÂK°
µ�³,ÂN�ÁµÁ²¿³R¸}²Ç²¿³Rº�Ã\Ân¼RºJÀh¼,Â�º8µÇ»�Â�ÿ��K³RÀ�Är·C¸K¹,²�ÿR»�º�µ{³RÂ�»F²;²�´¶Ã\º�µ�·J¸KÀ¶º�º�à_º8·8²�µÁ²�³ª¸}²;¸K»{º�¼RÿRº�²¿ÂI³�Än¼R»�Â^3
¼,Än°ª¸KÃ\´¶·8µJÉh´�°k·JÂK°T²�»¿¸KµF²�²¿Â�¸K° ºW©TÿR´¶À�´¶½R»{´¶ÿRÃ Ã\Â�¼,ºJÀ�ÉL²¿³R¸}²�·C¸}°R°RÂK²
»{ºJ¹R»{Â�¼Rÿ,·JºÑ²¿³,ºÑ·JÂ�»{»�º8µ�¹NÂ�°R¼R´�°��
¼Rº8ÀÜ¸CÄnµo�H¼RÂK²{²¿ºJ¼�À¶´�°Rº
�¡�×·8Å[�ÓÝh�Ûd+¬ + 	��p)<���

´Iñ$Õ � Ý�ûP�8ù �Í÷ØÜ õo��û®ô�õË÷Øó¥ô�õËö�÷yøÁù ¶rõ
ôBù ü�÷W�
ûP�yõo�
�Ç³RºÍ·JÂ�°�²�»�Â�ÀÓ¸K´�Ã ´�µÛ²¿Â\Ãr¸}´¶°�²X¸K´�°r²¿³,ºÍµ{¹¾º8·J´A�ª·C¸}²�´¶Â�°,µ;ÂK°�²�³Rº
¹R»�Ân¼RÿR·y²;¹RÿR»�´È²¿´�ºJµ

X0

¸}°R¼
XN+1

´�°
»�º8½¾ÂK´¶À¶º8»Ç¸K°R¼�·JÂK°R¼RºJ°,µ�ºJ»;¼Rº8µ�¹R´È²¿º
¼R´¶µF²¿ÿR»{½ª¸K°R·8ºJµW�
þ µ5ÿRµ�ÿª¸}À;´�°�¼,´¶µ{²�´¶À�ÀÜ¸}²�´¶Â�°Ô·JÂ�°�²¿»{Â�À�É�²¿³Rº�·JÂK°R·Jº8°T²�»¿¸}²�´¶Â�°,µ

X0
¸K°,¼

XN+1
¸K»�º�°RÂK²\·JÂK°T²�»�Â�À�À¶º8¼

¼R´�»�ºJ·y²¿ÀÈÄ��k´¶°RµF²¿ºC¸}¼hÉ�¸K°Ô´�°,ÅHºJ»{ºJ°�²¿´¶¸KÀB·8Â�°�²¿»�ÂKÀ>µ�·X³Rº8Ã5º��Á³R´¶·X³Ô·JÂ�°�²�»�Â�À�µ�²¿³Rº\¼Rº8Ìn´¶¸}²¿´�Â�° ÂKÅ)²�³RºI·JÂ�°�3
·Jº8°�²¿»¿¸�²¿´¶ÂK°RµÇÂ�°�²¿»�¸�Är�D;I¸K°R¼�¨�:6ÅH»{Â�Ã ¸��K´�Ì�º8°�µ�º8²�¹¾ÂK´¶°�²Ç´¶µÇÿ,µ�ºJ¼e�x�Ç³,ºJµ�º�²#��Â5·8Â�°R·8ºJ°�²¿»�¸}²¿´�Â�°RµÁ¸K»{º
ÃÑÿR·X³/Ã\Â�»�ºÑµ{ºJ°Rµ{´�²�´�Ì�º�²�Â�·X³R¸K°���º8µÍ´�°k²¿³RºI´�°R¹Rÿ,²�µ�ÂKÅ�²�³Rº�µ{ÄnµF²¿ºJÃ§²�³ª¸K°Z²¿³Rº�¹,»�Ân¼RÿR·8²
·8Â�°R·8ºJ°�²¿»�¸^3
²¿´�Â�°RµWý�´�ÅL²¿³RºyÄI¸K»{º�0}ºJ¹,²�·8Â�°Rµ{²¿¸K°�²CÉ�²¿³,º;¹,»�Ân¼RÿR·8²s¹,ÿR»�´È²¿´¶º8µ>¸K»{ºÇµ¿¸}ÅHº8À�ÄÑÃ5¸K´�°T²¿¸K´¶°,ºJ¼ÑÅHÂ�»>¸�À¶¸K»���º)»¿¸K°��Kº
ÂKÅs¹R»{Â�·8ºJµ{µ�·JÂ�°,¼R´�²�´¶Â�°RµW� þ µ�·JÂK°R·Jº8°T²�»¿¸}²�´¶Â�°,µ�¸K»{º6¼R´ÈÊ5·8ÿRÀ�²;²¿ÂrÃ5ºJ¸Kµ�ÿR»{ºKÉ��)ºÑ·8Â�°Rµ{´¶¼Rº8»�´¶°RµF²¿ºJ¸K¼]²¿³,º



:�kRæ Â è�~«tCî�è v è�+ sÌç uãéWt
u v�v�s tNu×è�~ Â è v@{ Ä�~
²¿»�¸CÄÌ�#"�ð¡�U"��$���@¦��E"1 �ÉC�Á³R´¶·X³]·JÂ�»{»�ºJµ{¹¾ÂK°R¼k¼R´�»�ºJ·y²¿ÀÈÄ�²¿Â5²�³Rº6·8Â�°R·8ºJ°�²¿»�¸}²¿´�Â�°Rµ*Ìn´¶¸\²¿³,º þ °T²�Â�´¶°,º6º'©Tÿª¸N3
²¿´�Â�°2�c�±°5²¿³Rº;ÅHÂ�À¶À�ÂN�Á´�°����)º+�Á´¶À¶ÀLÿRµ{º�²¿³,º�¹R»{Â^B{ºJ·y²¿´¶ÂK°

T̃ z := (T28, T14)
T ²�Â6º
.�²�»¿¸K·y²Û²¿³,º�·JÂK°T²�»�Â�À�À¶º8¼²¿º8Ã5¹NºJ»�¸}²¿ÿ,»�ºJµ*ÅH»�Â�Ã ²¿³,º6Ì�º8·8²¿ÂK»

z
É®¸K°R¼]¼RºW�ª°,º

T̃ref :=
(

T ref
28 , T

ref
14

)T
= ( 70 ◦C, 88 ◦C )T

ÅHÂ�»
²¿³,ºÍ¼,ºJµ�´�»�º8¼@µ{º8²¿¹NÂ�´�°T²�µ'�
¸��
	���� ��������X�T �����9���.ÿ��1���!�t¹b
����$��
����
ç�v t p î_~ s tNu�Ð pÑç��{ç�v g p</ î s u |�Â è�~�éWt�î s u�~«t é��¦u þ ¼,ºJµ�´�»�º8¼�µ{²¿ºJ¸K¼,ÄËµ{²¿¸}²¿º

xS
É
zS
É�¸}°R¼6²¿³,ºÛ·JÂ�»{»�º
3

µ�¹NÂ�°R¼,´¶°��Í·JÂ�°�²�»�Â�À
uS
·JÂKÿRÀ¶¼\´¶°I¹R»{´¶°R·8´¶¹RÀ�ºÇ½¾º;¼Rº8²�ºJ»{Ã5´�°RºJ¼hÉ�ÅHÂ�»���´ÈÌ�º8°r¹ª¸K»�¸KÃ\º8²¿º8»�µ

p
É�¸Kµ�¸Ëµ{Â�À¶ÿ�²¿´¶ÂK°

ÂKÅ�²¿³Rº
µF²¿ºC¸}¼,Ä�µ{²¿¸}²¿º
º'©Tÿª¸�²¿´¶ÂK°
f(xS, zS, uS, p) = 0,

g(xS, zS, uS, p) = 0,

T̃ zS − T̃ref = 0.

á*º8»�ºr²�³RºrÀ¶¸Kµ{²6º'©Tÿª¸}²�´¶Â�°.»�ºJµF²¿»{´¶·8²�µË²�³Rº�µ{²�ºC¸K¼�Ä.µF²X¸}²�ºr²¿Âkµ�¸}²¿´�µ{ÅtÄZ²¿³,º�´¶°,ÅHº8»�º8°T²�´Ü¸KÀs·8Â�°�²¿»�ÂKÀ)¸K´�ÃmÂKÅ
0Kº8ºJ¹R´�°��r²�³RºË²�ºJÃ\¹¾º8»¿¸}²�ÿR»�º8µ�¸}²;²¿³Rº���.�ºJ¼k»{º8ÅHº8»�ºJ°,·Jº6Ì}¸KÀ�ÿRºJµW���Ç³,ºÑ°RºJ·8ºJµ{µ¿¸K»FÄk¼RºW��»�º8ºJµ�Â}ÅBÅH»�º8ºJ¼RÂ�Ã
¸K»{º�¹R»�Â�Ìn´¶¼Rº8¼Z½TÄ]²¿³Rº�²#��Â@·8Â�Ã5¹NÂ�°Rº8°�²¿µ�ÂKÅ�²¿³Rº�µF²¿ºJ¸K¼,Ä µF²X¸}²�º\·8Â�°�²¿»{Â�À¶µ

uS
�o�Ç³,´¶µÍ¸K¹R¹R»{Â�¸K·X³6�)¸Kµ

ÿRµ{ºJ¼]´�°�²¿³Rº��ª»{µ{²;µ�º8»�´�ºJµ;ÂKÅ�°TÿRÃ\ºJ»{´¶·J¸KÀ®¸K°R¼�º
.,¹NºJ»{´¶Ã\ºJ°�²X¸}Àh²¿ºJµF²¿µÍÝh�Û&ìÆ + 	��KÉU�Ûd¡¬ + 	�� )@�
ç�v t p î_~ s tNu�Ð p����$Ë ~ zÎq è�u�~«t Â è�~�éWt�î s u�~«t��8u �±°r²¿³,º�¹R»¿¸}·8²¿´�·C¸KÀL·8Â�Ã5¹,ÿ,²X¸}²�´¶Â�°,µ�´�°r²¿³R´�µ�²�³RºJµ{´¶µ8É
³RÂ
��º8Ì�º8»JÉ���º)³ª¸CÌKºÇ¸K¼RÂ�¹�²¿ºJ¼6¸K°Ñ¸}À�²¿º8»�°ª¸�²¿´�ÌKº�¸K¹R¹R»{Â�¸K·X³Ë²�Â�¼Rºy²¿º8»�Ã\´¶°Rºs²¿³Rº�¼Rº8µ�´¶»{ºJ¼ÑµF²¿ºJ¸K¼,ÄÍµ{²¿¸}²¿º_)Ó²�Â
²¿³,´¶µ�ºJ°R¼�°RÂ}²¿º�²�³ª¸}²�²¿³Rº�µ{²�ºC¸K¼,ÄËµ{²¿¸}²¿º

xS
É
zS
ÅHÂ�»}��´�ÌKºJ°

p
¸K°R¼

uS
·JÂKÿRÀ¶¼ÑºW©Tÿª¸KÀ¶ÀÈÄ
½¾º�¼Rº8²�ºJ»{Ã5´�°RºJ¼Ë½TÄ

¸K°Í´¶°�²¿ºW��»¿¸�²¿´¶ÂK°ÍÂ}Å,²¿³,º�Ã\Â�¼,ºJÀb� þ�  Â�Ì�º8»�¸;µ�ÿ,Ê\·J´�ºJ°�²¿ÀÈÄ
À¶Â�°��Á²�´¶Ã\º>³RÂ�»{´(5JÂK°��Á´È²¿³Í·JÂ�°RµF²X¸K°�²�·JÂ�°�²�»�Â�À�µ
uS
ÉNÄn´�ºJÀ¶¼,´¶°��

xS
É
zS
¸Kµ��ª°ª¸}À�Ì}¸KÀ�ÿRºJµ8ÉC�Á³,´¶·X³ ¸K»{ºË¹,»¿¸K·y²¿´¶·J¸KÀ¶ÀÈÄ�´¶°,¼RºJ¹NºJ°R¼,ºJ°�²�ÂKÅ�²¿³RºË´¶°R´È²¿´Ü¸}À¾Ì}¸KÀ¶ÿ,ºJµ'�

�Ç³RºI»�ºW©TÿR´¶»{ºJÃ\ºJ°�²
²¿³ª¸}²�²�³Rº�µ{²�ºC¸K¼�ÄZµ{²X¸�²¿º�µ�³,Â�ÿRÀ¶¼Zµ�¸}²¿´�µ{ÅtÄ
T̃ zS = T̃ref

·C¸K° ²¿³,ºJ°/½¾ºÑÅHÂ�»{ÃÑÿRÀ¶¸}²¿º8¼
¸KµÁ¸��ª°ª¸}À®µ{²X¸�²¿º�·JÂK°Rµ{²�»¿¸K´�°T²Ç²�³ª¸}²Á´�Ã5¹RÀ�´¶·8´�²¿ÀÈÄ�¼Rºy²¿ºJ»{Ã5´�°RºJµ

uS
�$�ÔºÍº8Ã5¹,À¶Â�Ä5²�³R´¶µÇµ{ºJ·8Â�°R¼k¸}¹R¹R»�Â�¸K·X³

²¿Â�¼,º8²¿º8»�Ã\´¶°Rº
uS
½�Äkÿ,µ�´¶°���¸K°Z¸K¼R¼R´È²¿´�Â�°ª¸KÀ�À¶Â�°���¹R»�º8¼R´¶·y²¿´�Â�°k´¶°�²�ºJ»{Ì}¸KÀ�¸}²�²�³RºÑºJ°,¼/Â}Å�²�³Rº�·JÂK°T²�»�Â�À

³RÂ�»{´(58Â�°1´¶°Ô²¿³Rº5¹R»�Â�½,À¶ºJÃïÅHÂ�»{ÃÑÿRÀÜ¸�²¿´¶ÂK°2��à*ÂK²�ºr²¿³ª¸�²6²¿³,º�ÿRµ�ºrÂKÅÁ²¿³R´�µÑ¸K¹R¹,»�Â�¸K·X³â¼,Â�º8µÑ°RÂK²6·C¸KÿRµ{º
¸K¼R¼,´�²¿´�Â�°ª¸KÀ>°TÿRÃ\ºJ»{´¶·J¸KÀ�º�à_ÂK»{²Ñ´ÈÅÁ¸]¹R»{ºJ¼R´�·8²�´¶Â�°1³,Â�»�´�5JÂ�°Ô´¶µ6º8Ã5¹,À¶Â�Ä�º8¼â¸K°�Äb�Û¸CÄ�ýÛÂ�°.²�³Rºr·8Â�°�²¿»�¸K»{ÄKÉ
²¿³,´¶µÛÅHÂ�»{ÃÑÿRÀÜ¸�²¿´¶ÂK°�¸CÌ�Â�´�¼RµÁ´¶°�²¿»{Â�¼Rÿ,·J´¶°��I¸K¼R¼R´È²¿´¶ÂK°ª¸KÀLÌK¸}»�´Ü¸}½RÀ¶º8µ

xS
É
zS
´¶°�²¿Â�²�³RºÍà¡*P7K�

¸��
	���� º ª��¬» _ ��
�¹b���5�������^�t��� S �t�9�Û���a¹
-�/10'p�| tNuÑÐ p ­ { ~ | tNuHè�~�u �Ç³RºrÂ�¹NºJ°�3±À¶ÂnÂ�¹ZÂ�½�B{º8·8²�´�Ì�º5´¶µ
ÅHÂ�»�Ã6ÿRÀÜ¸}²�ºJ¼Ô¸Kµ
²¿³Rº5´¶°�²¿ºW��»¿¸KÀsÂKÅÛ¸@À�ºC¸KµF²
µ�©Tÿª¸}»�ºJµÁ²¿º8»�Ã

L(z, u, uS) := ‖T̃ z − T̃ref‖22 + ‖R(u− uS)‖22 ,
��N4�X¨4�N�

�Á³Rº8»�ºr²�³Rº�µ�º8·JÂ�°,¼1²¿ºJ»{Ã ´�µË´�°�²¿»�Ân¼RÿR·8ºJ¼1ÅHÂ�»Í»�ºW��ÿRÀ¶¸K»�´�5C¸}²�´¶Â�°hÉP�Á´�²�³1¸]µ{Ãr¸}À¶Às¼R´Ü¸_��Â�°ª¸KÀ���ºJ´���³�²¿´¶°��
Ã5¸}²¿»{´A.

R =

(

0.05 ◦C h l−1 0
0 0.05 ◦C kW−1

)

.



Ô«j�Êe- ÓPtNu@Ä sUvìÂ è�~«t�î è v§q î è /�vÑp Ä ­ èNî^Ä {}v�s t
u×è�~ :4kC�

q î p�z u | t
u×è�~Îí'~�t p îNÐ sUv u ��Â ºJ°Rµ{ÿR»�º�°RÂKÃ5´�°ª¸KÀsµ{²¿¸K½R´¶À�´�²±ÄZÂKÅÇ²�³Rº�·8À¶Â�µ{ºJ¼43ÒÀ¶ÂnÂ�¹.µFÄ�µF²¿º8Ã@É�¸K°â¸}¼R¼R´A3
²¿´�Â�°ª¸KÀÓ¹R»{ºJ¼R´�·8²�´¶Â�°@´¶°�²¿º8»{Ì}¸KÀ

[t0 + Tc, t0 + Tp]
´¶µ�¸}¹R¹¾º8°R¼Rº8¼k²¿Âr²�³RºÑ·JÂK°T²�»�Â�À�³RÂ�»{´(58Â�°

[t0, t0 + Tc]
É

�Á´�²�³Ñ²¿³Rº)·JÂ�°�²¿»{Â�À¶µK��.�ºJ¼�²¿Â�²�³RºÛµ�ºy²¿¹NÂ�´¶°�²BÌ}¸KÀ�ÿRºJµ
uS
�K�Ç³RºÇÂ�½�B{º8·8²�´�Ì�ºÇ·8Â�°�²¿»{´¶½Rÿ,²�´¶Â�°6ÂKÅL²¿³R´�µ�´¶°�²�ºJ»{Ì}¸KÀ

¹R»{Â Ìn´�¼RºJµ6¸K°Ôÿ,¹R¹¾º8»6½NÂ�ÿR°R¼ÔÂKÅ)²�³Rº\°Rº'��À�ºJ·y²¿ºJ¼ÔÅHÿ,²¿ÿR»{º5·8Â�µ{²�µË²�³ª¸}²Ë¸K»�º\¼RÿRºr¸}Åt²¿º8»�²¿³Rº5ºJ°R¼ÔÂKÅÛ²¿³,º
·JÂK°T²�»�Â�À�³RÂ�»{´(5JÂK°hÉK´ÈÅª´�²�µ�À¶º8°��K²�³Ñ´¶µBµ{ÿ,Ê\·J´�ºJ°�²¿ÀÈÄ6À¶¸K»���º¡�×·yÅ[��Æ�º8·������\;��A�N�
� þ À�ºJ°��}²¿³ÑÂKÅ

Tp−Tc = 36000µ�º8·JÂ�°,¼Rµ�³ª¸Kµ�½NºJº8° ·JÂ�°Rµ{´¶¼Rº8»�º8¼Z²�Â�½NºÑµ�ÿ,Ê\·8´¶ºJ°�²
´�° ¸KÀ¶ÀÓ¹NºJ»FÅHÂ�»�Ã\ºJ¼ º
.,¹NºJ»{´¶Ã\ºJ°�²¿µW�
à*ÂK²�º6²¿³R¸}²�²¿³,º
Â�¹,²�´¶Ã\´(58ºJ¼Iµ{Änµ{²�ºJÃÆµ{²¿¸}²¿º

x(t0+Tc)
¸}²s²�³Rº� ��ß���
�sÂKÅ_²�³R´¶µs´�°T²�ºJ»FÌK¸}À}�×´=� º��ÈÉT¸}²s²¿³,º*º8°R¼rÂKÅ¾²¿³Rº;·JÂK°T²�»�Â�À

³RÂ�»{´(58Â�°C�)´¶µÇ´�°�¹R»¿¸K·y²¿´�·Jº
¸KÀ�»�ºC¸}¼,ÄrÌKºJ»{Ä�·8À¶Â�µ{º�²¿Â�²¿³Rº
¼Rº8µ�´�»�ºJ¼�µ{²�ºC¸K¼�Ä�µ{²¿¸}²¿º�Ì}¸KÀ¶ÿ,º
xS
�

q î�è /Kv�p Ä ­ èLî^Ä {}vÑs tNuHè«~
�Ç³Rº
»�º8µ�ÿRÀÈ²¿´�°��IÂ�¹,²¿´�Ãr¸}À_·JÂK°T²�»�Â�À_¹R»�Â�½,À¶ºJÃd´¶µÛÅHÂ�»{ÃÑÿRÀÜ¸�²¿ºJ¼�¸}µÛÅHÂ�À¶À�ÂN�ÁµW)

min
u(·),x(·),p,uS

∫ t0+Tp

t0

{

∥

∥

∥T̃ z(t)− T̃ref

∥

∥

∥

2

2
+ ‖R(u(t)− uS)‖22

}

dt
��N4�X¨�¨��

µ�ÿ,½�B{ºJ·y²*²�ÂI²�³Rº
Ã5Ân¼Rº8ÀÈ� þ� 

ẋ(t) = f(x(t), z(t), u(t), p)
0 = g(x(t), z(t), u(t), p)

ÅHÂ�»
t ∈ [t0, t0 + Tp].

�±°R´È²¿´Ü¸}ÀTÌ}¸KÀ�ÿRºJµ�ÅHÂ�»�²�³RºÛ¼R´Aà_º8»�ºJ°�²�´Ü¸KÀnµ{²¿¸}²¿º8µ>¸K°R¼ÑÌ}¸KÀ�ÿRºJµ�ÅHÂK»�²¿³,ºÛµ{Änµ{²�ºJÃ0¹R¸K»¿¸KÃ\º8²�ºJ»{µB¸K»{ºÛ¹R»�º8µ�·8»�´¶½NºJ¼e)

x(t0) = x0,

p = p0.

Æn²¿¸}²¿ºÍ¸K°R¼�·8Â�°�²¿»�ÂKÀ®´¶°RºW©nÿR¸KÀ¶´È²±Ä�·JÂK°Rµ{²�»¿¸K´�°T²�µÁ¸K»�º�ÅHÂ�»{ÃÑÿRÀ¶¸}²¿º8¼�½TÄ

h(x(t), z(t), u(t), p) ≥ 0 t ∈ [t0, t0 + Tp],

�Á³Rº8»�º
h := (D,B)T

´¶µ�²�³Rº6ÅHÿR°R·y²¿´�Â�° ·C¸KÀ�·JÿRÀ¶¸}²¿´�°��5²�³RºÑÕªÿ4.�º8µ
D
¸}°R¼

B
Â�ÿ,²�Â}Å�·8Â�°R¼Rº8°Rµ�º8»Í¸K°R¼
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�Ç³Rº µ{²�ºC¸K¼�Äuµ{²¿¸}²¿º ·8Â�°�²¿»{Â�À
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u
´�µ

·JÂK°Rµ{²¿¸K°�²*ÂK°�²�³Rº
À¶Â�°���¹,»�ºJ¼,´¶·8²�´¶Â�°�´�°T²�ºJ»FÌK¸}À

u(t) = uS
ÅHÂ�»

t ∈ [t0 + Tc, t0 + Tp],

¸K°R¼�½�Ä�²¿³,º>�R°ª¸KÀ®µ{²¿¸}²¿º
·8Â�°Rµ{²�»¿¸K´�°�²

T̃ z(t0 + Tp)− T̃ref = 0.
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Ê P @4;>C<=R;�KO@lC&= L @ P B�K>; M K>=�KO]&= a =R;>B M KO:A?T:iKE_^@�ZsKO]<=~G&;>@4G/@4B�=RCc;>= M ?iË�KO: L =�:AKO=D; M K>:T@ P B>U2]&= L =~Ì�=�G<;>=RB�= P K]&=D;>=VKO]<=wUR@ P KO;�@4?q@WZ MWPIM :T; X @4; P =VÍt:AK>= M B M G/=R;�:T@sC&:TU�UR@ P K>;>@4?v=�Î M�L G&?T=WÏ~Ðf]&=wÍt:AKO=^:TBg]&=D?TC X _jKEÌ�@?T: P =RBlÌl]&:AU2] M ?T?A@nÌ!KO@NUR@ P K>;>@4?hKO]&=u? M K>=R; M ? M�P&Ñ ?A=u@WZ�KO]&=uÍt:AKO= ` B�=R=É¬(: Ñ Ï�Ò<ÏiÓ4Ï�&�_�G&Ô&?A?T: P&Ñ @ P =-?A: P =KO]<=wÍs:iKO=^Ìl:A?T?�KOÔ&; P : P K>]&=wC&:A;>=RU�KO:A@ P @�ZhKO]<=V?T: P = X =R: P&Ñ G&Ô&?A?T=RCqÏ�Ðf]&:TB M ?T?A@|ÌlB M�P =�ÎFG/=R;>:A= P UD=RCIÍt:AK>=G&:A?T@�KlKO@o�&_�?T@s@4G&Bl@4;�B>: L :T? M ;�� Ñ Ô&;>=DBRÏ9Ðf]&= M : L @�Z~@4Ô<; M Ô<K>@ LNM KO:AUwUR@ P KO;�@4?�:TBlKO@ LNM Í�=cKO]<=-Ít:AK>=�&_ M � Ñ Ô&;>=9KO] M K LjM _ X =^U M ?T?T=DC M ��?A_s: P&Ñ =D: Ñ ]�K�� ` Ìl:AKO] M UD_sUD?T=^K>: L =9@WZ�ÒuB>=DUR@ P C&BeÕ�B�=R=�¬+: Ñ ÏtÒ<ÏX¨4Ö�ÏÐf]&=�UR@4;�;>=RB�Gv@ P C&: P<Ñ @4; X :AK�:TB P @�K�@4G/= P Ër?T@s@4G
B�K MWX ?T= ` B�@-KO] M K�Z[=D=RC X�M U2ÍN] M B�KO@ X = M G&G<?T:T=DCjC&Ô<;>: P<ÑKO]<=V��: Ñ ]�K��oÌ�=wÌl:T?T?vB>]&@nÌ!B>: L Ô&? M K>:T@ P ;>=DB>Ô&?iKOBfÌl]&=D;>=c@4Ô&;gG<;>@4G/@4B>=DC�;�= M ?×ËrK>: L =�:iKO=R; M KO:A@ P B�U2]&= L =Ì M BlÔ&B>=DC�KO@
UD@ P KO;>@�?�KO]&=cÍt:AK>= ` Ìl:AK>] M B M�L G&?T: P&Ñ KO: L =^@�Z�@ P =wB>=RUD@ P C�Ï

ØN�RÙ ���mÚÞµ§Û8�cÜ½L¢�'�mÚÞÝ �àßhÚ E áä�IÚfÜ
Ðf]&= L @ a = L = P KS@�ZfKO]&=jÍs:iKO= M K-K>]&=�B>Í�_�U M�P�X = L @FC<=R?T?A=RC X _¯H�=�ÌfKO@ P á�BS? M ÌlBS@�Z L @�KO:A@ P�MWP C
M B�Ô&:AK M�X ?T= L @FC&=D?�Z[@�;eK>]&= M =D;>@sC<_ P�M�L :TU
Z[@4;>UD=�Ïrq�@4B�K\C<:A�oURÔ&?iKE_z?T:T=DBu: P KO]<=jC&=�KO=R; L : P�M K>:T@ P @�ZB>Ô<:AK MWX ?T=uUR@s@4;>C&: P�M K>=uBd_FBdKO= L BDâ^Ì�=uÌl:T?T?P��;�B�KwC&=DB>UD;>: X =-K>]&=\Ít:AKO=_á�B L @�K>:T@ P : P Gv@4? M ;9UR@s@4;>C&: P�M K>=RB `M�P C�B>=DUR@ P C&?A_mC<=DKO=D; L : P =VK>]&=cC&:T;�=RU�KO:T@ P @�Z+K>]&= M =R;�@FCF_ P&M�L :AUVZ[@4;>UD=RBDÏ
ã��Ú����� � �!²ä�Fä��Såk%äÀ®�a²e%�ä�¨ � ä$��
�ä��]
�� S ä����9���zäfä9��XZ
��Z�$����%
Ðf]&=gG/@4B�:AKO:A@ P p ∈ R

3 @�Z�K>]&=�Ít:AK>=�U M�P\X = L @sC&=D?T?T=DCu: P ­�ËrC&: L = P B�:T@ P&M ?   Ô&UR?A:TC&= M�P B>G M UR= ` U2]&@s@4B>: P&ÑKO]<=wGv@4B�:AK>:T@ P @�ZhKO]&=wÍt:AK>=wG&:T?A@�K M BgKO]&=w@�;>: Ñ : P ` M�P CmK>]&=VKO]&:A;>C�UD@ L Gv@ P = P K p3 KO@ X =^KO]<=w]&=R: Ñ ]�Kf@�ZKO]<=oÍt:iKO= M�X @ a =\KO]&= Ñ ;�@4Ô P CqÏ���:AK>] m C&= P @�KO: P&Ñ KO]&= LNM B>Bw@WZ�K>]&=
Ís:iKO= M�P C F ∈ R
3 KO]&=\KO@WK M ?Z[@4;�UR= M UDK>: P&Ñ @ P K>]&=cÍs:iKO= ` H�=�ÌfKO@ P á6B9? M Ì!@WZ L @�KO:A@ P ;>= M C&B

p̈ =
d 2p

dt2
=
F

m
.

æ�=DK9Ô&Bl: P K>;>@sC&Ô&UR=wG/@4? M ;gUR@s@4;�C&: P�M KO=RB θ ` φ ` r â

p =





p1
p2
p3



 =





r sin(θ) cos(φ)
r sin(θ) sin(φ)

r cos(θ)



 .

Ó
­��
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et

el

p

¬+: Ñ Ô&;>=cÒFÏAÓ4â~í�G<:TUDK>Ô&;>=c@�Z�KO]<=eÍt:iKO=�Ï

H�@WKO=cKO] M KlK>]&=uC<:TB�K M�P UD= r X =DKEÌ�=R= P G&:T?A@�K M�P C�Ít:AKO=c:AB9Ô<B>Ô M ?A?A_mUD@ P BdK M�P K�C&Ô&;>: P&Ñ ��: Ñ ]�K ` M�P C θ :ABKO]<= MWP&Ñ ?T=VK>] M KfK>]&=c?T: P =RBgZ[@4; L Ìl:AK>]mKO]&= a =D;�K>:TU M ?�Ï~Ê P KO]&=DB>=cUR@s@4;>C<: P�M K>=RB ` p̈ ?T@s@4ÍtB M BgZ[@4?T?A@nÌlB

p̈ =
d

dt

(

∂p

∂θ
θ̇ +

∂p

∂φ
φ̇+

∂p

∂r
ṙ

)

=
∂p

∂θ
θ̈ +

∂p

∂φ
φ̈+

∂p

∂r
r̈ +

∂2p

∂θ2
θ̇2 +

∂2p

∂φ2
φ̇2 +

∂2p

∂r2
ṙ2

+ 2
∂2p

∂φ∂θ
φ̇θ̇ + 2

∂2p

∂r∂θ
ṙθ̇ + 2

∂2p

∂r∂φ
ṙφ̇.

Õ¸ÒFÏAÓ|Ö

æ�=DK9Ô&Bl: P K>;>@sC&Ô&UR= M ?T@sU M ?q;>: Ñ ]�Kl] M�P C<=RC�UR@s@4;>C&: P�M K>=VB�_sB�K>= L Ìl:AK>]mKO]&=wKO]<;>=R= X�M B>:TB a =RUDK>@4;>B

eθ =





cos(θ) cos(φ)
cos(θ) sin(φ)
− sin(θ)



 , eφ =





− sin(φ)
cos(φ)

0



 , MWP C er =





sin(θ) cos(φ)
sin(θ) sin(φ)

cos(θ)



 .

Ê P KO]&:ABfUR@s@4;>C&: P�M K>=wB�_sB�K>= L ` KO]&=cG M ;dKO: M ?qC&=D;>: a�M KO: a =RBl@�Z p Ìl:AK>]�;�=RB�Gv=DUDK9KO@ θ ` φ ` r X =DUR@ L =
∂p

∂θ
= reθ,

∂p

∂φ
= r sin(θ)eφ,

M�P C ∂p

∂r
= er,

M�P C
∂2p

∂θ2
= −rer,

∂2p

∂φ2
= −r sin2(θ)er − r sin(θ) cos(θ)eθ,

M�P C ∂2p

∂r2
= 0,

M BfÌ�=R?T? M B
∂2p

∂φ∂θ
= r cos(θ)eφ,

∂2p

∂r∂θ
= eθ,

MWP C ∂2p

∂r∂φ
= sin(θ)eφ.
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  ©�Ï�Õ¸Ò<ÏiÓ|Ö�U MWP K>]&=R;�=DZ[@4;�= X =wÌl;>:iK>KO= P�M BRâ

p̈ = eθ

(

rθ̈ − r sin(θ) cos(θ)φ̇2 + 2ṙθ̇
)

+ eφ

(

r sin(θ)φ̈+ 2r cos(φ)φ̇θ̇ + 2 sin(θ)ṙφ̇
)

+ er

(

r̈ − rθ̇2 − r sin2(θ)φ̇2
)

.

�^=�ô P : P<Ñ
Fθ := F · eθ, Fφ := F · eφ, MWP C Fr := F · er,

Ì�=uU M�P Ìl;>:AK>=eH�=DÌfK>@ P á6Bl? M ÌlBl@�Z L @�K>:T@ P : P KO]&=wZ[@4; L

rθ̈ − r sin(θ) cos(θ)φ̇2 + 2ṙθ̇ =
Fθ

m
,

r sin(θ)φ̈+ 2r cos(θ)φ̇θ̇ + 2 sin(θ)ṙφ̇ =
Fφ

m
,

r̈ − rθ̇2 − r sin2(θ)φ̇2 =
Fr

m
.

Õ¸ÒFÏS¨4Ö
ÊrZ�KO]<=g?T= P&Ñ KO]-@�Z&KO]<=g?T: P =RB ` C&= P @�KO=DC X _ r ` :TB(Í�=DG<K~UR@ P B�K M�P K ` M ?A?tK>=R; L B(: P�a @4? a : P&Ñ KO: L =�C&=R;�: aWM KO: a =DB@�Z
r
Ìl:A?T?�C&;>@4G¥@4ÔFKbÏÌ¬�Ô<;�KO]<=R; L @4;�= ` KO]&=m? M B�KS='©tÔ M K>:T@ P Õ�Ò<ÏS¨�ÖeÌl:T?A? X =RUR@ L =�;�=RC&Ô P C M�P K ` M BSKO]<=Z[@4;�UR=j: P K>]&=j; M C&: M ?~C&:T;�=RUDK>:T@ P Ìl:T?A? X = M Ô Ñ4L = P KO=DC X _ M UR@ P B�KO; M : P KeZ[@4;>UD=jUD@ P KO;>: X Ô<K>:T@ P Fc ` B�@KO] M K   ©�Ï(Õ¸ÒFÏS¨4Ög:AB M Ô<KO@ LNM K>:TU M ?T?A_oB M KO:AB�ô�=DC�Ìl]&= P KO]<= M Ô Ñ4L = P KO=DC�Z[@4;�UR= F ′

r := Fr − Fc

;�=RG&? M UR=DB
Fr ` Ìl:AK>] Fc = Fr + rθ̇2 + r sin2(θ)φ̇2 ÏpÊ P K>]&:TBfU M B>=wKO]<=e=W©tÔ M KO:A@ P Bl@�Z L @WKO:T@ Pvõ B>: L G&?A:AZ�_
KO@

θ̈ =
Fθ

rm
+ sin(θ) cos(θ)φ̇2,

Õ¸ÒFÏX­�Ö

φ̈ =
Fφ

rm
− 2 cot(θ)φ̇θ̇.

Õ¸ÒFÏ�ötÖ
Ê P @4Ô&; L @sC&=R? ` K>]&=jZ[@4;�UR= a =RUDK>@4; F = F gra + F aer UR@ P B�:TBdKOBS@�ZfKEÌ�@�UR@ P K>;>: X Ô<KO:A@ P B ` KO]&= Ñ ; Mba Ë:AK M KO:A@ P�M ?fZ[@4;�UR= F gra M�P C K>]&= M =R;�@FCF_ P&M�L :AU�Z[@4;�UR= F aer Ï¤Ê P U M ;�K>=RB>: M�P UR@s@4;�C&: P�M KO=RB ` F gra =
(0, 0,−mg)T Ìl:AK>] g � �<Ï�Ò<Ó L B −2 X =R: P&Ñ KO]<=�= M ;�K>]2á6B Ñ ; Mba :AK M KO:T@ P�M ? M URUD=R?T=D; M K>:T@ P Ï�Ê P ?T@sU M ?UR@s@4;�C&: P�M KO=RBgÌ�=cKO]&=D;>=DZ[@�;>=c] Mba =

Fθ = F gra
θ + F aer

θ = sin(θ)mg + F aer
θ

M�P C Fφ = F aer
φ .

ÊrK9;>= LjM : P B�K>@oC<=R;>: a = M�P =�ÎFG&;�=RB>B�:T@ P Z[@4;gKO]<= M =R;>@sC<_ P�M�L :TU�Z[@4;>UD= F aer Ï
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�ä�� ���ZX ��ªZ� R �!�<äKX�TK����¹b
�� ~ ä9�t�[�
Ð�@ L @FC<=R?qK>]&= M =R;�@FC<_ P�MWL :AU^Z[@4;>UD=wKO] M K9:AB M UDK>: P&Ñ @ P KO]<=eÍt:iKO= ` Ì�=cô�;>BdK M B>B>Ô L =wKO] M KfKO]&=eÍt:AK>=�á6BKO; M :T?A: P&Ñ =RC Ñ =o:TB M ?AÌ M _sBeG&Ô&?A?T=RC X _YKO]<=
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H M�L =  s_ LSX @4? ! M ?TÔ<=?T: P =V?T= P&Ñ KO] r "$# LÍs:iKO= LNM B>B m

ÓcÍ ÑÌl: P C a =D?T@sUR:iKE_ vw % L �WBC&= P B�:AKE_m@WZ M :A; ρ
Ó4Ï�&SÍ Ñ � L 3U2] M ; M UDKO=D;>:AB�KO:AU M ;>= M A # Ï " L 2?T:AZ�K�UR@s=D�oUR:A= P K Cl
Ó4Ï "C&; M�Ñ UD@F=��NUD:T= P K Cd # Ï�&��

Ð M�X ?T=cÒFÏAÓ4â~Ðf]<=uÍt:AK>=wG M ; M�L =�KO=D;>BRÏ

Z[;>@ L K>]&=VÍt:AK>=$'6Bg: P =R;�K>: M ?�Z[; M�L =WÏ9d P C&=R;gK>]&:TB M B>B�Ô L GFKO:T@ P KO]&=^Ís:iKO=�'�Bg?A@ P&Ñ :iKOÔ&C<: P�M ? M Î<:AB�:AB M ?iÌ M _sB: P ?A: P =gÌl:iKO]
KO]&=l=�(v=RU�KO: a =lÌl: P C a =DUDKO@�; we := w− ṗ ` Ìl]&=D;>= w = (vw, 0, 0)
T :ABpK>]&=fÌl: P C M B�B>=D= PZ[;>@ L KO]<=o= M ;�K>]�Bd_sB�KO= L ` M�P C ṗ K>]&=
Ís:iKO= a =R?T@sUR:iKE_4Ï\ÊrZ�Ì�=
: P K>;>@sC&Ô&UR= M Ô P :iK a =DUDKO@�; el G/@4: P K>: P&ÑZ[;>@ L KO]&=9Z[;>@ P K�KO@nÌ M ;>C&B�KO]&=9KO; M :T?T: P&Ñ =RC Ñ =^@�ZqKO]&=9Ít:AKO=-Õ�U�Z�Ï*)+: Ñ ÏtÒ<ÏAÓnÖ ` Ì�=�KO]&=D;>=DZ[@�;>= M B>B�Ô L =9KO] M K

el =
we

‖we‖
.

Ðf]&=cKO; M�P B a =R;�B M ? M ÎF:TBf@WZ(K>]&=cÍs:iKO=cU MWP�X =cC&=RB�UR;�: X =RC X _ M G/=R;�Gv= P C&:TUDÔ&? M ;fÔ P :AK a =RU�KO@4; et K>] M Kl:ABG/@4: P KO: P&Ñ Z[;>@ L KO]<=o?A=DZ�KwK>@IK>]&=o;>: Ñ ]tK^Ìl: P&Ñ KO:AG�Ï°s�?T= M ;>?i_ ` :AKV:TBw@4;dKO]&@ Ñ @ P�M ?+K>@�K>]&=
?T@ P<Ñ :AK>Ô&C&: P&M ?M ÎF:TB ` :�Ï6=�Ï `
et · el =

et · we

‖we‖
= 0.

Õ�Ò<Ï " Ö
Ðf]&=�@4;>:A= P K M KO:T@ P @�Z^K>]&=mKO; MWP B a =R;>B M ? M ÎF:TB et MWÑ�M : P B�K\KO]<=�?A: P =DB�' M ÎF:AB�Õ�Ìl]&:TU2]�:TB Ñ : a = PµX _¯KO]<=a =DUDK>@4; er Ö^U M�PzX =\: P ��Ô<= P UD=RC X _QK>]&=
?T= P&Ñ KO]�C&:+(q=D;>= P UR= ∆l @�Z�KO]<=
KEÌ�@�?T: P =RBRÏ\ÊrZ�KO]<=oC<:TB�K M�P UD=X =DKEÌ�=R= P KO]&=SKEÌ�@I?T: P =RB�'vô<ÎF: P<Ñ Gv@4: P KOBV@ P K>]&=\Ít:AKO=-:TB d ` K>]&= P KO]<= a =RU�KO@4;wZ[;�@ L K>]&=\?T=�Z�KVKO@mK>]&=;>: Ñ ]�Kfô<ÎF: P&Ñ G/@4: P Kf:AB det ` M�P CIKO]&=cG&;�@�,�=RU�KO:A@ P @�Z(K>]&:TB a =RU�KO@4;9@ P KO@\KO]<=e?A: P =DB�' M Î<:ABfB>]&@�Ô&?TCI=�-tÔ M ?
∆l
Õ X =D: P&Ñ Gv@4B�:AK>: a =u:AZ�K>]&=S;�: Ñ ]�K^Ìl: P&Ñ K>:TG�:AB�Z M ;dKO]&=D; M Ì M _�Z[;>@ L KO]<=SG&:T?A@�KàÖ ` :�Ï6=�Ï ` ∆l = d et · er.æ�=DK9Ô&BlC&=�ô P =cKO]&=/.+0$132�4�0$.50$687$.92 ψ KO@ X =

ψ = arcsin

(

∆l

d

)

.

:�=SÌl:T?T? M B>B�Ô L =SKO] M KwÌ�=
UR@ P K>;>@4?+K>]&:TB MWP&Ñ ?T= ψ C&:T;�=RU�KO?A_�Ï-ÊrKcC&=�KO=D; L : P =DBVKO]&=\@4;�:T= P K M KO:A@ P @�Z etÌl]&:AU2]�] M BlK>@
B M K>:TB�Z�_/â

et · er =
∆l

d
= sin(ψ).

Õ�Ò<Ï % Ö
í�KO]&:A;>Cm;�=�-tÔ&:T;�= L = P KlKO] M K et B>]<@4Ô&?TCIB M KO:AB�Z�_m:ABgKO] M K

(el × et) · er =
we × et
‖we‖

· er > 0,
Õ�Ò<ÏcN�Ö
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Ìl]&:AU2]NK M Í�=RB M URUD@4Ô P K�@�Z�KO]<=9Z M U�KpKO] M KpK>]&=^Ít:AK>=l:TB M ?AÌ M _sB�: P K>]&=�B M�L =�@4;�:T= P K M KO:A@ P Ìl:AK>]N;�=RB>G/=RU�KKO@\K>]&=c?T: P =RBRÏ��@nÌ�KO@Sô P C M-a =RUDK>@4; et KO] M KfB M K>:TBdô�=RBgK>]&=RB�=e;�=�-tÔ&:A;>= L = P K>BeÕ¸Ò<Ï " Ö¸�qÕ¸Ò<Ï�C4ÖEDGF�B�: P&Ñ K>]&=wG&;�@�,�=RUàËKO:A@ P wp
e

@�Z�KO]&=c=�(q=DUDKO: a =cÌl: P C a =RUDK>@4; we

@ P KO@\KO]<=cK M�P&Ñ = P K�G<? M�P =wB�G M�P&P =RC X _ eθ M�P C eφ `
wp

e := eθ(eθ · we) + eφ(eφ · we) = we − er(er · we),Ì�=uU M�P C&=Dô P =eK>]&=c@4;�K>]&@ Ñ @ P&M ?�Ô P :iK a =DUDKO@�;>B

ew :=
wp

e

‖wp
e‖

M�P C eo := er × ew,

B>@YK>] M K (ew, eo, er) Z[@4; L¬M�P @4;dKO]&@ Ñ @ P�M ?�;>: Ñ ]tKdËE] MWP C&=RC¯UD@F@�;>C&: P�M KO= X�M B�:TBRÏ�H�@WKO=�KO] M K\: P KO]&:ABX�M B�:TBgK>]&=c=�(v=RUDK>: a =eÌl: P C we

] M B P @oUR@ L G/@ P = P Kl: P eo C&:A;>=DUDKO:A@ P ` M B
we = ‖wp

e‖ew + (we · er)er.
:�=cÌl:A?T?vB>]&@nÌ�K>] M KfKO]<=eC<=Dô P :iKO:A@ P

et := ew(− cos(ψ) sin(η)) + eo(cos(ψ) cos(η)) + er sin(ψ)

Ìl:AK>]

η := arcsin

(

we · er
‖wp

e‖
tan(ψ)

)

B M KO:TBdô�=RB�KO]&=�;>=�-sÔ<:T;>= L = P KOBwÕ�Ò<Ï " Ör�qÕ�Ò<Ï�C4ÖàÏIH*-tÔ M KO:T@ P Õ¸Ò<Ï " Ö~U M�PNX = a =D;>:Aô&=RC X _NB>Ô X BdKO:iKOÔ<K>:T@ P @�Z�KO]<=C&=�ô P :AK>:T@ P @WZ η : P K>@
et · we = − cos(ψ) sin(η)‖wp

e‖+ sin(ψ)(we · er) = 0.

HJ-�Ï�Õ¸Ò<Ï % Ö�:TBgK>;>: a : M ?T?i_oB M K>:TB�ô&=RC ` M�P CGHJ-�Ï�Õ¸Ò<Ï�C4Ö�U M�P�X = a =D;>:Aô&=RC X _�U M ?AURÔ&? M KO:A@ P @�Z
(we × et) · er = (we · ew) cos(ψ) cos(η)− (we · eo)(− cos(ψ) sin(η))

= ‖wp
e‖ cos(ψ) cos(η)Õ[Ìl]<=R;>=uÌ�=uÔ&B>=DCQKO]&=eZ M UDK9KO] M K we · eo = 0

ÖàÏK)�@4; M�P&Ñ ?T=RB ψ M�P C η : P K>]&=u; M�P&Ñ =eZ[;>@ L −π/2 KO@
π/2
KO]<:TBe=�ÎFG&;>=DB>B�:T@ P :AB M ?AÌ M _sBeGv@�B>:AK>: a =�ÏmÐf]&= M�X @ a =�UR@ P B>:TC<=R; M KO:T@ P B M ?T?A@|Ì©KO@�C&=DK>=R; L : P =oK>]&=@4;�:T= P K M KO:A@ P @�Z�K>]&=
Ís:iKO=oC&=RG/= P C&: P&Ñ @ P KO]&=oUR@ P K>;>@4? ψ M�P C�KO]<=N=�(q=DUDKO: a =
Ìl: P C we

@ P ?i_4ÏjH�@�K>=KO] M KfKO]&=cUD@ P B>:AC&=R; M KO:A@ P B�Ì�@4Ô&?AC X ;>= M Í�C&@nÌ P :AZhKO]&=c=�(q=DUDKO: a =wÌl: P C we
Ì�@4Ô<?TC X =c=�-sÔ M ?�KO@/LR=D;>@ `@4;f:iZ

∣

∣

∣

∣

we · er
we · ew

tan(ψ)

∣

∣

∣

∣

> 1.

Ðf]&=9KEÌ�@ a =RU�KO@4;�B el × et
M�P C el M ;>=lKO]&=�C&:T;�=RUDK>:T@ P B�@WZ M =R;�@FCF_ P&M�L :AU�?A:AZ�K M�P CjC&; M�Ñ ` ;>=RB�Gv=DUDK>: a =D?A_�ÏÐ�@�UD@ L G&Ô<KO=SK>]&= LjMWÑ4P :AK>Ô&C&=DB Fl

MWP C Fd
@WZ�?A:AZ�K M�P CzC&; M�Ñ Ì�= M B>B�Ô L =SK>] M KwK>]&=
?T:AZ�K M�P C�C&; M�ÑUR@s=D�oUD:T= P K>B Cl

M�P C Cd
M ;�=cUR@ P BdK M�P K ` B>@
KO] M KfÌ�=e] Mba =

Fl =
1

2
ρ‖we‖2ACl

M�P C Fd =
1

2
ρ‖we‖2ACd,
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Ìl:AK>]
ρ X =R: P&Ñ KO]&=cC&= P B>:iKE_m@�Z M :T; ` M�P C A X =D: P&Ñ K>]&=cU2] M ; M UDKO=D;>:AB�KO:AU M ;>= M @�Z(K>]&=cÍt:AKO=WÏP : a = P KO]&=mC&:A;>=DUDKO:A@ P B M�P C LjMWÑ4P :AK>Ô&C&=DB-@�Z9?T:iZ�K MWP C¯C&; MWÑ ` Ì�=mU M�P UR@ L G&Ô<K>= F aer M BSKO]<=R:T;B>Ô L ` _s:T=D?TC&: P&Ñ

F aer = Fl(el × et) + Fdel

@4; ` : P KO]<=e?A@FU M ?qUD@F@�;>C&: P�M KO=wBd_sB�KO= L

F aer
θ = Fl((el × et) · eθ) + Fd(el · eθ) MWP C F aer

φ = Fl((el × et) · eφ) + Fd(el · eφ).
Ðf]&=\Bd_FBdKO= L G M ; MWL =�KO=R;�B^KO] M Kc] Mba = X =R= P U2]&@�B>= P Z[@4;^K>]&=\B>: L Ô&? M KO:A@ P�L @FC<=R? M ;>=\?A:TB�K>=RCY: P Ð M Ë
X ?A=VÒ<ÏiÓ4Ï*Q^=�ô P : P<Ñ KO]&=^B�_sB�K>= L BdK M K>= x := (θ, θ̇, φ, φ̇)T M�P C�KO]&=VUD@ P KO;�@4? u := ψ

Ì�=wU M�P B�Ô LoLjM Ë;>:RLR=VK>]&=cB�_sB�K>= L =�-tÔ M K>:T@ P BeÕ¸Ò<Ï�S�Ör�vÕ¸Ò<Ï6ötÖ�: P K>]&=cB>]&@�;�KlZ[@4; L

ẋ = f(x, u),

Ìl:AK>]

f((θ, θ̇, φ, φ̇)T , ψ) :=

















θ̇

F aer
θ (θ, θ̇, φ, φ̇, ψ)

rm
+ sin(θ)

g

r
+ sin(θ) cos(θ)φ̇2

φ̇

F aer
φ (θ, θ̇, φ, φ̇, ψ)

rm
− 2 cot(θ)φ̇θ̇

















.

ØN�UT V W�Úg�YX�á[Z\X�] ���Y^_Xàß
F�B�: P&Ñ K>]&= M�X @ a =cB�_sB�K>= L³L @FC<=R? ` M Gv=D;>:T@sC&:AU^@4; X :AKgÌ M BfC&=�KO=D; L : P =DCIK>] M KlU M�PIX =wU2] M ; M U�KO=R;�:9LD=RCM B M\` ?A_s: P&Ñ =D: Ñ ]�K�a M�P C�Ìl]<:TU2]�:ABuC&=DG&:TU�KO=DC M B M φ − θ− G&?A@�K-: P )(: Ñ ÏhÒ<Ï�& ` M�P C M B M KO: L =
G&?A@�K: P )+: Ñ Ï�ÒFÏ�S<Ï�Ðf]&=mÌl: P C�:TB M B>B>Ô L =DCµKO@ X ?A@nÌ : P KO]&=IC&:A;>=RU�KO:A@ P @�Z9KO]&= p1 Ë M ÎF:TB�Õ θ = 90o MWP C
φ = 0o

Ö�ÏmÐf]&=oGv=D;>:A@FC&:AU\B>@4?AÔ<KO:A@ P Ì M BeUR@ L G&ÔFKO=RC�Ô&B>: P&Ñ K>]&=o@$(/Ër?T: P = aWM ;>: M�P Ku@WZ�bGFc edgfhQ9ËEÊ�Ê `: L G/@4B>: P&Ñ G/=R;>:A@FC<:TUR:iKE_�UR@ P C<:AKO:A@ P BjÌl:iKO] G/=R;�:T@sC T = 8
B�=RUR@ P C&B M�P C�B>Ô&:iK M�X ?T=QBdK M K>= X @4Ô P C&B

M�P C M B�Ô&:AK M�X ?A=N@ X ,�=RUDK>: a =�Z[Ô P UDK>:T@ P : P @4;�C&=R;-K>@�_s:T=D?TC M B�@4?TÔ<K>:T@ P KO] M KSÌ M B\UR@ P B�:TC&=D;>=DC�KO@ X =
MmL = M�P : P&Ñ Z[Ô&?�;>=�Z[=R;>= P UR=o@4; X :AKRÏSH�@WKO=SKO] M KwKO]&=\UD@ P KO;�@4? ψ Õ[B>=R=i)+: Ñ Ï�ÒFÏ�S�Ö^:ABVG/@4B>:iKO: a =-Ìl]&= P KO]<=Ít:AK>=NB�] M ?T?�K>Ô&; P : P�M UR?A@FU2Í�Ìl:AB>=oC&:T;�=RUDK>:T@ P ` M BeB>=D= P Z[;�@ L KO]<=jG&:A?T@�K�'�B a :T=�ÌlGv@�: P K ` M�P C P = Ñ�M K>: a =Z[@4; M�PjM�P KO:iËrUR?A@FU2Í�Ìl:TB�=�C<:T;>=DUDK>:T@ P ÏO:�=lÌl:T?A?�C&= P @�KO=9KO]&=9Gv=D;>:A@FC&:AUf;>=�Z[=R;>= P UR=^B>@4?AÔ<KO:A@ P
X _ xr(t) M�P C
ur(t)

ÏwÐf]<:TBVB�@4?TÔ<K>:T@ P :TB�C&=Dô P =RCYZ[@4; M ?A? t ∈ (−∞,∞) M�P C�B M K>:TB�ô&=RBVKO]<=SGv=D;>:A@FC&:AUR:iKE_mUR@ P C&:AK>:T@ P
xr(t + T ) = xr(t)

MWP C ur(t+ T ) = ur(t)
Ï

ÊrKe:TBw: P K>=R;>=DB�K>: P&Ñ KO@ P @WKO=SKO] M KcB LNM ?T?(=R;�;>@4;�B M URURÔ L Ô&? M KO= a =D;�_j-tÔ&:AU2Ís?i_QB�@�K>] M KwKO]<=oÔ P UR@ P ËKO;�@4?T?A=RC�B�_sB�K>= L Ìl:T?T? P @�KVBdK M _�: P K>]&=-G/=R;�:T@sC&:TUc@4; X :AK a =D;�_�?T@ P<Ñ C&Ô<;>: P<Ñ�MjP Ô L =R;�:TU M ?�B�: L Ô<? M K>:T@ PÕ�B�=R=h)(: Ñ ÏsÒ<Ï6ötÖ�Ï+Ðf]&:TB�@ X B>=D; aWM K>:T@ P U M�P�X =VUD@ P ô�; L =DC X _j: Pta =RBdKO: Ñ4M KO: P&Ñ K>]&= M Bd_ L G<K>@�KO:AU�BdK M�X :T?T:iKE_G&;�@4Gv=D;�K>:T=RBf@WZ(K>]&=cGv=D;>:T@sC&:AUV@4; X :AKbÏ



;�îR�lknm ì { ê x�ó ê	oGp {�q ê[ç <t¶�r

60 40 20 0  −20 −40 −60
90

80

70

60

50

40

30

θ 
[d

eg
]

φ [deg]

1 

2 

3 

4 

5 

6 

7 

0/8 

)+: Ñ Ô&;>=eÒ<Ï�&Fâts(=D;>:T@sC&:AUw@4; X :iK9G&?T@�K�KO=DC�: P K>]&= φ− θ− G&? M�P = ` M B9B>=R= PQX _mKO]&=eÍt:AK>=eG<:T?T@WKbÏ�Ðf]&=-C&@WKOBB>=DG M ; M KO=c: P K>=R; aWM ?ABf@�Z(@ P =cB>=DUR@ P CqÏ
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/ d
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ψ
 [d

eg
]

time [s]

)+: Ñ Ô&;>=SÒ<Ï�SFâus(=R;�:T@sC&:TU\@�; X :iKbâVBd_FBdKO= L B�K M KO=RB M�P C�UD@ P KO;>@�? ψ G&?T@WK>KO=DCYZ[@4;V@ P =
G/=R;�:T@sC T = 8
B
Ï

H�@WKO=wKO] M K θ MWP C θ̇ @�B>UR:A?T? M KO=9Ìl:AKO]IC&@�Ô X ?T=wZ[;�=�-tÔ&= P UD_4Ï
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)+: Ñ Ô&;>=cÒ<Ï6ö&â�fVG/= P Ër?T@s@4GmUR@ P K>;>@4? M G<G&?T:A=RC�KO@\K>]&=cÔ P C&:AB�KOÔ<; X =RC�B�_sB�K>= L Ï

ã�wyxzwE{ |~}��J�������3}������K���3�g�8��� ä*� }��K�������5����� äfä ��|~�g��}����
Ð�@^C&=�KO=R; L : P =pKO]&= M B�_ L G<KO@WKO:TUpBdK M�X :A?T:iKE_VG&;�@4Gv=D;�K>:T=RB�@�ZFKO]&=�@4Gv= P ËE?A@F@�GeBd_sB�KO= L¤M ?T@ P&Ñ K>]&=�G/=R;�:T@sC&:TU@4; X :AK ` ?T=�K�Ô&B~UD@ P B�:TC&=D; M�P : P :AKO: M ? aWM ?TÔ<=gG&;>@ X ?T= L Z[@�;+KO]&=�@4Gv= P ËE?A@F@�G-B�_sBdKO= L @ P KO]&=�: P KO=D; aWM ? [0, T ]UR@�;>;>=DB>G/@ P C&: P&Ñ KO@o@ P =wG/=R;�:T@sC�â

ẋ(t) = f(x(t), ur(t)), ∀t ∈ [0, T ],

x(0) = x0.

Ðf]&=gB�@4?TÔFKO:T@ P KO; M ,�=RU�KO@4;�:T=DB x(t) U M�P\X =�;�= Ñ�M ;�C&=RC M B+Z[Ô P U�KO:T@ P B+@�Z�K>]&=g: P :AK>: M ? aWM ?AÔ&= x0 Ï�H9@�KO=�KO] M KZ[@4;
x0 = xr(0)

KO]<=NB�@4?TÔ<K>:T@ P :TBc:AC&= P KO:AU M ?�K>@�K>]&=j;�=DZ[=R;�= P UD=NK>; M ,�=DUDKO@�;�_ xr(t) ÏmÐf]&=NB>= P B>:AK>: a :AKE_LNM KO;�:TUR=DB

W (t) :=
∂x(t)

∂x0
(xr(0)), t ∈ [0, T ],

U MWP K>]&=R;�=DZ[@4;�= X =c@ X K M : P =DC M BgKO]&=cB�@4?TÔ<K>:T@ P @WZ(K>]&= LjM K>;>:×Î�: P :AK>: M ? aWM ?TÔ&=wG<;>@ X ?A= L â

Ẇ (t) =
∂f

∂x
(xr(t), ur(t)) · W (t) ∀t ∈ [0, T ],

W (0) = Inx.

Ðf]&=pô P�M ? aWM ?AÔ&= W (T )
:TBhU M ?A?T=DCcK>]&=�����6����$4 ���¢¡��i0$1=4�£¥¤hÏ�ÊrK+U2] M ; M U�KO=R;�:9LD=RBhKO]&=�B>= P B>:iKO: a :iKE_c@�Z<K>]&=ô P�M ?�BdK M K>=u@WZ�= M U2]QGv=D;>:A@FCmÌl:AK>]�;�=RB�Gv=DUDK^K>@NK>]&=u: P :AK>: M ? aWM ?TÔ<=�Ïgí�B�_ L GFKO@�K>:TU M ?T?A_NB�K M�X ?A=uG/=R;�:T@sC&:TU@4; X :AK>B M ;>=
U2] M ; M UDK>=R;�:9LR=DC X _ MIL @ P @sC&;>@ L _ LNM KO;�:iÎ�Ìl]&@4B�=N=D: Ñ = PtaWM ?AÔ&=RBoÕ M ?TB�@IU M ?A?T=RC ` )+?T@8-tÔ&=DKb�Ô&?iKO:AG&?T:A=R;>B�adÖ M ?T?�] Mba = MmL @FC&Ô<?TÔ&B�B LNM ?T?A=R;�K>] M�P @ P = ` Ìl]&:TU2] L = M�P BVKO] M KV: P :iKO: M ?�C<:TB�K>Ô&; X&M�P UR=DBM ;�=eC M�L G/=RCI@4ÔFKlC&Ô&;>: P&Ñ KO]&=cU�_FUD?T=DBRÏ�)�@4; M G&;>@s@�Z(B>=R=e=�Ï Ñ Ï~í LjM�P<P k í LNM Ò¦S�§�Ï
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í P Ô L =R;>:AU M ?�UR@ L G&ÔFK M K>:T@ P @WZ W (T )
Z[@4;9KO]&=-Ís:iKO= L @sC&=R? M ?T@ P&Ñ K>]&=\U2]&@4B�= P Gv=D;>:A@FC&:AUu@�; X :iK_s:T=D?TC&B

W (T ) =









3.0182 2.4014 0.9587 −0.1307
3.3399 2.5500 0.0054 −0.3935
−2.7170 −1.8596 0.8436 0.5072
−2.8961 −2.0491 0.5601 0.4640









,

Ìl]&:AU2]�] M BlK>]&=c=R: Ñ = P�aWM ?TÔ<=wB>G/=RUDK>;>Ô L
σ (W (T )) = { 5.29, 1.53, 6.16 · 10−2, 4.17 · 10−7 },

UR@ P K M : P : P&Ñ KEÌ�@I=R: Ñ = P�aWM ?TÔ<=RB^K>] M Kw] Mba = M�L @sC&Ô&?AÔ&B X : Ñ4Ñ =D;�KO] M�P @ P =WÏuÐf]&:ABVUR@ P ô�; L BVKO] M KVKO]<=B�_sBdKO= L :AB M B�_ L G<KO@�K>:TU M ?T?i_NÔ P B�K M�X ?T=w: P KO]&=cG/=R;>:A@FC<:TUV;�=DZ[=R;�= P UD=u@�; X :iKbÏ

ØN��¬ ­¯®mÚ �±°mß�X�² ³eÜµ´¢á·¶\ß��(áuÜ¸W��+á¹^IÜDÚ�²
P : a = PzM�P : P :AK>: M ?hBdK M K>= xt0 M KwK>: L = t0 ` M�P @4G<KO: LjM ?+UR@ P K>;>@4?~G<;>@ X ?A= L U M�PzX =SZ[@�; L Ô&? M KO=DCQKO] M KK M Í�=RB M URUD@4Ô P Kf@�Z�K>]&=V@ X ,�=RUDK>: a =^KO@uÍ�=R=DGmKO]&=�B�_sB�K>= L UD?T@4B�=�K>@-KO]&=�;>=�Z[=R;>= P UR=w@�; X :iKbÏI)�@4;pKO]<:TB M : LÌ�=uC&=�ô P = M æ MWÑ ; M�P<Ñ =VKO=D; L

L(x, u, t) := (x− xr(t))
TQ(x− xr(t)) + (u− ur(t))

TR(u− ur(t))

Ìl:AK>]IC&: M�Ñ @ P�M ?/Ì�=D: Ñ ]�KO: P&Ñ
LjM KO;>:AUR=DB

Q := ·









1.2 0 0 0
0 3.0s2 0 0
0 0 3.0 0
0 0 0 3.0s2









10−4deg−2s−1 M�P C R := 1.0 · 10−2deg−2s−1.

í»] M ;�C«UR@ P B�K>; M : P Ko:AB Ñ : a = PµX _¯K>]&=�Z M UDK
KO] M KoÌ�=�C&@ P @�KNÌ M�P KoKO]&=IÍt:AK>=�K>@zUD; M B�]«@ P K>@�KO]<=
Ñ ;�@4Ô P C�Õ θ = 90

C&= Ñ ;>=R=DB2Ö ` MWP CmZ[@4;fB>=DURÔ&;�:AKE_ ` Ì�=u;�=�-tÔ&:A;>= M G M KO]IUD@ P B�K>; M : P K9Z[Ô P UDK>:T@ P
h(x, u) :=

(

75 deg − θ
)

KO@ X =�G/@4B>:iKO: a =�ÏIF�B>: P&Ñ KO]&=DB>=^C<=Dô P :iKO:A@ P B ` Ì�=�Z[@4; L Ô&? M KO=gK>]&=9Z[@�?T?T@nÌl: P&Ñ @4G<K>: LNM ?<UD@ P KO;>@�?/G<;>@ X ?A= L@ P KO]<= L @ a : P&Ñ ]&@4;�:9LD@ P [t0, t0 + 2T ]
â

min
u(·),x(·)

∫ t0+2T

t0

L(x(t), u(t), t) dt
Õ¸Ò<Ï�Ò�Ö

B�Ô X ,�=DUDK9KO@
ẋ(t) = f(x(t), u(t)), ∀t ∈ [t0, t0 + 2T ],

x(t0) = xt0 ,

h(x(t), u(t)) ≥ 0, ∀t ∈ [t0, t0 + 2T ].
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)+: Ñ Ô&;>=^Ò<Ï " â*d�?T@�B>=RCsËE?T@s@4GNUR@ P KO;�@4? M G&G&?T:A=RCoKO@SKO]<=VÔ P C&:AB�K>Ô&; X =RCmBd_FBdKO= L ` B�: L Ô<? M K>:T@ P @�ZpÓ #¦# Gv=D;>:iË@sC&BRÏpH9Ô L =D;>:AU M ?v=R;>;�@4;>B M ;>= M K>KO= P Ô M KO=DC X _ a =R;d_�B LjM ?A?vUD@ P KO;�@4?�;>=DB>G/@ P B�=RBuÕ[Ìl:iKO] u(t)− ur(t)
: PKO]<=e@�;>C&=D;9@WZ

10−2 C<= Ñ ;�=R=nÖ M�P C�C&@ P @�K M URURÔ L Ô&? M KO=�Ï

ØN�3º ´¢Ü�á·»�Ú�Z�¼¾½zá
á�° ¿iX�² ÛIÜ�³wß�XDá�¶À»
Ê P K>]&= L Ô&?iKO:TG<?T=SB�]&@F@WKO: P<Ñ C<:TB>UD;>=�KO:9L M KO:A@ P KO]<= L Ô<?AKO:AG&?T=uB>]&@s@�K>: P&Ñ : P K>=R; aWM ?ABwÌ�=D;>=oU2]&@4B>= P KO@ X == M U2]-@�Z<@ P =pB>=DUR@ P C-?T= P<Ñ KO] ` K>]sÔ<B M ?A?T@nÌl: P&Ñ =R: Ñ ]tK�UD@ P KO;>@�?sUD@4;>;�=RU�KO:T@ P BhGv=D;�G/=R;�:T@sC T Ï�Ðf]&=���=RB�B>: M�PLNM KO;�:iÎ�Ì M B M G&G<;>@bÎF: LNM KO=DCeÔ<B>: P<Ñ K>]&= P M Ô<B>BdËEH�=�ÌfKO@ P-M G&G&;�@ M U2]cZ[@4;h: P KO= Ñ ; M ?�?T= M B�K�B�-tÔ M ;�=RBhKO=D; L BC&=DB>UR;�: X =RC�: P  F=DU�Ï % Ï�ö<Ï�Ðf]&=^: P :AK>: M ?A:9L M KO:A@ P @�ZhB�Ô X B�=�-tÔ&= P Kl@4GFKO: L :9L M KO:A@ P G&;�@ X ?T= L BpÌ M B M U2]&:A= a =RCÌl:AK>] M B>]<:AZ�KcB�K>; M K>= Ñ _YÌl]<=R;>=
KO]<= P =�Ì£ô P�M ?~: P KO=D; aWM ?�Ì M Bu: P :AK>: M ?A:9LD=RC X _ M�P : P KO= Ñ ; M KO:T@ P Ô&B>: P&ÑKO]<= P @ L : P�M ?v@4Gv= P ËE?A@F@�GmUR@ P KO;�@4? ur(t) ` UDZ�Ït F=RUWÏ�ö&Ï�ö<ÏAÓ4Ïí^B M ô&;>B�KpK>=RB�K�@�Z/KO]&= M ? Ñ @4;>:iKO] L Ì�=9K>;�_\K>@eUD@ P KO;�@4?�KO]&=lÔ P C<:TB�K>Ô&; X =RCNB�_sB�K>= L ` MWP CoK>]&=l;>=DB>Ô&?iK@�Z M B�: L Ô<? M K>:T@ P @�ZcÓ #$# G/=R;>:A@FC<B-:TBeC&=DG&:TU�KO=RC¯: P )+: Ñ ÏhÒ<Ï " Ï�ÊrK\U M�P�X =jB�=R= P K>] M K-K>]&=j;�=DZ[=D;>= P UR=@4; X :AK�:TB�G/=R;�Z[=DUDK>?A_\KO; M U2Í�=DC�ÏpÐf]&=^C<@�KOB�B>=RG M ; M K>=�: P KO=R; aWM ?TB�@�Z�@ P =^B�=RUR@ P C�?T= P&Ñ K>] M�P CNUR@4;�;>=DB>G/@ P CKO@\K>]&=cB M�L G&?T: P&Ñ K>: L =RBRÏ)�@4; M B�=RUD@ P C�KO=DB�KSÌ�= Ñ : a =NK>]&=�Ít:AK>= M B�?T: Ñ ]�K ` Ís:AU2Í¦a M K-KO: L = t = 1.0

B>=DUR@ P C<BSKO] M K-?T= M C&BKO@ M C&:TBdKOÔ&; X�M�P UD=N: P K>]&= M�P&Ñ Ô&? M ; a =D?T@sUR:iKE_ θ̇ ÏNÊrK-U2] MWP&Ñ =RBcZ[;>@ L −1
C&= Ñ�Á BcKO@ +5

C&= Ñ�Á BDÏjÐf]&=UR?A@4B>=DCFËE?A@F@�Gm;>=RB�Gv@ P B>=e:TBfC&=DG&:TU�KO=DC�: P )(: Ñ Ï<Ò<Ï % M B M φ− θ− G&?T@�KRÏí^B M KO]<:T;>CNKO=RBdKlÌ�= Ñ : a =^K>]&=wÍt:AK>= MSL @sC&=R; M KO= ` Ít:TU2Í¦a M KgKO: L = t = 3.5
B>=RUD@ P C&BfK>] M Kf?A=DKOBgK>]&=

M�P&Ñ Ô&? M ; a =D?T@sUR:AKE_ θ̇ U2] M�P&Ñ =VZ[;�@ L 12
C&= Ñ�Á B�K>@ 25 C&= Ñ�Á BDÏ�Ðf]<=wUR?T@�B>=RCsËE?T@s@4GN;>=RB�Gv@ P B>=w:AB�C&=DG&:TU�KO=RC: P )+: Ñ Ï�Ò<ÏÂCsÏc)�@4; M UD@ L G M ;>:AB>@ P Ì�= M ?TB�@jB>]<@|Ì´K>]&=-@4G/= P ËE?T@s@4G�;>=DB>G/@ P B>=uKO@NK>]&:TB9C&:AB�KOÔ<; X�M�P UR=S: P)+: Ñ Ï&Ò<Ï�Ò ` Ìl]<:TU2]�;>=RB�Ô&?AK>Bl: P�M UR; M B>] " B�=RUR@ P C&B M Z�KO=D;gKO]&=cC&:AB�KOÔ<; X�M�P UR=�ÏÊ P�M Z[@4Ô<;�KO]mK>=RB�KlÌ�= ` Ít:TU2Í¦aVK>]&=cÍt:AKO=wBdKO;�@ P&Ñ ?i_ M KfK>: L = t = 4.0

B>=RUD@ P C&B9B>@
KO] M KfKO]&= MWP&Ñ Ô&? M ;
a =D?T@sUR:iKE_ θ̇ U2] M�P&Ñ =RB M�X ;�Ô&G<KO?i_VZ[;>@ L 20

C&= Ñ�Á B�K>@ −7
C&= Ñ�Á BRÏ(Ðf]&=pUR?T@�B>=RCsËE?T@s@4Gw;�=RB>G/@ P B�=p:TB�C&=DG&:TU�KO=DC: P )+: Ñ Ï&ÒFÏ��<Ï
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)+: Ñ Ô&;>=�Ò<Ï % âId�?A@4B>=DCFËE?A@F@�GS;>=DB>G/@ P B>=gK>@ M B LNM ?T?sC&:AB�KOÔ<; X�M�P UR=f: P θ̇ KO] M K�U2] M�P&Ñ =DB~Z[;>@ L −1
C<= Ñ�Á B(KO@

+5
C&= Ñ�Á B M KfKO: L = t = 1.0

B>=DUR@ P C&BRÏ�í�Z�K>=R;l@ P =cG/=R;>:A@FC�K>]&=cC&:TBdKOÔ&; X�M�P UD=c:TB P = M ;>?i_ M K>K>= P Ô M K>=RC�Ï
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)+: Ñ Ô&;>=�Ò<Ï�CFâ�d�?A@4B>=DCFËE?A@F@4G«UR@ P KO;�@4?V;�=RB>G/@ P B�=QKO@ M¯L @FC&=D; M K>=�C&:AB�K>Ô&; X�MWP UR=Y: P θ̇ KO] M KIU2] M�P&Ñ =DBZ[;>@ L 12
C&= Ñ�Á BcKO@ 25 C&= Ñ�Á B M KeK>: L = t = 3.5

B>=RUD@ P C&BDÏ�í�Z�K>=R;
Ó4Ï " G/=R;�:T@sC&BVKO]<=NC&:AB�K>Ô&; X�MWP UR=
:TBM K�KO= P Ô M KO=RCqÏ
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)+: Ñ Ô&;>=9Ò<Ï�Ò<â*fVG/= P Ër?T@s@4G
;>=DB>G/@ P B>=�KO@uK>]&=^B M�L =�C&:AB�K>Ô&; X�MWP UR= M B�: P )+: Ñ ÏtÒ<Ï�C ` M K�K>: L = t = 3.5
B>=DU�Ë

@ P C<BRÏ�)+: a =VB>=DUR@ P C&B M Z�KO=D;�KO]&=^C&:TBdKOÔ&; X�M�P UD=VKO]&=wÍt:AK>=VUR; M B>]<=RBl@ P KO@SK>]&= Ñ ;>@�Ô P CzÕ θ Ç � # C&= Ñ ;>=R=DB2ÖàÏ
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)+: Ñ Ô&;>=cÒFÏ��<â~d�?T@�B>=RCsËE?T@s@4GI;>=DB>G/@ P B�=uKO@ M B�KO;�@ P&Ñ C&:TBdKOÔ&; X�M�P UD=u: P θ̇ KO] M K9U2] M�P&Ñ =DB�Z[;�@ L 20
C&= Ñ�Á BKO@ MzaWM ?AÔ&=�@WZ −7

C&= Ñ�Á B M KNK>: L = t = 4.0
B>=DUR@ P C<BRÏ!í9Z�KO=D;oKEÌ�@�G/=R;>:A@FC<BoK>]&=�C&:AB�K>Ô&; X�MWP UR=�:TBUR@ L G&?A=DK>=R?A_ M K�KO= P Ô M KO=RCqÏ
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)+: Ñ Ô&;>=�ÒFÏAÓ # â¸d�?T@4B�=RCFËr?T@s@4G KO; M ,�=RUDK>@4;�_«Z[@4;mKO]&=YÌ�= M Í C&:AB�K>Ô&; X�MWP UR=�KO=DB�K ` B>: L Ô&? M K>=RC�@ a =D;�Ó #$#G/=R;>:A@FC<BRÏ

í^B M ? M B�K�KO=RBdK�Ì�= M G<G&?A_
; M�P C&@ L¦P @�:TB>=9@�Z aWM ;�:T@4Ô<B LNM�Ñ4P :AKOÔ<C&=fKO@uK>]&=^Bd_sB�KO= L â~C<:TB�K>Ô&; X&M�P UR=DB] M G<Gv= P Ìl:AKO]YG<;>@ X�MWX :T?A:AKE_ p = 10%
B −1 ` M�P CQKO]<=D_�B>: L Ô&?AK M�P =R@�Ô&B>?i_�C<:TB�K>Ô&; XQM ?T?�ömUR@ L G/@ P = P K>B@�Z(KO]&=uB�_sB�K>= L B�K M KO= ` Ìl:iKO]�: P C&=DGv= P C&= P K LjM�Ñ�P :AK>Ô&C&=RBfK>] M K M ;>=eU2] M ; M UDK>=R;�:9LR=DC X _mKO]&=uB�K M�P C M ;�CC&= a : M KO:A@ P B

sθ = 0.9 deg, sθ̇ = 0.9 deg s−1, sφ = 0.6 deg, M�P C sφ̇ = 0.6 deg s−1

Z[@4;gK>]&=wÌ�= M ÍmC&:TBdKOÔ&; X�M�P UD=wKO=RBdK ` M�P C

sθ = 4.5 deg, sθ̇ = 4.5 deg s−1, sφ = 3 deg, M�P C sφ̇ = 3 deg s−1

Z[@4;cKO]&=oB�K>;>@ P<Ñ C&:AB�KOÔ<; X�M�P UR=NK>=RBdKbÏ )�@4;c= M U2]�B>UD= P�M ;�:T@ ` Ì�=N] Mba =NU M ;�;>:T=DC�@4ÔFK-B�: L Ô&? M KO:A@ P BVZ[@4;Ó #¦# G/=R;>:A@FC<B-Õ[:�Ï6=�Ï ` Z[@4;�Ò #¦# B>=DUR@ P C<B2Ö�ÏlÐf]&=e;>=DB>Ô&?iKO: P&Ñ φ− θ− G&?T@�K>B�U M�P�X =cB>=D= P : P )+: Ñ Ï�Ò<ÏiÓ # Z[@4;KO]<=^Ì�= M ÍoC&:TBdKOÔ&; X�M�P UD=VB>UD= P�M ;�:T@ ` M�P Cm: P )+: Ñ ÏsÒ<ÏiÓ4Ó�Z[@4;�KO]&=^B�KO;�@ P&Ñ C<:TB�K>Ô&; X&M�P UR=^B>UR= P�M ;�:T@&ÏÈ:�]<:T?T=KO]<=SÌ�= M ÍYB>UD= P�M ;�:T@IB>]<@|ÌlBc]&@nÌ P :TUD=R?A_�KO]<=oUD?T@4B�=RCFËr?T@s@4GQBd_FBdKO= L�X =D] Mba =RBe= a = P : P K>]&=
G&;>=DB>= P UR=@�Z L @sC&=D; M K>=YC&:TBdKOÔ&; X�M�P UD=RB ` K>]&=�B�K>;>@ P&Ñ C&:AB�KOÔ<; X�M�P UR=�B>UD= P�M ;�:T@¥:TBIUD=R;�K M : P ?A_ M KIKO]&=�?T: L :iKOBo@�ZKO]<= M G&G&?A:TU M�X :T?A:AKE_j@�ZpKO]&=SU2]<@4B>= P UD@ P KO;�@4? M G<G&;>@ M U2] ` M B^K>]&=SC&:AB�K>Ô&; X�MWP UR=DBwB>@ L =DK>: L =RB^G<Ô&B>]YKO]<=B�_sBdKO= L B�K M KO=�@4Ô<K(@�Z&K>]&=�B�K M KO= X @4Ô P C&B(B�Gv=DUR:iô�=RCS: P K>]&=�@�G<KO: L :RL M K>:T@ P G<;>@ X ?A= L Õ θ ≤ C " C&= Ñ ;>=D=RB2ÖàÏÐf]&=N;>=RB�Ô&?AK>: P&Ñ : P Z[= M B�: X :A?T:iKE_�@�Z�KO]&=o@4G<K>: L :9L M KO:A@ P G&;�@ X ?T= L BwÌ M B-UDÔ&B>]<:T@ P =DC X _�KO]&=o;>=D? M Î M K>:T@ PB�K>; M K>= Ñ _Q@�ZpKO]&=N¼hsJB�@4? a =R;RÏ
�9@nÌ�= a =R; ` K>]&:TBwC&@s=RB P @�K Ñ : a = M�P _ Ñ Ô M ; M�P KO=D=\Z[@4;VKO]&=SÌ�@4;�Ís: P&Ñ @�Z@4Ô&; M G<G&;>@ M U2]µ: P K>]&=IG&;>=DB>= P UR=�@WZVB>= a =D;>=�C<:TB�K>Ô&; X&M�P UR=DBRÏ Ê P B�KO= M C ` M B�U2]&= L =�= L G&?A@n_F: P&Ñ B>@WZ�KUR@ P B�K>; M : P KfZ[@�; L Ô&? M KO:A@ P B�B>]&@4Ô<?TC X =c= L G&?A@|_�=RC�ÏÐf]&=\UR@ L G&ÔFK M K>:T@ P K>: L =eZ[@�;V= M U2]�;�= M ?×ËrKO: L =c:iKO=R; M KO:A:T@ P UD_sUD?T=\C&:AC P @�Kw=àÎ<UD=R=DCzK>]&=SB MWL G&?A: P&ÑKO: L =~@WZ&@ P =pB�=RUR@ P CS: PeM ?A?4B>: L Ô&? M KO:A@ P B M�P C Mba =D; M�Ñ =DCuK>@ # Ï6ö " B>=DUR@ P C<B(Ìl:AK>] M B�K M�P C M ;>CeC&= a : M KO:T@ P
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)+: Ñ Ô&;>=IÒFÏAÓ4Ó�â?d�?A@4B>=DCFËE?A@F@4G¯K>; M ,�=DUDKO@�;�_¯Z[@4;\KO]<=�BdKO;>@ P&Ñ C<:TB�K>Ô&; X&M�P UR=IKO=DB�K ` B>: L Ô&? M KO=RC¥@ a =D;�Ó #$#G/=R;>:A@FC<BRÏ

@�Z # Ï # &uB�=RUR@ P C&BuÕ�@ PIM d�@ L G M -oí�?TG&] M·É sfÓ #¦#¦# Ì�@4;�ÍtB�K M KO:T@ P Ö�Ï~Ðf]&=w: LNL =RC<: M K>=9Z[=D=RC X�M U2ÍNKO@s@4Í: P�Mba =D; M�Ñ =e@ P =wKO= P K>]�@�Z�KO]<:TB aWM ?TÔ&= ` # Ï #�" B>=DUR@ P C<BRÏ
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ÆÚÙ�0�ç9é9é�ÛeÙ�à�ÙhäeÙ�á�è�à�ç9îðÙ�ãUÛ�Ù�Ý$Ü�à�çòÜ�â�ã~ê$ë5ãUÛ�ÙuHµR8ã�Ù�âeäeÙ�ä�ÇuÜ$éRæ�Ü�â�ÈÈçRéRãUÙ�à�Z=HxÇyÈ [ ãUÛ¾Ü�ãC0zÜ�á�Peá�Ù�ä_ë�ê¦àãUÛ�Ùcá�ãUÜ�ãUÙKÙ�áEãUç9æ[Ü�ã�ç9ê¦â/ç9âiãUÛeÙ�Ù�R�ßðÙ�à�ç9æiÙ�â�ã Ü$é�ãUÙ�á�ã�á~ê$ëOd~ÛeÜ$ß�A�C�AgÈ¾ê¦àtÜ$â�çRâ�ã�à�ê8ä�Peè�ãUç9ê$â[çRâ�ã�ê·è5Peà�à�Ù�â�ã
äeÙ�Ý¦Ù�éRê¦ßeæiÙ�â�ãUácç9âGã�ÛeÙíÜ$à�ÙÞÜ�ê�ë*âeê¦âeéRç9âeÙ�Ü$àKáEã Ü�ã�Ù·Ù�á�ãUçRæ�Ü�ãUç9ê$âi0tÙ¢à�Ù�ë�Ù�àcÙBAcNOAcãUêôb?PeáWM�ÙiÜ$âeä HJä�N�Ü�à¤�bGH ¦QÉ §�ê¦àzã�ên´�Ü$ê/Ü$â�ä�´�Ü-0�é9ç9âON¦áÊ¤³´{´��Q��§vAµÆÚÙ�Ü�é9á�ê¢à�Ù�ë�Ù�à�ã�êiÜ$âÀê�Ý$Ù�àEÝ�çRÙ50¯Ü�à�ãUçRè�éRÙcî�ï ¥ ç9â�äeÙ�àgÙ�ã
Ü$évAµ¤ ¥C¥C¥ + ��j�§Iã�Û¾Ü�ãhäeçRá�è5Peá�á�Ù�á¹á�ê¦æiÙ¢Ü$á�ß�Ù�è�ãUáuê$ë�áEã Ü�ã�Ù¢Ù�á�ã�ç9æ[Ü�ãUçRê¦â«ñ�Ü$âeä ãUêôã�ÛeÙd0~ê$àWMGê�ë ¥Ë¶ à�âeÙ�àê¦âÀâ�PeæiÙ�à�çRèÞÜ$é�æ[Ù�ãUÛeê8äeá�ê$ëYæ[ê Ý8ç9â�N¢Û�ê¦à�çRL�ê¦âÀá�ãUÜ�ãUÙuÙ�á�ãUçRæ�Ü�ãUç9ê$â�¤ ¥Ë¶ àX�Oj�§�A

l â?è�ê$â�ã�àUÜ$áEãcã�ê�Üiá�ã Ü�âeä¾Ü$à�ä H�R�ã�Ù�âeä�Ù�ä�ÇuÜ$é9æ[Ü$âiÈÈçRéRãUÙ�àyZ	HxÇ	È [ ñ�êQP�à�Ý�Ü$à�çòÜ$â�ã�ç9áKÜ$îeéRÙuã�ê[ã�à�ÙÞÜ�ãîðêQPeâeäeá�ê¦âlã�ÛeÙ�áEï�áEãUÙ�æüá�ãUÜ�ãUÙ�ñJÜAë�Ù�Ü�ãXPeà�Ù[ã�Û¾Ü�ã�èÞÜ$â îðÙ�è�àWPeè�çòÜ$é*ë�ê¦àuãUÛeÙ[ßeàUÜ�è�ãUçRèÞÜ$é�Ü$ß�ßeé9çRèÞÜ$îeçRé9ç+ã3ï
ê$ëgã�ÛeÙ\Ü$éeN¦ê¦à�ç+ãUæiAuÆlÙq0�çRé9éx«¾à�áEãíë�ê¦à�ædPeéòÜ�ãUÙ/ãUÛeÙôê$â�23éRç9âeÙ/Ù�áEãUçRæ�Ü�ã�ç9ê¦âÚßeà�ê$îeé9Ù�æ çRâ�Ì�Ù�è�A £ AejÀÜ�âeä
ç9â�ã�à�ê8ä�Peè�Ùôã�ÛeÙ_HxÇyÈóã3ï8ß�Ù_Ü$éeN¦ê¦à�çRãUÛ�æ çRâÍÌ�Ù�èBA £ AÏÎ�ñ~Ü�âeä Ü�ë ãUÙ�à30zÜ�à�äeá/æiê$ãUç+Ý$Ü�ãUÙôç+ã¢î�ï�ÛeÙ&P�à�ç9áEãUçRè
Ü$à]NQPeæiÙ�â�ãUá�ç9âiÌ8Ù�è�A £ A�SOA
VÑÐ&Ò Wó×   ^ ��Ó ² Ô   ×È² �u� ³ � X   ¶
Õ � ��¢ � M+
 ��© �O�1�#
�¢»��¢`��
kÖi� �ÞoQ� �*��� Õ � © �
×5Ù�ã^Peá�è�ê$âeá�çRäeÙ�à5ãUÛ�Ù�áEï8á�ãUÙ�æóäeÙ�Ý$Ù�éRê¦ßeæiÙ�â�ãOê¦â�çRâ�ãUÙ�àEÝ�Ü$é9á«ê�ë�«OR�Ù�ä·é9Ù�â�N$ã�Û

δ
ê¦âeéRï$ñ�0�Ûeç9è Û¹è�ê¦à�à�Ù�á�ßðê¦âeä

ãUê?ã�ÛeÙôá�Ü$æ[ß�é9ç9âONGàUÜ�ãUÙôê$ë�æiÙÞÜ$á]Peà�Ù�æ[Ù�â�ãUá&A P çRÝ¦Ù�â ç9â�çRãUç9Ü$éJÝ�Ü$éTPeÙ�á
xk

Z ãUÛ¾Ü�ãíæ�ÜÞïÚÜ$é9á�ê è�ê¦æißeà�ç9á�Ù
è�ê$âeá�ãUÜ$â�ãcáEï�áEãUÙ�æ ß¾Ü�àUÜ$æiÙ�ã�Ù�à�á�ñ�è�ë±A�Ì8Ù�è�A^jQAYj [ Ü$âeä_è�ê¦â�ã�à�ê¦éRá uk ñ�ã�ÛeÙ¹á�ï8á�ã�Ù�æÓQ £ HµèÞÜ$âAî�Ùuá�ê¦éRÝ$Ù�ä
ê¦â\ãUÛ�Ù¹çRâ�ãUÙ�àEÝ�Ü$é

[tk, tk + δ]

B(·) ẋ(t) = f(x(t), z(t), uk),
0 = g(x(t), z(t), uk),

x(tk) = xk.

Z £ Aej [
l âíãUÛ�Ù~ë�ê¦é9éRê�0�ç9â�Neñ10tÙ�Ü$à�ÙzçRâ�ãUÙ�à�Ù�áEãUÙ�ä/ê¦â�éRï¹ç9â·ã�ÛeÙ~Ý�Ü$éePeÙ�á x(tk+δ) Ü$âeä z(tk) ê$ë�ãUÛ�ç9áÈá�ê¦éTP�ãUç9ê$â�A�×5Ù�ãPeátäeÙ�âeê�ãUÙKã�ÛeÙ�æ î�ï

Xk(xk)
Ü$â�ä

Zk(xk)
ñ�0�ÛeÙ�à�ÙcãUÛ�Ùcè�ê$âeá�ãUÜ$â�ãzè�ê$â�ã�à�ê¦é�Ý�Ü$éTP�Ù�á

uk
Ü$à�Ù�Ü$è�è�êQPeâ�ã�Ù�ä

ë�ê¦àiî�ïÃã�ÛeÙGçRâeäeÙ�R
k
A £ á[á�ê¦æiÙGê�ë�ãUÛeÙGá�ã Ü�ãUÙ�á[èÞÜ$âµîðÙGæiÙÞÜ�áWPeà�Ù�ä«ñgéRÙ�ãnPeá\Ü$éRá�êlçRâ�ãUà�ê8ä�Peè�ÙAã�ÛeÙ

æiÙÞÜ$á]Peà�Ù�æ[Ù�â�ã�ë#Peâ�è�ãUçRê¦â
hk(xk) := Hxxk +HzZk(xk)

j1Ø$C



Ù8r/Ú ku¢ t p ���.¢^­^�.­ � ��� © ��¢%Û��v�:��� ��Ü � � ����¢��
0�çRã�Û�è�ê$âeá�ãUÜ$â�ã\æ�Ü�ãUà�çRè�Ù�á

Hx
Ü$â�ä

Hz
AFÈ¾ê¦à/ãUÛeÙ?ä�ç9á�ã�ç9éRéòÜ�ã�ç9ê¦â�æiê�ä�Ù�é�0�çRã�Û ãUÙ�æ[ßðÙ�à�Ü�ãXPeà�ÙGæiÙÞÜ�2

áWP�à�Ù�æiÙ�â�ã�áa0tÙÀÛ¾ÜÞÝ¦ÙÀá�Ù�ã
Hx = 0

ñtÜ�âeä è Ûeê¦á�Ù�â
Hz

áWPeè Û ãUÛ¾Ü�ã¢çRã{Ý]P�á�ã/Ù�R8ã�àUÜ$è�ãUá¢ãUÛeÙÀæiÙÞÜ$á]Peà�Ù�ä
ãUÙ�æ[ßðÙ�à�Ü�ãXP�à�Ù�ágë�à�ê¦æ ã�ÛeÙ¹Ü$éTN¦Ù�îeàUÜ�ç9è�áEã Ü�ã�ÙuÝ$Ù�è�ãUê¦à5AUgÛeÙ�PeâeäeçRá�ãXP�à�îðÙ�ä�áEï8á�ãUÙ�æ±äeÙ�Ý$Ù�é9ê$ßeæ[Ù�â�ã {yk, xk}∞k=0

0�çRãUÛ[Ü$âiç9âeç+ãUç9Ü$é8Ý�Ü$éePeÙ
x0
Peâ�äeÙ�àtÜyN$çRÝ¦Ù�â

è�ê$â�ã�à�ê¦é5á�Ù&Þ�PeÙ�âeè�Ù {uk}∞k=0

èÞÜ�â_ã�ÛeÙ�â_î�ÙuäeÙ�á�è�à�ç9îðÙ�ä_î�ï\ãUÛeÙuÙ5Þ.PeÜ�ãUçRê¦âeá
xk+1 = Xk(xk),

ë�ê¦à
k = 0, 1, . . . ,

yk = hk(xk).

Z £ AßÎ [
Ä`��
 o�¯ � � �1� o Û²
 ��© ®^�#�O�1�#
`¢
UgÛeÙ�âeÙ�è�Ù�á�á�çRã3ï¢ã�ê�Ù�á�ã�ç9æ[Ü�ãUÙzã�ÛeÙ�á�ï8á�ã�Ù�æ±á�ãUÜ�ãUÙ�Ü$à�ç9á�Ù�á*î�Ù�èÞÜ�Peá�Ù�ã�ÛeÙ�à�Ù�Ü$é¾á�ï8á�ã�Ù�æ±äeê8Ù�á*âeê$ã�è�ê¦ç9âeè�ç9äeÙ0�çRã�ÛÚã�ÛeÙ[æiê8äeÙ�évA�UYêGÜ$è�è�êQPeâ�ã¹ë�ê¦à¹ã�Ûeç9á�ñ^0tÙ�æiê8äeÙ�éJãUÛ�Ù[äeçRá�è�à�Ù�ã�Ù[ã�ç9æiÙiáEï8á�ãUÙ�æüÜ�á·Ü_á�ãUê8è Û¾Ü$áEãUçRè
á�ï8áEãUÙ�æ_ñ8Ü$âeä�0tÙKÜ�é9á�ê¹Ü$á�áWPeæiÙzãUÛeÜ�ãJãUÛeÙgæiÙÞÜ�áWPeà�Ù�æiÙ�â�ãUá�Ü$à�Ùgäeç9áEãUê¦àEãUÙ�ä/î�ï¢âeê$ç9á�ÙBAg×5Ù�ãxPeáIã�ÛeÙ�à�Ù�ë�ê¦à�Ù
à�Ù5N�Ü$à�äÀã�ÛeÙuäeç9á�è�à�Ù�ãUÙuãUçRæ[Ùcá�ãUê8è Û¾Ü$áEãUçRèhá�ï8á�ã�Ù�æÓÜ$âeä_æ[Ù�Ü$áWP�à�Ù�æiÙ�â�ã�æiê�ä�Ù�é

xk+1 = Xk(xk) + wk,
yk = hk(xk) + vk.

Z £ A�S [
UgÛeÙ�á�ãUÜ�ãUÙ�äeçRá�ãXP�à�î¾Ü$â�è�Ù�Ü$âeäiæ[Ù�Ü$áWP�à�Ù�æiÙ�â�ã*âeê$ç9á�Ù�á�Ù&Þ�PeÙ�â�è�Ù�á {wk}∞k=0

Ü$â�ä {vk}∞k=0

Ü$à�Ù�Ü$á�á]PeæiÙ�ä
ãUê\îðÙ¢ç9â�äeÙ�ßðÙ�âeä�Ù�â�ã�Ü$âeäjç9äeÙ�â�ãUç9è�Ü$é9é+ïÀäeç9áEãUà�ç9î�P�ã�Ù�ä«ñ�î�ê$ã�Û�0�çRãUÛ L�Ù�à�ê_æiÙÞÜ�âjÜ$âeä�M�âeê�0�â%Z�ß�ê¦á�çRã�çRÝ¦Ù
äeÙ�«¾âeçRã�Ù [ è�ê Ý�Ü$à�çòÜ$âeè�Ùhæ�Ü�ãUà�çRè�Ù�á

Σw := E{wkw
T
k }

Ü$â�ä
Σv := E{vkvTk }.UgÛeÙiâeê$ãUÜ�ãUçRê¦â

E{·} äeÙ�â�ê$ãUÙ�á¹ã�ÛeÙ/Ù�R�ß�Ù�è�ãUÜ�ãUçRê¦â¨Ý�Ü$éePeÙ�á5AaÈ¾à�ê¦æÓãUÛeÙ/à�Ù�Ü$éJá�ï8áEãUÙ�ænîðÙ�ÛeÜ Ý8çRêQPeà¹Ü�ã¹Ü
áUÜ�æ[ßeéRç9â�Ngã�ç9æiÙ

k
ñ$ê$âeéRï�ã�ÛeÙ~æiÙÞÜ�áWPeà�Ù�æiÙ�â�ãÈá�Ù&Þ�PeÙ�âeè�Ù {yi}ki=0

ç9áYÜ Ý�Ü$çRéòÜ$î�é9Ù�A £ ä�äeçRã�ç9ê¦â¾Ü�éQM�âeê�0�é9Ù�äON¦Ù
Ù�R�çRá�ãUá�çRâÀë�ê$à�æ ê�ëÈáEã Ü�ã�Ù¹îðêQPeâ�äeá�ã�Û¾Ü�ã�à�Ù&Þ�Peç9à�ÙhãUÛ¾Ü�ã

xLB ≤ xi ≤ xUB

ë�ê¦à
i = 0, . . . , k.UgÛeÙußeà�ê¦îeé9Ù�æÔç9ázã�ê/ç9â�ë�Ù�àzãUÛeÙuá�ï8áEãUÙ�æ áEã Ü�ã�Ù

xk
ë�à�ê¦æ ã�Ûeç9á�N$çRÝ¦Ù�âAçRâ�ë�ê¦à�æ�Ü�ã�ç9ê¦âfA

Õ ¯ �8à5­^���á
�M � ��� © ��¢%Û����#�-� � ��¢ N
UgÛeÙAH�R�ã�Ù�âeä�Ù�ä�ÇuÜ$éRæ�Ü$â�ÈYç9éRã�Ù�àªZ=HxÇyÈ [ ë�ê$àiâ�ê¦âeé9çRâeÙÞÜ�àíá�ï8á�ã�Ù�æiá�ßeà�ê�è�Ù�Ù�äeá[çRâÃß�à�ç9â�è�ç9ß�é9Ù\Ü$á/ãUÛ�Ùé9çRâeÙÞÜ�à�ÇuÜ$é9æ[Ü$â�«eéRãUÙ�à�¤³Ç¹Ü�é É ��ñ�Ì�ê¦â ¦ ��§	ñ5î�P�ãuç9ácî¾Ü$á�Ù�äjê¦âjáWPeîeá�Ù&Þ�PeÙ�â�ã·é9çRâeÙÞÜ$à�ç9L�Ü�ãUçRê¦âeá�ê$ë*ãUÛeÙ¢áEï�á±2
ãUÙ�æüæiê�ä�Ù�ézÜ�ãíãUÛeÙ\îðÙ�áEãiÜÞÝ$Ü�ç9éòÜ�îeé9ÙiÙ�áEãUç9æ[Ü�ã�Ù�AáUgÛeÙ\ç9äeÙ�Ü?ê$ë�ãUÛeÙªÇuÜ$éRæ�Ü�â�«¾é+ãUÙ�à·ç9á·ã�ê è�ê¦æiß¾Ü$à�Ù
ÙÞÜ�è Û¸æiÙÞÜ�áWPeà�Ù�æiÙ�â�ãd0�çRã�Û ãUÛeÙ�ßeà�Ù�äeç9è�ãUç9ê$â ê$ë�ãUÛeÙ�æ[ê8äeÙ�é	ñJÜ$âeä ã�ê?è�ê$à�à�Ù�è�ã¢ã�ÛeÙôÙ�áEãUçRæ�Ü�ã�Ù�ä�áEã Ü�ã�Ù
x̂
Ü$è�è�ê¦à�äeç9âONAãUêAãUÛeÙ[äeÙ�Ý8çòÜ�ãUç9ê$â�AªUgÛeÙq0tÙ�çTN$Û�ã·ê$ëgß¾Ü�á�ãíæiÙÞÜ�áWPeà�Ù�æiÙ�â�ãíçRâ�ë�ê¦à�æ[Ü�ã�ç9ê¦âjç9áyM$Ù�ß�ã¢çRâ Ü0tÙ�çTN$Û�ã�ç9â�N/æ[Ü�ãUà�çYR

P
A

VÑÐUT ­�® ÓmâIã Ô ­ Ø[° Ó V ��äy  ×YX � ®À²
P çRÝ¦Ù�âôÜ¹è&Peà�à�Ù�â�ã~Ù�á�ã�ç9æ[Ü�ãUÙ

x̂k ∈ R
nx
ñ�Ü�â�ê¦âeá�çRâ�NQPeé9Ü$àJáWÞ�P¾Ü�à�ÙV0tÙ�çeN¦Û�ãUç9âON�æ[Ü�ãUà�çYR

Pk

Z�ê$ë�ã�ÛeÙcá�Ü$æiÙ
äeçRæ[Ù�âeá�çRê¦â

R
nx×nx

Ü$á
Σw [ Ü�âeä?Ü/æ[Ù�Ü$áWP�à�Ù�æiÙ�â�ã yk ∈ R

ny
Ü�ã�ã�ç9æiÙ

k
ñ¾ãUÛeÙ¹à�Ù�è&Peà�á�ç+Ý¦Ù�Ü$éTN¦ê$à�çRã�Ûeæ

è�ê$æ[ß�P�ãUÙ�ágã�ÛeÙuæ�Ü�ã�à�çLR
Pk+1

Ü$âeäÀãUÛeÙhÝ¦Ù�è�ã�ê¦à
x̂k+1

Ü�á�ë�ê$é9é9ê�0�á5å
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jQAKd~ê¦æiß�P�ã�Ù

h := hk(x̂k)
Ü$âeä

H := ∂hk(x̂k)
∂x̂k

A
Î�AKd~ê¦æiß�P�ã�ÙuÜq�Ê´Åä�Ù�è�ê$æ[ßðê¦á�ç+ãUçRê¦â

(

Pk

Σ
− 1

2
v H

)

=: Q̂R̂
Z £ A § [

0�ç+ãUÛ
R̂
PeßeßðÙ�à�ãUà�çòÜ$âONQPeéòÜ�àcÜ$â�ä¨ê�ë�ë#P�é9éOàUÜ$â�M�Z=âeê�ãUÙíãUÛeÜ�ã�ã�Ûeç9áhçRáhÜ$ée0~ÜÞï8áhß�ê¦á�á�çRîeé9Ù¢Ü�á

Pk

çRá
âeê$âeá�çRâ�NQPeé9Ü$à [ A*f�î�ã Ü$çRâÀÜiè�ê¦à�à�Ù�è�ãUÙ�ä_äeçYê�Ù�à�Ù�â�ã�çòÜ$é«áEã Ü�ã�ÙhÝ$Ü�éTPeÙ

x′ := x̂k − R̂−1Q̂T

(

0

Σ
− 1

2
v (h− yk)

)

.
Z £ AßØ [

SOA�UOê_Ü Ý$ê¦ç9äjÜôÝ8ç9ê$éòÜ�ã�ç9ê¦â_ê$ëËPeßeßðÙ�àuÜ$âeäjéRê10tÙ�àcî�êQP�âeäeánZ�ã�Û¾Ü�ãhæ[ÜÞï?æ[Ü�M$Ù·ã�ÛeÙiQ £ HÅá�ê¦éTP�ã�ç9ê¦â
çRæ[ßðê¦á�á�ç9îeéRÙ [ ñ�á�ê¦éRÝ$Ù

min
x

‖R̂(x− x′)‖22
áWPeî.Ý�Ù�è�ã�ãUê

xLB ≤ x ≤ xUB.

QcÙ�âeê$ã�Ù�ã�ÛeÙ�á�ê¦éeP�ãUçRê¦â¢î�ï
x̃
A*f�âeè�ÙgãUÛeÙ�Ü$è�ãUçRÝ$Ùgá�Ù�ã~Ü�âeä

x̃
Ü$à�Ù�M�âeê�0�â«ñ�äeÙ�«¾âeÙKÜhæ�Ü�ã�à�çLR

Q1 =
(e1, e2, . . . , ena)

è�ê¦â�á�ç9áEãUçRâ�N/ê$ë
na

PeâeçRã�Ý$Ù�è�ã�ê¦à�á
ei
è�ê¦à�à�Ù�á�ß�ê$âeäeç9âONiã�êiã�ÛeÙ

na

è�ê¦æißðê¦âeÙ�â�ã�á
ê$ëOãUÛ�Ù�Ü�è�ãUç+Ý¦Ùuá�Ù�ãÞñ¾á�êiã�Û¾Ü�ãgãUÛ�Ù¹Ù5Þ�PeçRÝ�Ü$éRÙ�â�ã�ßeà�ê$îeé9Ù�æ

min
x

‖R̂(x− x′)‖22
áWPeî.Ý�Ù�è�ã�ãUê

QT
1 (x− x̃) = 0,

Z £ A É [
è�Ü$âÃîðÙ\ë�ê¦à�æ\PeéòÜ�ã�Ù�äëZ:0�Ûeç9è Û¸Û¾Ü$á/ãUÛeÙÀá�ê¦éTP�ã�ç9ê¦â

x̃
çRã�á�Ù�éRë [ A QcÙ�âeê$ãUÙ_î�ï Q2

ãUÛeÙÀê¦àEãUÛeê$âeê¦à32
æ[Ü$ézè�ê¦æ[ß�é9Ù�æiÙ�â�ãíã�ê

Q1
ñtá�ê ãUÛ¾Ü�ã

(Q1|Q2)
ç9áiÜ$â ê¦à�ã�Ûeê¦âeê$à�æ[Ü$éÊZ�ß�Ù�à�ædP�ãUÜ�ãUçRê¦â [ æ[Ü�ã�à�çYR`A�OÙ�à�ë�ê$à�æ Ü$âeê$ã�ÛeÙ�à��	´ùë=Ü$è�ãUê¦à�ç9LÞÜ�ãUç9ê$â

R̂Q2 =: Q′R′ ãUêÅï8çRÙ�é9ä�ãUÛeÙ ç9â�Ý¦Ù�à�ãUçRîeé9ÙÃæ�Ü�ãUà�çLR
R′ ∈ R

(nx−a)×(nx−a) AKUgÛeçRá�ç9á/ãUÛ�ÙGê¦âeé+ï á�ã�Ù�ß�ãUÛeÜ�ã�çRá�Ü�äeäeçRã�ç9ê¦âeÜ$ézãUêlÜÚá�ãUÜ$âeä¾Ü�à�äµHxÇ	Èá�è ÛeÙ�æiÙ$ñtÜ$âeä çRã·èÞÜ$â îðÙ!Ý]Peá�ã�çe«¾Ù�ä ÛeÙ&Peà�ç9áEãUç9è�Ü$é9é+ïQA l ëKâeê îðêQPeâeäeá/Ü�à�ÙÀÜ$è�ãUçRÝ$Ù$ñ x̃ = x′
Ü�âeä

R′ = R̂
A

§ AKd~ê¦æiß�P�ã�Ù
x̂k+1 := Xk(x̃)

Ü$âeä
G := ∂Xk(x̃)

∂x̃

A
Ø�AKd~ê¦æiß�P�ã�ÙuÜiè�ê¦æißeé9Ù�ãUÙy�Ê´ÅäeÙ�è�ê¦æiß�ê$á�çRã�ç9ê¦â

(

R′

−Σ
− 1

2
w GQ2

)

=:
(

Q̄ Q̃
)

(

R̄
0

)

0�ç+ãUÛ
R̄
âeê$â�23á�ç9â�NQP�éòÜ$à5A

É AKd~ê¦æiß�P�ã�Ù

Pk+1 := Q̃T

(

0

Σ
− 1

2
w

)

.

�Kê$ã�Ù�ã�Û¾Ü�ãtêQPeà�Ü$éeN¦ê¦à�ç+ãUÛeæ�ßeà�ê�ä�P�è�Ù�átßeà�Ù�äeç9è�ãUç+Ý¦Ù�Ù�á�ã�ç9æ[Ü�ãUÙ�á
x̂k+1

0�ç+ãUÛ6M8â�ê10�éRÙ�ä�N$Ùcê$ë�ãUÛeÙ
k
2ìãUÛ

æiÙÞÜ$á]Peà�Ù�æ[Ù�â�ã
yk
Z	Ü$âeä\ã�ÛeÙuè�ê¦â�ãUà�ê¦é«Ý�Ü$éTP�Ù

uk [ ê¦âeé+ïQA
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�¢
UgÛeÙíë#Peâ�è�ãUçRê¦â

Xk(xk)
Ü$âeä çRã�ácäeÙ�à�ç+Ý$Ü�ãUçRÝ$Ù ∂Xk

∂xk

èÞÜ$â Ù�
[è�ç9Ù�â�ã�éRïGî�Ùíè�ê¦æiß�P�ãUÙ�ä?î�ï Ü\Q £ Hþá�ê¦é+Ý¦Ù�àPeá�ç9â�N\ãUÛ�Ù¢ßeà�çRâeè�çRßeé9Ùíê�ëtçRâ�ãUÙ�à�â¾Ü$éIâ�PeæiÙ�à�ç9è�Ü$éÈäeçYê�Ù�à�Ù�â�ã�çòÜ�ã�ç9ê¦â�Z l �cQ [ Z�è�ë±AaÌ8Ù�è�A É A�S [ A!ÆÚÙaPeá�Ù¢ãUÛ�ÙQ £ Hjá�ê¦é+Ý¦Ù�àJQ £ H¨ÌefÊ×k¤ ¥ Ü�P�����§vA�UgÛeÙgè�ê¦æ[ßOP�ã Ü�ã�ç9ê¦â¹ê$ë
hk(xk) = Hxxk+HzZk(xk)

à�Ù5Þ.P�ç9à�Ù�áÈãUÛ�Ù
äeÙ�ãUÙ�à�æ[çRâ¾Ü�ã�ç9ê¦â¨ê$ëgè�ê¦âeá�çRá�ã�Ù�â�ã/Ü$éeN¦Ù�îeà�Ü$ç9è¢Ý�Ü$à�çòÜ$îeéRÙ�á

Zk(xk)
ã�Û¾Ü�ãíá�Ü�ãUçRá�ë ï

g(xk, Zk(xk), uk) = 0
AUgÛeçRá[çRá�Ü$è Û�ç9Ù�Ý$Ù�ä�çRâÃê�Peà[çRæ[ß�é9Ù�æiÙ�â�ãUÜ�ãUçRê¦â�î�ï Ü»Z=ä¾Ü�æ[ßðÙ�ä [ ��Ù50gãUê$â�ì�á�æ[Ù�ãUÛeê8ä�0�Û�ç9è Û è�Ü�Peá�Ù�áÝ¦Ù�à�ïjéRçRã�ã�é9Ù¹è�ê¦æiß�P�ãUÜ�ãUçRê¦â¾Ü$éYÙ5ê�ê¦à�ãuè�ê¦æiß¾Ü$à�Ù�ä ãUê\ãUÛeÙ/Q £ Håá�ê¦éeP�ãUçRê¦â�A ¥ ï?ãUÛeÙ¢çRæ[ß�é9ç9è�çRã�ë#Peâeè�ãUç9ê$â

ãUÛ�Ù�ê¦à�Ù�æ_ñ�ãUÛeÙuäeÙ�à�ç+Ý$Ü�ãUçRÝ$Ù ∂hk

∂xk

è�Ü$âÀî�ÙuÙ�Ý�Ü$éeP¾Ü�ã�Ù�ä\ãUêiî�Ù

∂hk
∂xk

= Hx +Hz

(

∂g

∂z

)−1
∂g

∂x
.

VÑÐ�¬ í Ó�� ×YX�» � X�]ïî  y� XSðh³ � X   ¶
UgÛeÙ�çRäeÙÞÜ¹î�Ù�Ûeç9â�ä�ãUÛeÙcHxÇyÈÚÜ$éTN$ê¦à�ç+ãUÛeæ çRátîeÜ$á�Ù�ä\ê¦âôä�ï8â¾Ü$æiç9è�ßeà�êQN¦àUÜ�æ[æiç9â�N¹Ü$à]NQPeæiÙ�â�ãUá5Ag×5Ù�ã�Peá
äeÙ�«¾âeÙ�Ü¢ë#P�âeè�ã�ç9ê¦â

F (x, x̄) :=







Pk(x− x̂k)

Σ
− 1

2
v (hk(x)− yk)

Σ
− 1

2
w (x̄−Xk(x))







ãUÛeÜ�ã~à�Ù�ßeà�Ù�á�Ù�â�ãUá~ã�ÛeÙcè�ê¦á�ã�á~ê¦â[á�ãUÜ�N¦Ù
k
ñ.N¦çRÝ$Ù�â\Ü¹ß¾Ü$á�ãtá�ãUÜ�ãUÙKÙ�áEãUç9æ[Ü�ã�Ù

x̂k
Ü$âeä�Üy0tÙ�çTN$Û�ã�ç9â�N�æ�Ü�ãUà�çLR

Pk

AgUgÛeÙuç9äeÙ�Ü¢ç9ázãUê[Ü$ßeß�à�ê-R�ç9æ[Ü�ãUÙ�éRï[áWPeæiæ�Ü�à�ç9L�ÙcãUÛ�Ù¹ê$ß�ãUçRæ�Ü$é�Ý�Ü$éTP�Ù
min
x

‖F (x, x̄)‖22
áWPeî.Ý�Ù�è�ã�ãUê

xLB ≤ x ≤ xUB,
Z £ Aßñ [

ãUÛeÜ�ã�äeÙ�ßðÙ�â�äeáKê$â_ã�ÛeÙuá�ã Ü�ãUÙ
x̄
ñ¾ç9â_Ü�Þ�P¾Ü$äeà�Ü�ãUçRè�ë#Peâeè�ãUç9ê$â

‖Pk+1(x̄−x̂k+1)‖22 +
è�ê¦âeáEã

.

UOê_ê$î�ã Ü$çRâ ãUÛeçRáuÜ$ßeßeà�ê�R�çRæ�Ü�ã�ç9ê¦â�ñ`0tÙa0�çRé9éYé9ç9â�ÙÞÜ$à�ç9L�Ù�ãUÛeÙ/á�ï8áEãUÙ�æ_ñOÜ$áuê¦âeé+ïGãUÛ�Ù�âjçRãuçRáhß�ê¦á�á�çRîeé9Ù·ã�ê
áWP�æ[æ[Ü$à�çRL�Ù~ã�ÛeÙ�ê¦ß�ã�ç9æ[Ü$é�áEã Ü�N$Ùgè�ê¦áEãUá�ç9â/ÜÊÞ�P¾Ü$äeà�Ü�ãUçRèzë#Peâeè�ã�ç9ê¦â?Z#Peá�çRâ�NhãUÛeÙgäeçRá�è�à�Ù�ã�ÙgãUç9æiÙ�ÇuÜ$éRæ�Ü$â«¾é+ãUÙ�àgçRäeÙÞÜ [ AUgÛeÙ é9çRâeÙÞÜ�à�ç9L�Ü�ãUçRê¦â¸ê$ëußeà�ê$îeé9Ù�æ Z £ AÏñ [ äeê8Ù�áôâ�ê$ã\ê¦âeé+ï è�ê¦âeè�Ù�à�âµã�ÛeÙGë#Peâeè�ãUçRê¦â F

ñ�Ü$áqPeáWP¾Ü�é
ç9â_HxÇ	ÈÃÜ�éTN¦ê¦à�çRã�Ûeæ[á�ñ�î�P�ãcÜ�é9á�ê/ãUÛ�Ù¹è�ê¦âeáEãUàUÜ�ç9â�ãUá�ñ/0�Û�ç9è ÛGÛeÜ Ý$Ù¹ã�ê[îðÙuè�ê¦â�Ý$Ù�à�ã�Ù�ä çRâ�ã�êiÜ$ßeßeà�ê¦ßeà�ç9Ü�ãUÙ
Ù&Þ�P¾Ü�é9çRã3ïcè�ê¦â�á�ãUà�Ü$ç9â�ã�á«ãUê�æ�ÜBM$ÙJãUÛeÙJß�à�ê¦îeéRÙ�æþãUàWP�éRï�éRç9âeÙ�Ü$à&A�UgÛeÙ*ßeà�ê�è�Ù�ä�P�à�Ù*ê$ë8ãUÛeÙJßeà�Ù�Ý8ç9ê�Peá�á�Ù�è�ãUçRê¦â
èÞÜ�âAîðÙuà�Ù&N¦Ü$à�äeÙ�äGÜ�áKÜ¢äeê Ý$Ù�ã Ü�ç9é9çRâ�N¢ê$ëOãUÛeÙußeà�ê¦îeéRÙ�æÔéRç9âeÙ�Ü$à�çRLÞÜ�ã�ç9ê¦â�Ü$âeäÀãUÛeÙué9çRâeÙÞÜ�à�ÇuÜ$é9æ[Ü$â�«¾é+ãUÙ�à
Ü$éeN¦ê¦à�ç+ãUÛeæiAÆlÙié9çRâeÙÞÜ�à�ç9L�Ù·ãUÛ�Ùiß�à�ê¦îeéRÙ�æ�äOPeà�çRâ�N\ãUÛeÙ/á�ê$éTP�ã�ç9ê¦â ßeà�ê�è�Ù�ä�P�à�Ù$ñYÜ$á¹äeÙ�á�è�à�ç9îðÙ�ä¨ç9â ãUÛeÙißeà�Ù�Ý8ç9êQP�á
á�Ù�è�ã�ç9ê¦â�åOé9Ù�ãµPeáYé9çRâeÙÞÜ$à�ç9L�Ù

hk(x)
Ü�ãÈãUÛ�Ùzß�ê$ç9â�ã

x̂k
ãUêcï8ç9Ù�é9ä·ã�ÛeÙzÜ�ßeßeà�ê-R�ç9æ[Ü�ã�ç9ê¦â

h+H(x−x̂k)
Z�á�ã�Ù�ßj [ ñeãUÛeÙ�âGé9Ù�ã�Peá�è Ûeê�ê$á�Ù�Üißðê¦ç9â�ã x̃ Z�ã�ÛeÙ�ê�P�ãUè�ê¦æ[Ùhê�ëÈãUÛ�Ù\�Ê��á�ê¦éTP�ã�ç9ê¦â�ñeá�ã�Ù�ßeáVÎiÜ�âeäGS [ Ü�ã�0�Ûeç9è Û
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�¢ Ù�v²Ù
0tÙ�éRç9âeÙ�Ü$à�çRL�Ù

Xk(x)
ãUêhï8ç9Ù�éRäíãUÛeÙgéRç9âeÙ�Ü$à�çRLÞÜ�ã�ç9ê¦â

x̂k+1+G(x− x̃) = x̂k+1+G(x̂k− x̃)+G(x− x̂k)Z=áEãUÙ�ß § [ AµÆlÙuè�Ü$â_ã�ÛeÙ�à�Ù�ë�ê¦à�Ù¹Ü$ßeßeà�ê�R�çRæ�Ü�ã�Ù F (x, x̄) î�ï\ãUÛ�Ù¹éRç9âeÙ�Ü$à~ë#Peâ�è�ãUçRê¦â
f̃ + (F̃x|F̃x̄)

(

x− x̂k
x̄− x̂k+1

)

=







0

Σ
− 1

2
v (h− yk)

−Σ
− 1

2
w G(x̂k − x̃)






+







Pk 0

Σ
− 1

2
v H 0

−Σ
− 1

2
w G Σ

− 1
2

w







(

x− x̂k
x̄− x̂k+1

)

.

ÈÈçLR�çRâ�N/Ü$éRá�êíãUÛ�Ù�Ü�è�ãUç+Ý¦Ùuá�Ù�ã�0~ÙuãUà�Ü$âeá�ë�ê$à�æ ã�ÛeÙuç9âeÙ5Þ�P¾Ü$é9ç+ã3ïôè�ê¦âeá�ã�àUÜ$çRâ�ãUá�ç9â�ãUê¢Ù5Þ�P¾Ü$é9ç+ãUçRÙ�á
QT

1 (x− x̃) = 0,

á�ê/ãUÛeÜ�ãgãUÛeÙuéRç9âeÙ�Ü$à�çRLÞÜ�ã�ç9ê¦â[ê$ëÈß�à�ê¦îeéRÙ�æõZ £ AÏñ [ èÞÜ�âAîðÙ�0�à�ç+ã�ãUÙ�âGÜ�á

min
x

∥

∥

∥

∥

f̃ + (F̃x|F̃x̄)

(

x− x̂k
x̄− x̂k+1

)∥

∥

∥

∥

2

2

á]Peî.Ý�Ù�è�ãcã�ê
QT

1 (x− x̃) = 0,

ê¦à�ñ«Ù&Þ�Peç+Ý$Ü�é9Ù�â�ã�éRï¦ñ«Ü$áuÜ$â�Peâeè�ê¦âeáEãUàUÜ�ç9âeÙ�ä¨ß�à�ê¦îeéRÙ�æ_ñ`0�ÛeÙ�à�Ù�0tÙ¢äeç9à�Ù�è�ã�éRïAáWPeî�á�ãUç+ãXP�ã�Ù
x = x̃ + Q2yZ�P�á�ç9âON/ã�ÛeÙuê¦à�ã�Ûeê¦âeê$à�æ[Ü$é�è�ê¦æ[ß�é9Ù�æiÙ�â�ã

Q2
ê�ë
Q1 [ å

min
y

∥

∥

∥

∥

f̄ + (F̃xQ2|F̃x̄)

(

y
x̄−x̂k+1

)∥

∥

∥

∥

2

2

,
Z £ AÏb [

0�çRã�Û

f̄ := f̃ + F̃x(x̃− x̂k) =





0

Σ
− 1

2
v (h− yk)

0



 +





Pk

Σ
− 1

2
v H
0



 (x̃− x̂k).
Z £ A ¦ [

f�Peà�HxÇ	È ã3ï8ßðÙ�Ü�éTN¦ê¦à�çRã�Ûeæ è�ê¦æiß�P�ãUÙ�á�Ü
QR

ë=Ü$è�ã�ê¦à�çRLÞÜ�ã�ç9ê¦âôê�ë
(F̃xQ2|F̃x̄)

ñ�Ü$á

(F̃xQ2|F̃x̄) =







PkQ2 0

Σ
− 1

2
v HQ2 0

−Σ
− 1

2
w GQ2 Σ

− 1
2

w






=

(

Q̂ 0
0 I

)

(

R̂Q2 0

−Σ
− 1

2
w GQ2 Σ

− 1
2

w

)

=

(

Q̂ 0
0 I

)(

Q′ 0
0 I

)

(

R′ 0

−Σ
− 1

2
w GQ2 Σ

− 1
2

w

)

=

(

Q̂ 0
0 I

)(

Q′ 0
0 I

)

(Q̄|Q̃)
(

R̄ R′′

0 Pk+1

)

0�çRã�Û
R′′ := Q̄T

(

0

Σ
− 1

2
w

) A¨UgÛ�Ù¹éRç9âeÙ�Ü$àzßeà�ê¦îeéRÙ�æöZ £ Acb [ ç9ázã�ÛeÙ�à�Ù�ë�ê¦à�Ù¹Ù5Þ�PeçRÝ�Ü$éRÙ�â�ãgãUê�å

min
y

∥

∥

∥

∥

(

Q̄T

Q̃T

)(

Q′T 0
0 I

)(

Q̂T 0
0 I

)

f̄ +

(

R̄ R′′

0 Pk+1

)(

y
x̄−x̂k+1

)∥

∥

∥

∥

2

2

.
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UgÛeÙuê¦ß�ã�ç9æ[Ü$é�á�ê¦éTP�ãUç9ê$â\ê$ëYã�Ûeç9ágéRç9âeÙ�Ü$à�çRL�Ù�ä\ßeà�ê¦î�é9Ù�æ èÞÜ$â_îðÙ¹á]Peæiæ�Ü$à�ç9L�Ù�äÀÜ$á

‖Pk+1(x̄−x̂k+1)‖22.
çRë

Q̃T

(

Q′T 0
0 I

)(

Q̂T 0
0 I

)

f̄ = 0.

UOê[á�Ù�ÙhãUÛ¾Ü�ã�ã�Ûeç9ágçRágç9âeä�Ù�Ù�äÀãUÛ�Ù¹è�Ü$á�Ù�ñ¾âeê$ã�Ùuã�Û¾Ü�ã
(

Q̂T 0
0 I

)

f̄ =

(

R̂(x̃− x′)
0

)

ä�PeÙhã�ê�Z £ A § [ ñ^Z £ AÏØ [ Ü$âeäkZ £ A ¦ [ ñ¾Ü$â�ä_ã�Û¾Ü�ã
Q′T R̂(x̃− x′) = R′−T

(R̂Q2)
T R̂(x̃− x′)

ædPeáEãiî�Ù_L�Ù�à�êeñzîðÙ�è�Ü�Peá�Ù
y = 0

çRáiá�ê¦éTP�ãUç9ê$â�ê$ëcã�ÛeÙ_ë�ê$é9é9ê�0�çRâ�N ê¦ß�ã�ç9æiç9LÞÜ�ãUç9ê$âlßeà�ê¦îeé9Ù�æAñ*ãUÛeÜ�ãiç9á
Ù&Þ�Peç+Ý�Ü$é9Ù�â�ãgã�ê?Z £ A É [ 0�çRã�Û x = x̃+Q2y

å
min
y

‖R̂(x̃− x′) + R̂Q2y‖22.
�Kê�ãUÙ ãUÛ¾Ü�ãÚÜ�ã¨ãUÛ�ÙÃá�ê¦éTP�ã�ç9ê¦â

y = 0
ã�ÛeÙÍN$àUÜ$äeçRÙ�â�ãÚê$ë�ã�ÛeÙÃê$î.Ý�Ù�è�ãUçRÝ$ÙÍ0�ç+ãUÛ�à�Ù�á�ß�Ù�è�ãÚãUê

y
ç9á

2(R̂Q2)
T R̂(x̃− x′)

ñ�0�Û�ç9è Û_ç9ágL�Ù�à�êiä�PeÙhãUê¢ã�ÛeÙuâeÙ�è�Ù�á�á�Ü$à�ï_ê¦ß�ãUç9æ[Ü$éRçRã3ïiè�ê¦â�äeçRã�ç9ê¦âeá5A
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V m(X, T )UgÛeÙ�æiê¦éòÜ$àYÝ¦ê¦éePeæ[Ù
V m(x, T )

ê$ëðãUÛeÙ�éRçTÞ�Peç9äíã�àUÜÞï¢è�ê¦â�ãUÙ�â�ãtç9áJè�Ü$é9è5PeéòÜ�ã�Ù�ä/Ü$á�Ühé9çRâeÙÞÜ�àIè�ê¦æ·îeç9â¾Ü�ãUç9ê$â
ê$ëOãUÛeÙuæiê¦éòÜ�àtÝ¦ê$éTPeæiÙ�á�ê$ëOãUÛeÙ	Peâ�äeç9éeP�ãUÙ�ä_è�ê¦æiß�ê¦â�Ù�â�ãUá�ñ¾ç�A Ù�A+ñ

V m(X, T ) := XV m
1 (T ) + (1−X)V m

2 (T ).

0�çRã�Û
V m
k (T )

èÞÜ�é9è&P�éòÜ�ã�Ù�ä_Ü$è�è�ê¦à�ä�ç9â�N¢ãUê
V m
k (T ) :=

1

ak
expbk

(1 + exp(1−T/ck)
(dk)).

UgÛeÙuæiê¦éòÜ$àtÝ¦ê¦éePeæ[Ùhè�ê�Ù�
iè�ç9Ù�â�ãUá
ak, bk, ck, dk

îGÜ�à�ÙÊN¦ç+Ý¦Ù�â_ç9âªUYÜ$îeéRÙ ¥ Aej�A
m�� � �1�#���*m � � �-� ® � � �

P s
k (T )UgÛeÙíßeÜ$à�ã�çòÜ$é�ßeà�Ù�á�á]Peà�Ù�á
P s
k (T )

ê$ëJãUÛ�Ù\Peâeä�ç9éTP�ãUÙ�äGè�ê¦æiß�ê$âeÙ�â�ãUá�Ü$à�Ù�äeÙ�ã�Ù�à�æiç9â�Ù�ä?î�ï_ãUÛeÙ £ â�ãUê¦çRâeÙ
Ù&Þ�P¾Ü�ãUç9ê$â

P s
k (T ) := exp

(

Ak −
Bk

T + Ck

)

k = 1, 2.

UgÛeÙuÙ�æißeéRê�ï$Ù�ä £ â�ãUê$ç9âeÙuè�ê8Ù5
iè�ç9Ù�â�ã�áKÜ�à�Ù	N¦çRÝ$Ù�âÀç9âªUYÜ$îeéRÙ ¥ AßÎ.A
d~ê¦æißðê¦âeÙ�â�ã bAê¦éòÜ�à~Ý¦ê¦éePeæiÙhè�ê8Ù5
iè�çRÙ�â�ãUá

k ak
¤üM�æ[ê¦é�é −1 § bk ck

¤cÇ�§
dkjnZìbAÙ�ãUÛ¾Ü$â�ê¦é [ Î�AÏÎ�bQb �OAßÎ É b*Ø Ø�j1Î�A § �OAÏÎ § Ø$SÎªZ=â�24�*à�ê¦ß¾Ü$â�ê¦é [ jQAÏÎ$S*Ø ��AßÎQñ.j S É Ø$S É A § �OAÏÎ § �Q�

UYÜ$îeéRÙ ¥ AYjQågUgÛeÙ¹æ[ê¦é9Ü$àtÝ$ê¦éTP�æ[Ùhè�ê�Ù�
[è�ç9Ù�â�ã�á

j É S



Ù8v� Öu���-���v� � 
/ý�� ¯ ��Öi� � �1�������O����
�¢ ô 
²­����
d~ê$æ[ßðê¦âeÙ�â�ã £ â�ãUê¦çRâeÙuè�ê8Ù5
iè�çRÙ�â�ãUá

k Ak Bk
¤cÇ�§

Ck
¤³Ç�§

jnZìb_Ù�ãUÛeÜ$âeê¦é [ Î$SOA § b S É Î É A É 23S § AÏÎ ¦ÎªZ=â.2±�Jà�ê¦ßeÜ$âeê¦é [ Î�Î�A § S*ñ SOj ÉQÉ A § 24bQ�OAYj1Ø
UYÜ$îeéRÙ ¥ AßÎ�ågUgÛ�Ù £ â�ã�ê¦ç9â�Ùhè�ê8Ù5
iè�çRÙ�â�ãUá

þJâ�ãUÛeÜ$é9ß�ï\è�ê�Ù�
[è�ç9Ù�â�ã�á
k h1,k

¤³Ç −1 § h2,k
¤cÇ −2 § h3,k

¤³Ç −3 § T c
k

¤³Çh§
P c
k

¤³�ÈÜ�§
Ωkj j�bOA�SOj jQAßñ.j Sÿj-� −2

É A�S ¦Q¦ j�� −5 Ø�j1Î.A É b�AÏ� ¦�É j�� 6 �OAßØ�ØQñÎ SOjQA ¦ Î § A §*¦ j�� −2
¦ A ÉQÉ S j�� −5 Ø$S É Aßñ Ø.Aej É�É j�� 6 �OA É j1Î

UYÜ$îeé9Ù ¥ A�SOågUgÛ�Ù�Ù�â�ã�Û¾Ü$éRß�ïôè�ê8Ù5
iè�çRÙ�â�ãUá

Õ ¯ � t ¢�� ¯ ��� è ��� �
hL(X, T )

��¢"­
hV (Y, T, P )UgÛeÙhÝ�Ü$ßðêQPeà�Ü$âeäÀé9çeÞ�Peç9ä\áEãUà�Ù�Ü$æÔÙ�â�ã�Û¾Ü$éRßeç9Ù�á

hL(X, T )
Ü$âeä

hV (Y, T, P )
Ü$à�Ù	N¦ç+Ý¦Ù�âÀî�ï

hL(X, T ) := XhL1 (T ) + (1−X)hL2 (T )Ü$âeä
hV (Y, T, P ) := Y hV1 (T, P ) + (1− Y )hV2 (T, P ).UgÛeÙuß�Peà�Ù�éRçTÞ�PeçRäôÙ�â�ãUÛeÜ$é9ßeçRÙ�á

hLk (T )
Ü$à�ÙuäeÙ�ãUÙ�à�æiç9âeÙ�äAÜ�è�è�ê$à�äeçRâ�N¢ãUê

hLk (T ) := C
{

h1,k(T − T0) + h2,k(T − T0)
2 + h3,k(T − T0)

3
}

0�çRã�Û
T0 = 273.15 K

Ü$âeä
C = 4.186 J mol−1 ñ~Ü$âeä¸ãUÛeÙAß�Peà�ÙÀÝ�Ü$ßðêQPeàiÙ�â�ãUÛ¾Ü�é9ßeçRÙ�á hVk (T, P )Ü$è�è�ê¦à�äeç9â�N¢ã�ê

hVk (T, P ) := hLk (T ) + RT c
k

√

1− P
P c
k

(

T
T c
k

)−3

{

a− b T
T c
k
+ c
(

T
T c
k

)7

+ Ωk

(

d− e T
T c
k
+ f

(

T
T c
k

)7
)}

0�çRã�Û
R = 8.3147 J mol−1 K−1 ñ a = 6.09648

ñ
b = 1.28862

ñ
c = 1.016

ñ
d = 15.6875

ñ
e =

13.4721
ñ�Ü$âeä

f = 2.615
AUgÛeÙ¹Ù�æißeé9ê ï¦Ù�äAè�ê�Ù�
iè�ç9Ù�â�ãUá�Ü$à�Ù	N¦ç+Ý¦Ù�â_çRâªUÈÜ$î�é9Ù ¥ A�SOA

� Ó ×���ð�³ � �   ¶  ��»� ® Ó Ô[×I³¹¶�����»
	 Ó � × Ô   ×I² �u� ³
UgÛeÙ�È¾à�Ü$âeè�çRá{0tÙ�çRàcë�ê¦à�æ\PeéòÜ¢ãUÛ¾Ü�ãV0~Ü$áhç9â�ãUà�ê�äOPeè�Ù�ä?ç9â�þgÞ/AgZvñ�AYj1Ø [ ñ�N¦çRÝ$Ù�ácÜôà�Ù�é9Ü�ãUçRê¦âeá�Ûeç9ß_î�Ù�ã40~Ù�Ù�âãUÛ�ÙuÝ$ê¦éTP�æ[Ù�ãUà�çRèV�¾ê�0�àUÜ�ãUÙ

Lvol

Ü$âeä\ã�ÛeÙhÝ¦ê¦éePeæ[ÙhÛ�ê¦é9ä�P�ß
nv ê$ëÈÜ$âÀç9äeÙ�Ü$é9ç���Ù�äôãUàUÜÞï\î�ï

Lvol =W (nv − nref)
3
2 ,



Ù�
��

� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �
?ï
� 0 - ?

Û6

ÈÈçTN�Peà�Ù ¥ AejQå��~à�ê¦á�á�á�Ù�è�ã�ç9ê¦â_ê$ëOãUÛeÙué9çeÞ�Peç9ä��¾ê�0ÅêQP�ã�ê$ëÈÜa0tÙ�çRà&A

0�ÛeÙ�à�ÙíãUÛ�Ùd�¾ê�0Öè�ê¦âeáEã Ü$â�ã
W

Ü$âeä?ãUÛ�Ùíà�Ù�ë�Ù�à�Ù�âeè�Ù¢Ý$ê¦éTPeæiÙ
nref Ü$à�Ùíè�ê¦âeáEã Ü$â�ã-A!È¾ê¦à�Üôä�Ù�à�ç+Ý�Ü�ãUçRê¦â«ñé9Ù�ã�PeáKà�Ù&N�Ü�à�äAã�ÛeÙyN¦àUÜÞÝ8çRã3ïu�¾ê�0óê Ý$Ù�à�Ü/Ûeê¦à�ç���ê¦â�ã Ü$é�0tÙ�çRàKê$ë"0�ç9ä�ã�Û

w
0�ç+ãUÛAÝ$Ù�àEãUç9è�Ü$é²0zÜ�é9é9á�ñ�0�ÛeÙ�à�Ù

ãUÛ�Ùa0~Ü�ã�Ù�àué9Ù�Ý¦Ù�é*çRáuÜ�ãuÛeÙ�çeN¦Û�ã
h
ê Ý¦Ù�àhã�ÛeÙ[éRê�0~Ù�àhÙ�ä�N¦Ùiê$ë�ãUÛeÙ�0tÙ�çRà�ñOÜ$áuäeÙ�ß�ç9è�ã�Ù�ä¨ç9âáÈÈçeNQPeà�Ù ¥ AejQAUgÛeÙ�é9çeÞ.P�ç9ä/é9Ù�Ý¦Ù�é

h
è�Ü$â[îðÙ�äeÙ�ã�Ù�à�æiç9â�Ù�ä/ë�à�ê¦æ ã�ÛeÙ�Ù�R�è�Ù�á�á~Ý$ê¦éTPeæiÙ�ê¦â/ãUÛeÙ�ãUà�Ü ï$ñ�ç+ë�ç+ãUáxN¦à�êQPeâeä[Ü$à�Ù�Ü

A
ç9á�M�âeê�0�â�å

h =
nv − nref

A
.

l â�ãUà�ê�ä�P�è�ç9âON?ÜÀè�ê8ê¦à�äeçRâ¾Ü�ã�Ù y ãUÛ¾Ü�ã¹áEã Ü$àEãUáíÜ�ã¹ã�ÛeÙié9çTÞ�PeçRäjáWPeàEë=Ü$è�Ù�Ü$âeälæiÙÞÜ�áWPeà�Ù�áuãUÛeÙ[äeÙ�ß�ã�Û«ñ"0tÙèÞÜ�âAäeÙ�ãUÙ�à�æiç9âeÙ�ã�ÛeÙnZ=Ûeê¦à�ç���ê¦â�ã Ü$é [ 0zÜ�ãUÙ�àgÝ$Ù�é9ê8è�ç+ã3ï v(y) äOPeÙ¹ã�êaN¦àUÜÞÝ8çRã3ï�î�ï ¥ Ù�à�â�êQPeé9éRç�ì ázÙ&Þ�PeÜ�ãUçRê¦â
1

2
ρv2 = ρgy,

0�ÛeÙ�à�Ù
ρ
ç9ácã�ÛeÙ¢æ�Ü�á�áhäeÙ�âeá�ç+ã3ïjÜ$âeä

g
ãUÛeÙaN¦à�ÜÞÝ�ç+ã3ïGè�ê¦âeáEã Ü$â�ã-Ad�Kê$ã�ÙíãUÛ¾Ü�ã

v(y) =
√
2gy

çRáhç9âeäeÙS2
ßðÙ�âeäeÙ�â�ãcê$ëOãUÛ�Ù¹éRçTÞ�PeçRä�ì�á~äeÙ�âeá�çRã3ï

ρ
A¨UgÛ�Ù¹ê Ý$Ù�àUÜ�é9é5êQP�ã]�¾ê�0åà�Ü�ãUÙ

Lvol

è�Ü$â_âeê�0åîðÙ¹ä�Ù�ãUÙ�à�æiç9âeÙ�äÀî�ï
Ü$âÀç9â�ã�Ù&N¦à�Ü�ãUçRê¦â\ê Ý¦Ù�à

y
ë�à�ê¦æ ã�ÛeÙhãUê¦ßÀéRÙ�Ý¦Ù�é¨Z

y = 0 [ äeê�0�âÀãUê¢ãUÛeÙÊ0tÙ�çRà&ì á�P�ßeß�Ù�à�Ù�ä�N¦ÙqZ y = h [ å
Lvol =

∫ h

0
v(y)wdy = w

√
2g
∫ h

0
y

1
2dy = w

√
2g 2

3
h

3
2

= w
√
2g 2

3
A− 3

2

(

nv − nref
) 3

2 =: W
(

nv − nref
) 3

2 .

UgÛeÙgà�ÙÞÜ$é8Ý$Ü�éTPeÙ�áÈê$ë�ãUÛ�Ù��¾ê�0�0�ç9ä�ã�Û
w
äeÙ�ß�Ù�âeä/ê¦âíãUÛeÙtãUàUÜÞï!N¦Ù�ê$æ[Ù�ãUà�ï�Z=á�Ù�ÙzÙBAcNOAg×5ê�è(M�Ù�ã�ã�¤³×5ê�è&b É § [ A�Kê�0tÙ�Ý$Ù�à�ñcá�ç9â�è�Ù80tÙáM�âeê�0ÓãUÛ¾Ü�ã\ãUÛeÙ�N¦Ù�ê¦æiÙ�ãUàEï ê�ë¹ã�ÛeÙ î�Peî�îeé9Ù?è�Ü$ßµãUà�Ü ï8á\çRâ�ãUÛeÙ ßeçRé9ê$ã�ßeéòÜ�â�ã

äeçRá�ãUçRé9é9Ü�ãUçRê¦â è�ê¦éTPeæiâ ç9áÀäeçYê�Ù�à�Ù�â�ã_ë�à�ê¦æ ç9äeÙ�Ü$écãUà�ÜÞï�á�ñÊ0~ÙáPeá�ÙjãUÛ�ÙkÈ¾àUÜ�âeè�çRáª0tÙ�çRà\ë�ê¦à�ædP�éòÜ Ü$á_Ü
ÛeÙ5Peà�çRá�ãUçRèGá�è ÛeÙ�æiÙ?ê¦âeé+ï¦ñ�Ü$â�ä�Ù�áEãUç9æ[Ü�ã�Ù_ã�ÛeÙAã40tê�ß¾Ü$à�Ü$æ[Ù�ãUÙ�à�á

W
Ü$â�ä

nref î�ïÍPeá�çRâ�N ä�ï8â¾Ü$æiç9èÙ�R�ßðÙ�à�ç9æiÙ�â�ã Ü$é�ä¾Ü�ã Ü�A





· ¸r¸ ¹»º Ðr¼�½ Ê

� Ä ËÔËùú ËÁú � û ¹ Ë Ä?¹ Â �����

l â\ãUÛeçRá�Ü$ßeßðÙ�âeä�çYRu0tÙÊ0�ç9é9é`N¦çRÝ$ÙuÜ¢ßeà�ê8ê$ëOê$ë^UgÛeÙ�ê$à�Ù�æ�S�A § ë�à�ê$æhÌ�Ù�è�A�SOAÏÎ�A £ á�çRæ[çRéòÜ$à�ßeà�ê�ê$ëOê$ëOãUÛ�Ù
ãUÛ�Ù�ê¦à�Ù�æÔè�Ü$âAîðÙhë�êQPeâeäÀçRâ�¤���� � ¦ ��ñOUgÛeÙ�ê¦à�Ù�æ�SOA�SOA § Ü$âeä!�~ê¦à�ê¦éRéòÜ$àEï[SOA�S�AejnZ�Î [#" AUYê[ßeà�ê Ý$Ù�ãUÛ�Ùuã�ÛeÙ�ê$à�Ù�æ_ñ�é9Ù�ã{P�áKá]Peî�ä�çRÝ8ç9äeÙhã�ÛeÙy0tÙÞÜBM8é+ï_Ü$è�ã�çRÝ$Ù�è�ê¦âeá�ã�àUÜ$çRâ�ãUá

Hw.act çRâ�ã�ê¢ãUÛeê¦á�Ùè�ê$æ[ßðê¦âeÙ�â�ã�á
Hw.act,+ 0�çRã�Û δµw.act,+

∗ > 0
Ü�âeä[ã�Ûeê¦á�Ù

Hw.act,0 0�çRã�Û δµw.act,0
∗ = 0

ç9â[ã�ÛeÙcá�ê¦éTP�ãUç9ê$â
ê$ëµ�Ê� Z	SOAÏñ [ ñ¾ç�A Ù�A+ñO0tÙy0�à�çRãUÙ

Hw.act(t, w) =:

(

Hw.act,+

Hw.act,0

)

(t, w).

×5Ù�ã�Peá�ç9â�ã�à�ê8ä�Peè�Ù�ã�ÛeÙhë#Peâeè�ãUç9ê$â

Ḡ(t, w) :=





G
Hs.act

Hw.act,+



 (t, w).

ÆÚÙq0�ç9éRé�á�Ù�Ù�ã�Û¾Ü�ãíã�Ûeç9á�ç9á¹ãUÛeÙië#Peâeè�ã�ç9ê¦âlê$ë�Ü$è�ã�çRÝ$Ùôè�ê¦â�á�ãUà�Ü$ç9â�ã�á·ë�ê¦à�Ü$é9é
P (t)

ê$â
t ∈ (0, ε)

ñJÜ$âeä
ë#PeàEãUÛeÙ�à�æiê¦à�Ù�ñ�ã�Û¾Ü�ãYÜ$éRé�ãUÛ�Ù�á�Ù�è�ê$âeá�ã�àUÜ$çRâ�ã�áOÜ$à�ÙC>%$'&)(+*-,�.0/cÜ$è�ã�çRÝ$Ù�ê$â

(0, ε)
A^×�Ù�ã^PeáOã�ÛeÙ�à�Ù�ë�ê¦à�Ù*è�ê¦âeá�ç9äeÙ�à

ãUÛ�Ùuë=Ü�æ[çRéRïiê$ëYÙ&Þ�P¾Ü$éRçRã3ïôè�ê¦âeáEãUàUÜ�ç9âeÙ�äAßeà�ê¦îeéRÙ�æiá
min

w ∈ R
nw
F (t, w)

áWP�î.Ý�Ù�è�ãKã�ê
Ḡ(t, w) = 0,

0�çRã�Ûë×OÜBN¦àUÜ$âON¦çòÜ$â�ë#P�âeè�ã�ç9ê¦â L̄(t, w, λ̄) := F (t, w) − λ̄T Ḡ(t, w)
AoUgÛ�ÙÚáEï�áEãUÙ�æ ê$ëíâeÙ�è�Ù�á�áUÜ�à�ï

ê¦ß�ã�ç9æ[Ü$é9ç+ã3ï/è�ê¦â�äeçRã�ç9ê¦âeá�S�A�Síë�ê¦àzã�ÛeÙ�á�Ù�ßeà�ê¦îeéRÙ�æiágèÞÜ$âÀîðÙ¹áEã Ü�ã�Ù�äAÜ$á

∇(w,λ̄)L̄(t, w∗(t), λ̄∗(t)) =

(

∇wL̄(t, w∗(t), λ̄∗(t))
−Ḡ(w∗(t))

)

= 0.
Z1�VAYj [

£ ãUÙ�â�ãUÜ�ãUç+Ý¦ÙhãUê�ã Ü$é«ä�çeê�Ù�à�Ù�â�ãUçòÜ�ãUç9ê$âôê$ëOãUÛeÙ�á�Ù¹è�ê¦âeä�çRãUçRê¦âeáC0�ç+ãUÛÀà�Ù�á�ßðÙ�è�ã�ã�ê
t
ï8ç9Ù�éRäeá

∂

∂t
∇(w,λ̄)L̄(t, w∗(t), λ̄∗(t)) + ∇2

(w,λ̄)L̄(t, w∗(t), λ̄∗(t))
∂

∂t

(

w∗(t)
λ̄∗(t)

)

= 0.

j É ñ



Ù-
/Ú 2 � 
f
�ý�
/ý Õ ¯ �.
 � �-3 ò²æL 
UgÛeÙuæ[Ü�ãUà�çYR

∇2
(w,λ̄)L̄(t, w∗(t), λ̄∗(t)) =

(

∇2
w L̄(t, w∗(t), λ̄∗(t)) −∇wḠ(t, w

∗(t))
−∇wḠ(t, w

∗(t))T 0

)

ç9á\ã�ÛeÙáÇ¹Ü�àWPeá�Û�2±ÇÊPeÛeâ.24U^Peè(M$Ù�à�ZvÇ	ÇÊU [ æ�Ü�ãUà�çLR�ê�ë·ãUÛ�Ù¨â�ê¦âeé9çRâeÙÞÜ�à\ßeà�ê¦î�é9Ù�æiA È¾ê¦à
t = 0

çRãÀçRá
ç9â�Ý$Ù�à�ã�ç9îeéRÙ_Ü$á[è�Ü$â îðÙ_ßeà�ê Ý¦Ù�â»0�çRã�ÛÃã�ÛeÙAÛ�Ù�é9ßÃê$ëÊ×5Ù�æ[æ[ÜjSOAßÎ.A%UYêlÜ$ßeßeé+ï�ãUÛeÙ_é9Ù�æ[æ[Ü�ñg0tÙGá�Ù�ã
A := ∇2

w L̄(0, w∗(0), λ̄∗(0))
Ü$âeä

B := −∇wḠ(0, w
∗(0))T

ñ�Ü$âeä?âeê�ãUÙ·ã�Û¾Ü�ã ∇wḠ
T Û¾Ü$ácë#PeéRéYà�Ü$â�Mä�PeÙ¢ã�êôãUÛeÙ/à�Ù5NQPeé9Ü$à�ç+ã3ïGê$ë

w∗(0)
ñ�Ü$âeä ã�Û¾Ü�ã

A = ∇2
w L̄ = ∇2

wL
î�Ù�èÞÜ�P�á�Ù/ãUÛeÙ¢ædP�éRãUçRßeé9çRÙ�à�áKê$ë�ãUÛ�Ù0tÙÞÜ�M�éRï?Ü$è�ã�çRÝ$Ù/Ü$âeäjç9â¾Ü�è�ãUç+Ý¦Ùíè�ê¦âeáEãUàUÜ�ç9â�ãUáuÜ$à�Ù4��Ù�à�ê�A65GÜ�ãUà�çYR

A
ç9á�ßðê¦á�çRãUç+Ý¦Ùíä�Ù5«¾âeç+ãUÙ¢ê¦â?ã�ÛeÙ¢â�Peé9é

á�ßeÜ$è�Ù NB ê�ë
B = ∇wḠ

T ñ�î�Ù�èÞÜ�P�á�Ù NB ç9á�ÜiáWPeîeá�ß¾Ü$è�Ùíê$ëIã�ÛeÙ�â�PeéRé�á�ß¾Ü$è�Ù N s ê$ëÈã�ÛeÙ·éRç9âeÙ�Ü$à�ç���Ù�äá�ã�à�ê¦âON¦éRïjÜ�è�ãUç+Ý¦Ùiè�ê¦â�á�ãUà�Ü$ç9â�ã�á ∇wG̃
sT ñYÜ$âeä A ç9áußðê¦á�ç+ãUç+Ý¦Ù/äeÙ5«eâeçRã�Ù[ê¦â N s äOPeÙiã�êAã�ÛeÙ[á]PO
iè�çRÙ�â�ãè�ê$âeäeçRã�ç9ê¦â�á�SOA�S�A¥ ï�ã�ÛeÙhç9æißeéRç9è�ç+ã*ë#Peâeè�ã�ç9ê¦âôã�ÛeÙ�ê$à�Ù�æ_ñ�ã�ÛeÙhç9â�Ý¦Ù�à�ã�ç9îeçRé9çRã3ï/ê�ëOã�ÛeÙ	Ç	ÇÊU æ[Ü�ãUà�çYR�Ü�ã

t = 0
Ù�âeáWPeà�Ù�á

ãUÛeÜ�ã�ãUÛeÙ�à�Ù~ÙSR�ç9á�ã�áOë�ê$àYÜ�áWP�
[è�ç9Ù�â�ã�éRï¹á�æ[Ü$éRé
ε > 0

Ü�è&P�à�Ý¦Ù
v̄ : (−ε, ε) → R

nw×R
nḠ
ñ
t 7→

(

w∗(t)
λ̄∗(t)

)

ê$ëYß�ê$ç9â�ãUágá�Ü�ãUçRá�ë ï8ç9â�N/è�ê¦âeäeç+ãUç9ê$âáZ1�VAYj [ ñ�0�ç+ãUÛÀè�ê¦â�ã�ç9â�PeêQPeá�äeÙ�à�ç+Ý$Ü�ãUçRÝ$Ù
∂

∂t

(

w∗(t)
λ̄∗(t)

)

= −
(

∇2
(w,λ̄)L̄(t, w∗(t), λ̄∗(t))

)−1 ∂

∂t
∇(w,λ̄)L̄(t, w∗(t), λ̄∗(t)).

Z1�VAÏÎ [
×5Ù�ãVPeácÙ�âeéòÜ$à]N¦Ù�ã�Ûeç9á�è&P�à�Ý¦Ù

v̄
ç9â?Üiá�ã�àUÜ$çeN¦Û�ã�ë�ê¦à30zÜ$à�ä?0~ÜÞïAã�ê�ï8ç9Ù�éRä?Üiè&PeàEÝ¦Ù

ṽ : (−ε, ε) → R
nw ×

R
nG × R

nH
ñ

t 7→

















w∗

λ∗








µ∗

























=

















w∗

λ∗

µ∗s.act

µ∗w.act,+

µ∗w.act,0

µ∗inact

















(t) :=

















w∗(t)


λ̄∗(t)





0
0

















.

¥ ï�è�ê¦æiß¾Ü$à�ç9â�N�ãUÛ�ÙzâeÙ�è�Ù�á�áUÜ$àEïíê¦ß�ã�ç9æ[Ü$é9ç+ã3ï�è�ê¦âeäeç+ãUç9ê$âeáÈS�A�SKë�ê$àOã�ÛeÙCÞ�P¾Ü$äeà�Ü�ãUçRètß�à�êQN¦à�Ü$æiæ[çRâ�N�ßeà�ê¦î.2
é9Ù�ærZ=SOAßñ [ 0�çRãUÛiþgÞ/A"Z1�VAÏÎ [ ë�ê¦à t = 0

çRã�èÞÜ�â_îðÙhÝ¦Ù�à�çe«eÙ�äAã�Û¾Ü�ã

∂

∂t

















w∗

λ∗

µ∗s.act

µ∗w.act,+

µ∗w.act,0

µ∗inact

















(0) =
∂

∂t

















w∗


λ̄∗





0
0

















(0) =

















δw∗

δλ∗
δµs.act

∗

δµw.act,+
∗

0
0

















.

ÆÚÙV0�ç9éRé�á�Ûeê�0 ã�Û¾Ü�ãzã�ÛeÙ�à�Ù�á�ã�à�ç9è�ãUçRê¦âôê$ë5ã�Ûeç9ázè5Peà�Ý$Ù�ãUêíã�ÛeÙ�ç9â�ã�Ù�à�Ý�Ü$é
t ∈ [0, ε)

çRá~ãUÛ�Ù�äeÙ�á�ç9à�Ù�ä\è&P�à�Ý¦Ù
v
ê$ë�á�ãUà�ç9è�ãUéRïÚê¦ß�ã�ç9æ[Ü$éËÇyÇÊU ß�ê$ç9â�ãUáíê�ë�ã�ÛeÙ\è�ê$à�à�Ù�á�ßðê¦âeäeçRâ�N ßeà�ê¦îeéRÙ�æiá

P (t)
A�È¾ê¦à·ãUÛ�ç9á¢Ü$çRæm0tÙ

á�Û�ê10±ã�Û¾Ü�ã¹ãUÛeÙ[ß�ê¦çRâ�ãUá
w∗(t)

ñ
t ∈ [0, ε)

ñIÜ�à�Ù/ë�ÙÞÜ$á�ç9îeéRÙ�Ü$â�älãUÛ¾Ü�ã�ã�ÛeÙ�ædP�éRãUçRßeé9çRÙ�à�á
µ∗(t)

à�Ù�æ�Ü$çRâ
âeê¦â.23âeÙ5N�Ü�ãUç+Ý¦Ù�ë�ê¦à

t ∈ [0, ε)
A



Ù�
/é
ÈÈç9à�á�ã�ñeî�ï\è�ê¦â�ã�ç9â�PeçRã3ïôê$ëYã�ÛeÙhë#Peâeè�ãUç9ê$â

H inact çRã�çRágè�é9Ù�Ü$àzãUÛeÜ�ã

H inact(t, w∗(t)) > 0, ∀t ∈ [0, ε)

çRë
ε
çRáIè Ûeê¦á�Ù�âiáWPO
iè�çRÙ�â�ãUé+ï¢á�æ[Ü$éRé�A�UgÛeÙzãUê�ã Ü$é�äeÙ�à�çRÝ�Ü�ãUç+Ý¦Ùzê�ëðã�ÛeÙ�7#��Ù�à�ê98zßeÜ$à�ã

Hw.act,0 ê�ëðã�ÛeÙC0tÙÞÜ�M�éRïÜ$è�ãUçRÝ$Ùuè�ê¦âeáEãUà�Ü$ç9â�ãUá�0�ç+ãUÛÀà�Ù�á�ßðÙ�è�ã�ã�ê
t
ç9ázã�ÛeÙhÝ¦Ù�è�ãUê¦à

D :=
d

dt
Hw.act,0(0, w∗(0)) =

∂Hw.act,0

∂t
+
(

∇wH
w.act,0

)T
δw∗ > 0,

0�Ûeê¦á�Ù�è�ê$æ[ßðê¦âeÙ�â�ã�ágÜ$à�Ùcßðê¦á�ç+ãUçRÝ$Ùcä�P�ÙKãUê�ãUÛeÙ�áEãUà�ç9è�ã~è�ê¦æißeéRÙ�æiÙ�â�ã Ü$à�çRã3ï/Ü�á�áWP�æ[ß�ã�ç9ê¦â[ë�ê¦à�ã�ÛeÙ�á�ê¦éTP�2
ãUçRê¦â\ê$ëYãUÛeÙ	Þ�P¾Ü$äeà�Ü�ãUçRèhßeà�ê�N¦àUÜ$æiæiç9â�N�ßeà�ê¦î�é9Ù�æõZ	SOAÏñ [ AgUgÛeÙ�à�Ù�ë�ê¦à�Ù$ñ

Hw.act,0(t, w∗(t)) = Dt+O(t2) ≥ 0, ∀t ∈ [0, ε),

çRë
ε
çRáIè Ûeê¦á�Ù�âiáWPO
iè�çRÙ�â�ãUé+ïíá�æ�Ü$éRé�A�UYÜ�M�ç9â�NhçRâ�ã�êuÜ$è�è�êQPeâ�ãJãUÛeÜ�ã�Ü$é9é8ê$ã�ÛeÙ�àJè�ê¦âeá�ã�àUÜ$çRâ�ãUáJÜ$à�Ùgè�ê¦â�ãUÜ$ç9âeÙ�ä

ç9â�ãUÛeÙzÝ$Ù�è�ã�ê¦à
Ḡ
ñ�Ü$âeä/ÙSR�ß�é9ê¦ç+ãUç9âONKãUÛ�Ù~ë=Ü$è�ãÈãUÛ¾Ü�ã

Ḡ(w∗(t)) = 0
Ü�é9ê¦â�N�ãUÛeÙgè5Peà�Ý$Ù$ñ*0tÙgèÞÜ$â/è�ê$âeè�éePeäeÙ

ãUÛeÜ�ã
w∗(t)

Ü$à�Ù�ë�Ù�Ü$á�çRîeé9Ùhßðê¦çRâ�ã�ázë�ê¦à�Ü$éRé
t ∈ [0, ε)

A�~ê¦â�Ý¦Ù�à�á�Ù�éRï$ñ�éRÙ�ãyPeá�è ÛeÙ�è(M¨ãUÛ¾Ü�ã¹ãUÛ�Ù�ædPeé+ãUçRßeé9çRÙ�à�á
µ∗(t)

à�Ù�æ�Ü�ç9â¨âeê¦â�2yâeÙ&N�Ü�ãUçRÝ$Ù[ë�ê¦à
t ∈ [0, ε)

AÈ¾à�ê¦æ è�ê¦â�ã�ç9â�PeçRã3ï�0~Ù_èÞÜ�âÃè�ê¦âeè�éePeäeÙ\ãUÛeÜ�ã
µ∗s.act > 0, t ∈ [0, ε)

ñtÜ$âeä�ë�à�ê¦æ
δµw.act,+

∗ > 0
0tÙ

è�ê$âeè�éePeäeÙhãUÛ¾Ü�ã
µ∗w.act,+ = δµw.act,+

∗ t+O(t2) ≥ 0, ∀t ∈ [0, ε).

UgÛeÙ�ædPeé+ãUç9ß�é9ç9Ù�à�á
µ∗w.act,0 Ü$âeä µ∗inact Ü$à�ÙgçRäeÙ�â�ã�ç9èÞÜ�é�ãUê���Ù�à�ê¹ê¦â¢ãUÛeÙ�è&P�à�Ý¦ÙBAxUgÛeÙ�à�Ù�ë�ê¦à�Ù$ñ�ãUÛeÙ�ßðê¦ç9â�ã�á

(w∗(t), λ∗(t), µ∗(t))
Ü$à�ÙyÇyÇÊU ß�ê¦çRâ�ãUázë�ê¦à

t ∈ [0, ε)
AÈ�Peà�ã�ÛeÙ�à�æ[ê¦à�Ù$ñ�0tÙóèÞÜ�â Ù�âeá]Peà�Ùóî�ï è�ê¦â�ãUçRâ�PeçRã3ï ê$ë ãUÛ�Ù «¾à�áEã Ü$âeä á�Ù�è�ê¦âeä�ê¦à�ä�Ù�à ßeÜ$à�ã�çòÜ$é

äeÙ�à�çRÝ�Ü�ã�çRÝ$Ù�á ∇w,λ,µL(t, w∗(t), λ∗(t), µ∗(t))
Ü$âeä ∇2

w,λ,µL(t, w∗(t), λ∗(t), µ∗(t))
ãUÛeÜ�ã�ãUÛ�Ùåã40~ê

à�Ù�æ�Ü�ç9âeçRâ�Nµè�ê¦â�äeçRã�ç9ê¦âeá ê�ëqUgÛeÙ�ê¦à�Ù�æ SOA�SÁZ�à�Ù&N�PeéòÜ$à�çRã3ïåÜ$âeä�ß�ê¦á�çRã�çRÝ¦Ù�ä�Ù5«¾âeç+ãUÙ�âeÙ�á�álê¦â¯ãUÛeÙ éRç9â�2
ÙÞÜ�à�ç���Ù�äÓá�ã�à�ê¦â�N$éRï�Ü$è�ãUç+Ý¦Ù¯è�ê¦â�á�ãUà�Ü$ç9â�ã�á [ ñlÜ$à�Ù¯á�Ü�ãUçRá]«¾Ù�ä Ü�ã Ü$éRé?ßðê¦ç9â�ãUá ê¦â�ãUÛ�Ù�è5Peà�Ý$Ù

v
ñ¨î�ï

è Ûeê8ê¦á�çRâ�N
ε
á]PeçRãUÜ$îeé+ï á�æ[Ü$é9évA �Kê$ã�ÙÚãUÛeÜ�ãGã�ÛeÙlá�Ù�ã

Ḡ
ê$ë/áEãUà�ê¦â�N¦é+ïþÜ$è�ã�çRÝ¦Ùlè�ê¦âeáEãUà�Ü$ç9â�ãUáAê¦âÅã�ÛeÙ

è&P�à�Ý¦Ù
(w∗(t), λ∗(t), µ∗(t))

ñ
t ∈ (0, ε)

ñôè�ê¦æ[ß�à�ç9á�Ù�álÜ$ée0~ÜÞï�áÚãUÛeÙ�á�Ù�ã
G̃s ê$ë_á�ã�à�ê¦â�N$éRïÖÜ$è�ã�çRÝ$Ù

è�ê$âeá�ã�àUÜ$çRâ�ã�á�Ü�ãJãUÛeÙgßðê¦çRâ�ã
(w∗(0), λ∗(0), µ∗(0))

A £ á*ã�ÛeÙ��KÙ�á�á�ç9Ü$â/ç9áJßðê¦á�ç+ãUç+Ý¦ÙgäeÙ�«¾âeçRã�Ùgê¦â¢ãUÛeÙ�â�PeéRé
á�ßeÜ$è�Ù/ê$ë�ãUÛeÙ/éRç9âeÙ�Ü$à�ç���Ù�ä è�ê¦âeáEãUàUÜ�ç9â�ãUá

G̃s ñ5ç+ãuç9áuÜ$éRá�ê\ßðê¦á�ç+ãUçRÝ$Ù¢äeÙ5«eâeçRã�Ùiê$âjã�ÛeÙ/â�Peé9éIá�ß¾Ü$è�Ù[ê$ë�ãUÛ�Ùé9çRâeÙÞÜ�à�ç���Ù�äíáEãUà�ê¦â�N¦é+ï¢Ü$è�ãUçRÝ$Ùgè�ê¦â�á�ãUà�Ü$ç9â�ã�á*Ü�ã�Ühß�ê¦çRâ�ã
(w∗(t), λ∗(t), µ∗(t))

ñQ0�Û�ç9è Û/ç9á*ÜháWP�îeá�ß¾Ü�è�Ù�A
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ÆÚÙn0�ç9éRé*ßeà�ê Ý¦ÙqUgÛeÙ�ê¦à�Ù�æïØ�A�SAç9â¨ã40~êGá�ãUÙ�ßeá&åa«¾à�á�ãíç+ã·çRá�á�Ûeê�0�â ãUÛ¾Ü�ã·ãUÛ�ÙôÜ$á�áWPeæiß�ãUçRê¦âeá¹ê$ë�UgÛeÙS2
ê¦à�Ù�æöØ�AYj[Ü$à�Ù/æiÙ�ã¹Ü$âeäjãUÛeÜ�ãuãUÛeÙ/çRã�Ù�à�Ü�ãUÙ�áuã�ÛeÙ�à�Ù�ë�ê¦à�Ù/è�ê¦â�Ý¦Ù�àWN¦ÙiãUê�0~Ü$à�äeá¹ÜiÇ	Ç	UÖß�ê$ç9â�ã

y∗
ñYÜ�âeä

á�Ù�è�ê¦â�äeéRïÀç+ãKçRá�á�Ûeê�0�âGã�Û¾Ü�ã�ãUÛeçRá�ßðê¦çRâ�ãKÜ$éRá�ê/áUÜ�ãUç9á3«¾Ù�á�ãUÛeÙ¹áWP�
[è�ç9Ù�â�ãKè�ê$âeäeçRã�ç9ê¦â�á�ê�ëIê¦ß�ã�ç9æ[Ü$é9ç+ã3ïôÜ�á
á�ãUÜ�ãUÙ�äAçRâªUgÛeÙ�ê¦à�Ù�æ�SOA�SOA=Ká�ç9â�N¢ãUÛ�Ù¹çRâ�Ý¦Ù�à�á�çRê¦â_ë�ê$à�ædPeé9ÜªZ�Ø�AYj1ñ [

J(y)−1 = C1(y)Ar(y)
−1C1(y)

T + C2(y)

ë�à�ê$æ ×�Ù�æ[æ[ÜyØ�AÏÎ�Ü$âeäiãUÛeÙ�îðêQPeâeäeáVZ�Ø.AßÎ��$Ü [ ñfZ�Ø.AßÎ���î [ ñ�Ü$âeä8Z�Ø�AÏÎ��$è [ ñ8Ü�îðêQPeâ�ä�ê¦âiãUÛeÙ�âeê¦à�æ ê$ë«ãUÛ�Ù
ç9â�Ý$Ù�à�á�Ù�ê�ë

J−1 ê¦â\ã�ÛeÙuäeê¦æ[Ü$ç9â D èÞÜ�âAîðÙuÙ�á�ãUÜ$îeéRç9á�Û�Ù�ä�å
∥

∥J(y1)
−1
∥

∥ ≤ βC1βAβC1 + βC2 = β <∞, ∀ y1 ∈ D.

È¾à�ê¦æ è�ê¦â�ã�ç9â�PeçRã3ïGê$ë
J(y)

ñ
J(y)−1 çRáhè�ê¦â�ãUçRâ�PeêQPeáuê¦â D A>=�á�ç9âONÀã�ÛeÙ/äeÙ5«eâeçRã�ç9ê¦â�ZvØ�Aßñ [ ê$ë J Ü�âeä

ãUÛ�Ùuë#P�é9é�ë�ê¦à�æ ê$ë ∂R
∂y

Ü$á�á�Ûeê�0�âGçRâªþgÞ�A"ZvØ�A É [ ñ�0tÙ�è�Ü$âÀè�ê¦â�è�éTP�äeÙÊ0�çRãUÛ_Ü$á�áWPeæiß�ã�ç9ê¦â�Z�Ø.AßÎ���Ù [ ãUÛeÜ�ã
∥

∥

∥

∥

J(y2)−
∂R

∂y
(y2)

∥

∥

∥

∥

=

∥

∥

∥

∥

A(y2)−
∂2L

∂(q, s)2
(y2)

∥

∥

∥

∥

≤ κ

β
, ∀ y2 ∈ D,

Ü$âeäÀãUÛ�Ù�à�Ù�ë�ê¦à�Ùhã�Û¾Ü�ãgãUÛ�Ù	«eà�á�ã�è�ê¦âeäeç+ãUç9ê$âáZ�Ø�AYj S¦Ü [ ê�ë�UgÛeÙ�ê¦à�Ù�æ Ø�AYj�çRágáUÜ�ã�ç9á3«¾Ù�ä�å
∥

∥

∥

∥

J(y1)
−1

(

J(y2)−
∂R

∂y
(y2)

)∥

∥

∥

∥

≤ κ < 1, ∀ y1, y2 ∈ D.

£ á�áWPeæiß�ã�ç9ê¦â�Z�Ø.AßÎ���ä [ Ù�âeá]Peà�Ù�áKã�Û¾Ü�ã�è�ê$âeäeçRã�ç9ê¦âáZvØ�AYj S$î [ ê$ë"UgÛeÙ�ê¦à�Ù�æ Ø�AejuçRá�Ü$é9á�ê¢áUÜ�ã�ç9á]«eÙ�ä�å
∥

∥J(y1)
−1 (J(y2)− J(y3))

∥

∥ ≤ ω‖y2 − y3‖, ∀ y1, y2, y3 ∈ D.

UgÛeçRáhÜ$é9éRê�0�á�ã�êÀÜ$ßeßeé+ï?UgÛ�Ù�ê¦à�Ù�ærØ.Aej·ã�êôè�ê$âeè�éePeäeÙ·ã�Û¾Ü�ã�ã�ÛeÙíçRã�Ù�à�Ü�ãUÙ�ácè�ê$â�Ý$Ù�à]N¦Ù¢ãUê�0zÜ�à�äeáhÜôßðê¦çRâ�ã
y∗ ∈ D0 ⊂ D

0�Ûeç9è Û_áUÜ�ãUç9á3«¾Ù�á
R(y∗) = 0

AUYêlßeà�ê Ý¦Ù_ãUÛ¾Ü�ã[ã�Ûeç9áiß�ê$ç9â�ã
y∗

ç9áiâeê$ã[ê¦âeéRï¸Ü¨à�Ù5NQPeéòÜ�ànÇ	ÇÊUÔßðê¦ç9â�ã�ñzî�P�ã�Ü$é9á�êlá�Ü�ãUçRá]«¾Ù�á[ãUÛ�Ù
áWP�
[è�ç9Ù�â�ã�è�ê$âeäeçRã�ç9ê¦â�á¹ê�ë~ê¦ß�ãUç9æ[Ü$éRçRã3ïAÜ$è�è�ê¦à�ä�ç9â�NÀãUêiUgÛeÙ�ê$à�Ù�æ S�A�S�ñOçRãuá]PO
iè�Ù�á�ãUê_á�Û�ê10 ã�Û¾Ü�ãuãUÛ�Ù

j1ñ.j
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 � �-3 ��æeò
�KÙ�á�á�çòÜ$â æ[Ü�ãUà�çYR ∇2

(q,s)L(q∗, s∗, λ∗)
ç9áôßðê¦á�ç+ãUç+Ý¦Ù?äeÙ�«¾âeç+ãUÙ?ê¦âµã�ÛeÙ â�Peé9éKá�ß¾Ü$è�Ùjê$ëuãUÛeÙ éRç9âeÙ�Ü$à�ç���Ù�ä

è�ê$âeá�ã�àUÜ$çRâ�ã�á ∇(q,s)G(q
∗, s∗)

A8È�ê$à�ãUÛ�ç9áíá�è�ê¦ßðÙq«¾à�á�ã¢âeê�ãUÙ�ã�Û¾Ü�ã·ã�ÛeÙôâ�PeéRé~á�ßeÜ$è�Ùôê�ë�ã�ÛeÙôéRç9âeÙ�Ü$à�ç���Ù�ä
è�ê$âeá�ã�àUÜ$çRâ�ã�á�ç9ágá�ßeÜ$âeâeÙ�äGî�ïôãUÛ�Ù¹æ[Ü�ã�à�çYR

(

I

−
(

∂g
∂s

)−1 ∂g
∂q

)

,

Ü$âeäÀãUÛ�Ù�à�Ù�ë�ê¦à�Ùuç+ãgê¦âeé+ïôâeÙ�Ù�äeá�ãUê/îðÙ¹á�Ûeê�0�âAã�Û¾Ü�ãgãUÛ�Ù¹à�Ù�ä�P�è�Ù�äBADC<E = $��KÙ�á�á�çòÜ$â

Are(y
∗) :=

(

I −∂g
∂q

T (∂g
∂s

)−T
)







∂2L
∂q2

∂2L
∂q∂s

T

∂2L
∂q∂s

∂2L
∂s2







(

I

−
(

∂g
∂s

)−1 ∂g
∂q

)

ç9ágßðê¦á�çRãUç+Ý¦ÙhäeÙ�«¾âeç+ãUÙ�AxUOê/á�Ûeê�0åã�Ûeç9á�ñeé9Ù�ã�Peá�ç9â�ãUà�ê�ä�P�è�ÙhãUÛeÙuÛeê$æ[ê$ã�ê¦ß�ï
Aα : [0, 1] → R

(nq×nq)

Aα := (1− α)Ar(y
∗) + αAre(y

∗),

Ü$âeä_âeê$ã�Ù�ãUÛ¾Ü�ã
∥

∥

∥

∥

∥

(

I

−
(

∂g
∂s

)−1 ∂g
∂q

)∥

∥

∥

∥

∥

≤ ‖C1‖ ≤ βC1 ,

á�ê/ãUÛeÜ�ã

‖Aα − Ar‖ =
(

I −∂g
∂q

T (∂g
∂s

)−T
)

α
(

∂2L
∂(q,s)2

− A
)

(

I

−
(

∂g
∂s

)−1 ∂g
∂q

)

≤ βC1 α
κ

βC1βAβC1 + βC2

βC1 ≤
ακ

βA
.

Aα

ç9ágçRâ�Ý¦Ù�àEãUçRîeé9Ù�ë�ê¦à�Ü�é9é
α ∈ [0, 1]

ñ¾Ü$á�çRã�ágç9â�Ý¦Ù�à�á�Ù¹èÞÜ�â_îðÙÊ0�à�ç+ã�ãUÙ�â
A−1

α =
(

Ar − (Ar − ArA
−1
r Aα)

)−1
=
(

I− (I− A−1
r Aα)

)−1
A−1

r

Ü$âeä
‖I− A−1

r Aα‖ = ‖A−1
r (Ar − Aα)‖

≤ ‖A−1
r ‖‖Ar − Aα‖

≤ βA
ακ

βA
= ακ ≤ κ < 1.

£ á
A0 = Ar

çRá�ßðê¦á�ç+ãUç+Ý¦Ù/äeÙ5«eâeçRã�ÙôÜ$âeä
Aα

à�Ù�æ[Ü$ç9âeáuçRâ�Ý$Ù�àEãUç9î�é9Ù/ë�ê¦à·Ü�é9é
α ∈ [0, 1]

ñÈâeê¦â�Ù�ê$ëzã�ÛeÙ
Ù�çeN¦Ù�â�Ý�Ü$éePeÙ�áôê�ë

Aα

èÞÜ$âµîðÙ�è�ê¦æ[ÙGâeÙ&N�Ü�ãUçRÝ$Ù?ê¦âµãUÛ�Ù�0zÜÞï�ë�à�ê¦æ
α = 0

ãUê
α = 1

ñ�á�ê�ãUÛ¾Ü�ãôç9â
ß¾Ü$àEãUçRè&Peé9Ü$à

A1 = Are

ç9ágßðê¦á�ç+ãUçRÝ$ÙhäeÙ5«eâeçRã�Ù�A
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È¾ê¦à*ãUÛeÙV«eà�á�ã~á�ã�Ù�ß\ê$ë5ã�ÛeÙcè�ê¦âeäeÙ�âeá�çRâ�N/Ü$ßeßeà�ê�Ü$è Û�ã�Û¾Ü�ãË0zÜ$á~ç9â�ãUà�ê�ä�P�è�Ù�ä�ç9âuÌ8Ù�è�A É AÏØ�ñ�á�ê¦æ[ÙKæ�Ü�ãUà�çLR
ßeà�ê�ä�P�è�ãUácÜ$âeä?á]PeæiáKÛ¾ÜÞÝ$Ù·ãUê[î�Ù�è�ê¦æiß�P�ã�Ù�äAã�Û¾Ü�ãcç9â�Ý¦ê¦é+Ý¦ÙuãUÛeÙ�îeé9ê8è(M\á�ßeÜ$à�á�Ùíæ�Ü�ãUà�çRè�Ù�á

B11

ñ
B12

ñ
B21

ñ
B22

ñ
A11

ñ
A12

ñðÜ$âeä
A22

ñðÜ$áKä�Ù5«¾âeÙ�ä?ç9â?Ì�Ù�è�A É AÏØ�AËÆÚÙy0�çRé9é5á�Ûeê�0óÛeê�0óãUÛeÙ¹á�ßeÜ$à�á�çRã3ïÀèÞÜ�âGîðÙ
Ù�R�ßeéRê¦çRã�Ù�ä\ãUê/ßðÙ�àEë�ê¦à�æ ã�ÛeÙ�á�Ùuè�ê¦æiß�P�ãUÜ�ãUçRê¦âeágÙ5
iè�ç9Ù�â�ã�éRïQAUgÛeÙ¹æ�Ü�ã�à�çLR

M := −B−1
11 B12

Ü$âeä\ã�ÛeÙhÝ¦Ù�è�ãUê¦à
m := −B−1

11 b1
è�Ü$â_î�ÙuèÞÜ�é9è&P�éòÜ�ã�Ù�äÀÜ$ágë�ê¦éRé9ê�0�á&A�~ê¦æiß�P�ã�ç9â�N

X0|0 := I, Xi+1|0 := XiXi|0, i = 0, . . . , N − 1,

Ü$âeäÀë�ê¦à
j = 0, . . . , N − 1

Yj+1|j := Yj, Yi+1|j := XiYi|j, i = j + 1, . . . , N − 1,

Ü$áC0tÙ�éRé5Ü$á
m0 := 0, mi+1 := Ximi − ci, i = 0, . . . , N − 1,

ãUÛ�Ùhæ�Ü�ã�à�çLR
M

Ü$âeä\ãUÛ�Ù�Ý¦Ù�è�ãUê¦à
m
è�Ü$â_î�Ù�0�à�çRã�ã�Ù�âAÜ$á

M :=



















X1|0 Y1|0
X2|0 Y2|0 Y2|1
X3|0 Y3|0 Y3|1 Y3|2AAA AAA AAA A A A A A A
XN |0 YN |0 YN |1 YN |2 · · · YN |N−1

0 0 0 0 0 I



















Ü$â�ä
m :=



















m1

m2

m3AAA
mN

0



















.

UgÛeÙ�è�ê¦âeä�Ù�âeá�Ù�äá�KÙ�á�á�ç9Ü$â?æ[Ü�ãUà�çYR
Ã := MTA11M +MTA12 + AT

12M + A22

ê�ëIãUÛeÙ�è�ê¦â�äeÙ�âeá�Ù�ä�Ê� èÞÜ�âAîðÙhÙ5
iè�çRÙ�â�ãUé+ï\è�ê$æ[ß�P�ãUÙ�ä_çRë�ã�ÛeÙuá�ãUà]Peè�ãWPeà�Ù¹ê$ë
A
Ü$âeä

M
çRágÙ�R�ßeéRê¦çRã�Ù�ä�AV�~ê$æ[ß�P�ãUç9âON

Ãss :=
∑N

i=0X
T
i|0QiXi|0,

Ãs,j := XT
j|0S

T
j +

∑N
k=j+1X

T
k|0QkYk|j,

ë�ê¦à
j = 0, . . . , N,

Ãi,i := Ri +
∑N

k=i+1 Y
T
k|iQkYk|i,

ë�ê¦à
i = 0, . . . , N,

Ãi,j := Y T
j|iS

T
j +

∑N
k=j+1 Y

T
k|iQkYk|j,

ë�ê¦à
0 ≤ i < j ≤ N,

Ã′
i,N−1 := Ãi,N−1 + Ãi,N ,

ë�ê¦à
i = 0, . . . , N − 2,

j1ñ�S



Ù@?� Õ ¯ � ¬ �-W*® ��� �:���YX!
�¢"­��.¢ � ��¢[Z Õ �-W ¯ ¢^� , ®^�
Ü$âeä

Ã′
s,N−1 := Ãs,N−1 + Ãs,N

Ü$á¨0~Ù�é9é�Ü$á
Ã′

N−1,N−1 := ÃN−1,N−1 + ÃN−1,N + ÃT
N−1,N + ÃN,N ,0tÙ�è�Ü$âÀäeÙ5«¾â�Ù

Ã :=















Ãss Ãs,0 · · · Ãs,N−2 Ã′
s,N−1

ÃT
s,0 Ã0,0 · · · Ã0,N−2 Ã′

0,N−1AAA A A A AAA
ÃT

s,N−2 ÃT
0,N−2 · · · ÃN−2,N−2 Ã′

N−2,N−1

Ã′ T

s,N−1 Ã′ T

0,N−1 · · · Ã′ T

N−2,N−1 Ã′
N−1,N−1















.

Ì�çRæ[çRéòÜ$à�éRï¦ñíã�ÛeÙµè�ê$âeäeÙ�â�á�Ù�ä ê¦î.Ý�Ù�è�ãUç+Ý¦Ù�N¦à�Ü$äeçRÙ�â�ã
ã = MTA11m + AT

12m + MTa1 + a2 =
(ãs, ã0, . . . , ãN−2, ã

′
N−1)

èÞÜ$â_î�Ùuè�Ü$é9è5PeéòÜ�ã�Ù�ä�0�ç+ãUÛ

ãTs := gx0
T +

N
∑

i=1

(

mT
i Qi + gxi

T
)

Xi|0,

Ü$âeäÀë�ê¦à
j = 0, . . . , N

ãTj := gqj
T
+mT

j S
T
j +

N
∑

k=j+1

(

mT
i Qi + gxi

T
)

QkYk|j,

Ü$âeä

ã′N−1 := ãN−1 + ãN .UgÛeÙhã40tê�à�Ù�æ�Ü�ç9âeçRâ�Níè�ê$âeäeÙ�â�á�Ù�äAè�ê¦â�á�ãUà�Ü$ç9â�ã�ë#Peâeè�ãUçRê¦âeá

b̃ + B̃∆w2 :=

(

b̃s
b̃r

)

+

(

B̃s

B̃r

)

∆w2,

c̃+ C̃∆w2 :=











c̃r
c̃0AAA
c̃N











+











C̃r

C̃0AAA
C̃N











∆w2,

Ü$à�Ù¹îOPeç9é+ã�Ü$è�è�ê¦à�ä�ç9â�Níã�ê
b̃s := sx0 − x0, B̃s := −I,

b̃r := re +Re,xmN , B̃r := Re,x
(

XN |0|YN |0| . . . |YN |N−1

)

+ (0| . . . |0|Re,q),

c̃r := ri +Ri,xmN , C̃r := Ri,x
(

XN |0|YN |0| . . . |YN |N−1

)

+ (0| . . . |0|Ri,q),

c̃i = hi +Hx
i mi, C̃i :=

(

Hx
i Xi|0|Hx

i Yi|0| . . . |Hx
i Yi|i−1|Hq

i |0| . . .
)

,

c̃N = hN +Hx
NmN ,

C̃N :=
(

Hx
NXN |0|Hx

NYN |0| . . . |Hx
NYN |N−2|Hx

NYN |N−1 +Hq
N

)

.
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